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.Teacher's Coipmentary » ^ 
* * Chapter 6 

DERIVATIVES OF EXPONENTIAL AND RELAT^D^FUNCTIONS. 



Without the strength of tKe integral theorems of 'Chapter 7, it is* 
difficult to frame precise^ definitions of 'the power, exponential and ^ 
logarirthmic .,l\mations. ^Our foundation hegari in Chapter 5 by* building 
intuitively upon familiar algebraic proper-ties (e.g., the n-th power of. 
a means the product of n factors of ^a). Relying on the student's 
basic concept of powpr, we were able to discuss exponential a;id related 
functions. This leads' us -now to the study of rates of change of th^se 

fractions. ' ' ^ * 

*" 

We begin discussing the slope of the exponential function in«a 

familiar manner. The slope "of the ':,tangent to the graph is initially 

examined at the y-axis. We note 'that* the ^ope of Hny other point is 

proportional to the value of the function at that point; -*the constant 

' ^ ' ' -v* * • 

of proportionality -is discovered to be the eloge^of the graph of the 

• * * * . " ' * • 

. 'function at the y-aJcis,. The function x ~> e is defined as that 

special exponential function for vhlch the constant of proportionality 

(slope at (0,1)} is 1. 

^We use plausible arguments to estaMish the fact that t^e graph of the 
^function X e^ is everywhere ponvo^. (A strict proof would require a 
continuity argument such -as those given in Appendix 7.) .We rely heavily on 
sucji intuitive geometric a^zguments as the *^lding psocess in order to find 
the derivative of the inverse of a function whose derivative we already 
know . ^ \ 

,We 'use "suth a folding process to find the*' derivative of the J.ogarithmic 
function^a:fter the derivative' of the exponential function has first been 
^ discovered. We use the same mechanical process to obtain the derivative*of 
X -^/x, relying on the student's experience with ''X x in Chapt'er 2. , 

We hope that the student is* cUrious ^enoug^ to know whether, the power 

rule {which worked so nicely for positive integer exponents in Chapter 2) 

*' 1/2 "•^/2 ^"2. 

vorks for such functions as .x ->x ' , x ~> x . ' ^ and x x . In- 

Section 6-6 we exteftd tlfb power fonrlula to include all feal exponents. 
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Our 'earlier procedure of first considesfing the behavior of a graph at 
# I 

y-axis^cajmoj be followed for Taylor approxtmations of such functions a§ 

X t/x ^ and ^ x -> log x. Instead we considjer translations of these func- 
e 

tions in Section 6-7". 

In Example 6-7a we' say, "to guarantee! accuracy to within 0.005 we' 
could use (9) to. show, that we must choose |n to be at least 199-" We. 
illustrate here, using" 



(5) 



|Hnl < — f'ith x>0. 

• 4 i ' 



V. 



Since we want to estimate ^log^ 2 and 



logg (1 + x) - p(x). 



'Me let X = 1.. We require^ that 



n + 1 



<-0.005. 



•Therefore, we must have 



n + 1 



< D.005>- 



whence 



n . 1 >»i^ 



n > 200 - 1 , 
.n >'l99- 



( . 



Example £-7c is intended io u^e the funcUion x 4 -/I + x in order to 
illustrate asser,tion (8). There are, of course, methoSs by vhich one can 

obtain more accurate' estimates of more quickly (e.g., guess, divide, 

'and average). -v • ' ' 

• ' ^ ' - Ik 

/' ' ^ • . ; 

Throughout Chapters 5 and "6' we ref^r to the functibn x^^e^ as the \ 
exponential functioi! as distinguished from ail other exponential functions. 
We hope that (while we began with base 2) the student realizes that exponen- 
tial functions with^\)ases other than .e are infrequently useS. Furthermore, 
any exponential function is easily expressed in terms of the exponential 
function by • . , ' • ^ * , 
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a = e , where c = log a. 
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Similarly, the funcl^on 'x ^ log^ is referred to l^n this text (and 
most advanced book^) as the logarit^hmie function. The student should be 
told ttiat in other texts* (and on some examinations) the function 

X ^log X is written as x ^ log x or x ^ -gn x. ""^^"^ 

e * - ' 

Since a logarithm with any base a is simply proportional to the 
logarithm with base ,e, 

\ 



log^ x 



log^ X 



'a ^l^og a 



we have * ' . 

^. ' • 

c 1 * 

* * . . D log X = - , where c = r . , 

•a X ' . log a 

It may be, conjectured^.that for .this -reason logarithms with base e are 
often called {"natural" loga;'^t]ams , natural in the sense that the choice 
' c = 1 yields the simplest possible expression ,for the derivative. 



( 
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Solutions Exercises 6-1 



U (a) 



f :'x'->8^ = S^''. <•. a = 3; m = 3k « 3( •■693) = 2. 
f : x^i^V = 2'3\ a = -3; m .= -3k-« -3(.693) 
f : X ->(,^''- = 23/2^ .-. a=|'; m = |k»|(.693) 



QL = - 2 5 ^ 



2 2 
3 



2k« -I 



(b) 



The equat;.on of the tangent at (O,!*) to the graph of 



(c) 



f : 5t 
1" : X (|)'' 



is y = 1 + 3kx or y Js 1 + 2x^ 
is y = 1 - 3kx or y s 1 -^2x 
f : X (yS)^ is y-,~ 1 + |kx .or y S 1 + x 



X -) (^)^ is y - 1 -* |kx or y s 1 ^ x, ' 
V5 • -2 




1. 

2. 


y 


l-|kx 
1 - 3kx 


? .5. 
6. 


y 

-y- 


,8^ ' 

i/2 -x 

= 8 


-3. 


y - 


g-l/2 X 


7. 


y 


= C+ 516c 




' y 




8. 


y 


=Vi.. + 1 kx 
7 2 



/ 



(a) (l)\l.8)5« (2-S5)5. 21-25 'j 
(11)^ 2^5 ^ (2'*)C2-25) s l6(r.l^) = 19:2 

(b) (l) • (i.8)^ » (e-5^)5 = eflf^ ^ (Interpolation used.) 
(11) -e^-^^ « (e2)(e-95)^« (7 . 389) (2 .5^6) = 19^1 ' - 

(a) ('1) (0-^5 ^ (2--15)5 ^ • • - 

(il) 2'''^'^ s .59ii60 = 0^ , 
(•b) (i) (Q.9)^ = (e--'^°)5 = • 

(it) e--5 =0^ ^ 

(a) ,(0 (1.02)8 = (2-°3)8 2:2;^ : . ^ ; 

(ii) 2-2'* ~.(2-2°)(2-°^ = (1. 14870) (I.02S11) =: 1^ 
'{<b) (i) (1.02)8. (e-°¥ = ^ , - 

(i^i), e-^^ = (e-^^)(e-°^ ~ (l .I618) (l . OlOl) = .l^ 

(a) 2-°^'<1.01<2-°2 . " X'_ 
2'^^^ < 1.01 < 2/^^^ . Interpolation 

■,-3^-'*<'(l.0l)^°°<2^-5 \ 2-°^ =1.00696 

(b) (2)(2-^)<^^(i.oi)^°°<(2)(2-5) -^.'^r-orooo 

2 = 1.01196 
2(1.31951) < (1.01)^°° < 2(1.41421)' • 1 ^ 

.-. 2.64 < (1.01)^°° c 2.83 



e^"'^° •< 0.5 < e' 



(e-'^V'2^(0.5)-^'>(e 


> (0.5)' 




h 




(^) = 


- 1 

h 


h ' 




(b) ^ .= ^ 


■ 1 . 






= e 




e =1 


- h* 


e = (1 - 




0 • 





9) -12 



>100 



(c) «• iS (1 + ',01) 

ezi^^. 100-xl99 X (.01) . i^Ox^ y\i9Q ^ l^^f 



100 x 99 x 98 ^^9T^^_^^^y,,_^ 



•2 

98 ,97 - / 

2x3 

(d) ' For the ^functiofj x we let «the slope of the tangent to tlje 

graph art (0,l) e^ual/'l. That iSj^^we \et * . 

• > . . e - i , _ 

Iim — r = 1 . ' • 

h 0 ^ ' ' ' 

Using a process • similar to that^used m part (b) we obtain \ > 

litn (1 4. h)^/^. 



e 



h' -> 0 • 



If. we let h = - , we have 



e = litn' (1 4- i)^. 

n 

n 00 



^ l/x y 

We assume tha;t* -x (l + x) ' is a decreasing fu^Wikion. Without 'being 

conscious of this assumption, a student /should be ^ ready to believe J:hat 

litn ' (1 + h)-^/^ > fl + h)-^/^ for h ^ 0. We let h =.'r^ , so that 



n 0 • • 



4 

From Number 7 we know that 



•lim (1 ^'h)^/^ = e. 



"^^^^ ^1^5^"^^^ ^' '-^^^^ ^roughest approximation^to e suggests* 
that 2 < e < 3 and certainly e,< lOOo/ Therefore, we n!an write 



It follows that 



Multiplying by 1000"^^ we get • ^ 

^ . 1001 
The larger of the two numbers is 1000 



V 

f 



A(0,e^), B(h,e^^). ' Slope of 



AB = 



0 3h 





h - 


3h 


3br ' 


- 1 


e^^ - 1 
h 




.20 


.60 


1.^221 


0.8221 


i+.lll 




.15> 


.i^5 


1.568*3 


0.5683 


3.?89 




.10 * 


.30 


1.3^99. 


0.3^99 


3.i^99 ' 




.05-. 


.15 


1.1618 


0^618 




- V 


.01 


.03 


1.0305 


^^.0305 


* 3.05 , 




.006 


.02 


' 1.0202 


0.0202 


3.03 4^ 


10. f i X 


A(0,e^), B(j^,e^/^). 


c 

m(AB) = 


h/2 0 
e ' - e 

h - 0 














h 


h 
2 




h/2 , 
e ^ - 1 


-1 

h 


.50 


.25 


1.28U'0 


0.28ilO^ 


0.568 




.iiO 


.20 


1.22llf 


0.22llf 


0.553 




-30 


.15 


1.1618 


0.1618 


0.539' 




.20 


.^10 


1.1052 


0.1052 


U . pcD 




.10 


.05 


1.0513 . 


0.0513 


' 0.513 ■ 




' .06^ 


.03 


1.0305, 


OV0305 • 


0.502 




s02 


.01 


1.0101^ 


U. UlUi 




• / 

-2x * 

11. f : X e' ; 


A(0,e^); ^B(h,e-^^). 


tn(AB) = 


-2h 0 

e ' - e 


h - 0' 




.h 


2h^ 


e . 


-2h , 
e , -1 


e - 1 
h 




.20 


.ho 


0.670s 


-0:3297 


-1.6i|Q 




.15 


.30 ' 


0.7^08 


-0'.2592 ' 


-1.726 




.10 . 


.20 


0.8187' 


^-a.1813 


rl.813 




.05 ^ 


.10 


0.90i+8 


-0.0052 


-1.90 




.02 




0.9608 


-0.0392 


-1 .,96 


t- 




.02 


0.9802^ 


- 0.0198 


-1 .90 




.005 


.01 


0.9901 


-0.0099' 


^1.98M 


f 

t t 

\ 






1 




• 



•eh/2 



-2h 
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6-1 

3^; 



f : X -» 8^; " A(0,8°), B(h,8'^) . Therefore, the slope of AB is 
i.e., f : X 2^^. 



h - 0 " h 





h 


' ^h 


23h 


^h ' 
2^ - 1 


2^^ - 1 
h 




• 


.20 


.60 


1.5157? 


0.51572 


' 2.5786 




• 


.15 


. -^^ 


1.3660k 


0. 3660^1 


2.Ui+03 






.10« 


.30 


1.2311i+ 




2.311^ 




f 


.05 


.15 


1.10957 


0.10957 


2.191 ^ 






.01 


•03 


1.02101 . 


0.02101 


2.101 


V 




.006 


'.02 


1.0139$ ' 


0.01396^^/ 


'2.09i+ 






.0006 


1 002 


1.0013865 


0.0013865* 


2.07972 






-.20 


-.60 


> 0.6ii302 


-.35698 


1.78ii9 ' 






-.15 




0.7320ii 


-.26796 


1.3398 




* 


-.10 


-.30 ' 


0.91225 


-V. 18775 


1.8775 






-.05 


-.15 


0.90125 


-.09875 


1.975 ^ 






-.01 


-•03 


0.979^2 ^ 


' -.02058 


'2.098 • 






-.006 ^ 


-.02 


0.98623 


' - .01377 


2m 065 






*-.ooo6 


-.002 


0.99861^+7 


-.0013853 


2.07798 




1 - 

From this table where 


r 

1 approache 


s zero from the right, 


and also 


' from the 


left, ve see .that 








as 




- h -> 0 


( 

, 2.07798 < 


.23'^ - 1 

— < 2.07972 




or as 




h' -> 0 


, " 2.078 < - 


3h 

2,080. 

h 





\ 
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6-2 



Solutions Exerrlsgs /^-g 



Ca) m = e'-^ s O.36788 

(b) m,= e°-5 = 1.6i^87 

(•c) m =^ e^'"^ ~ e!oi38 

See grapft. 



(dy tn = -1 

(e) tn = a kMll 











(a) 


y = 


e'^(x + 1) + e'-^ = e'-^(x + 2) 




Tb) 


y = 


e°-5(x - .5) +.eO-5 = e°-5(x ; 


■5) 


(c) 


y = 




•3) 


(d) 


y = 


X + 1 




(e) 


y ^ 


e^-5(x - 1.5) = e^-5(x - 


•5) 



-1 0 







i ■„ 










(-3/) 














(3» 








O 








1 








f 


^1- 










i 





















(c) Point (-3,i+) 

(d) The slope of ^^.^m ' I ' 1 ' 

(e) Point (-r,s) on^t^ corresponds- to point (r,s) | on L^^. 
The slope of is. ^-m. 



ic 
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This 'exercise is starred^ because- of /the time needed to complete it. 
The figure should be shown to the c^ss --even if tht exercise is not 
assigAed. ' ! 





6-2 



6; (a) ; 




1. 



(b) Each point has coordinates (-x, e ), 

(c) The slope of each line drawn in 7(a) is the negative of the slope 
of the corresponding line drawn in 6(b). 

X ~ ^ ^, 

fa) See Number 2 for the graph' of f : x e . The graph of . 

g ; X -» e'^ may be obtained by reflecting thb graph of f - 
' , ix\ the y-axis . " ^ 



(b) 



at 


X 


= 0 


at 


X 




at 


X 


= -1 


At 




= h' the 



Slope of grapy of ^ Slope of graph of £ 
1 



2.72 
0.37 



-1 

1 



-0,37 



-e z -2.72 



is 



-e"^ = -g(h), 
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Solutions Exercises 6-;3 
V , ' . ^ . • 

1. A = Pe^* = 1000 J -03) (18) ^ ;looo ^0.^^ ■ 

■ eO-5'^. 1.7160 • "■*•■■" • - 

A 3, 1000(1,7160) ~ 1/716 " 

f 

Mr. Toffey^will have approxirpately "$l,7l6 for Jack's education on 
. Jack's Ag)iteenth birthday. (Perhaps he^can appl^ for a* scholarship. ) 

■ 'V • - ^ ■ ~ ^ 

2. , A = Pe^^ * ' - ^ 

" ;Fojr r .03 we require tha-t ' A = 2P. ' 
0.03t 




JAck-Toffey will be 23 ydSt^s old- 

\ * ^ 

could use actable of natural logarithms, but ve shall use 2 a e 
•we did'vin Number 2. ' 



2P = Pe 



t ~ 11.5 

. . " / . . . 

The time required is approximately 12 years r 



0.693 
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(a) If thQ number 6^ iniferest periods were h ' we would have for the 
principal at* the end of one year , ^ 

• where is the initial deposit. The principal at the 'end of a 

year on the bQsis qf continuous compounding is ^ , 



P. iim p^-Pq 
^ n <» 



n 



^0^ 



"•I'im (1 
.01*85 •■ 



Tq three terms w^ have ' * ' 

P'='P^(l.Oii97); . ' 

equivalent to simple intarest' of ^.97^- 

(b) In X yearrSj'the principal accumulated is P^e' . We require 

^og 2 ^ ^Q-. 

P = 2Pq, hence x = - - It takes approjg^mately 

1^4- . years. ' • > , 

Since P = 180 and P^ = I80 = 760e ' , , and * 

^-O.UWh = ~ 0.237. From the Tables we see that 0^237 - e' 

hence i-o'.'lli+i+h ~ -1.1^5, 'and h ^ 12.l'. Thus the height is about 12.7 
kilometers. J - ' . ^ 



-1*^5. 



^ " -0.'12n ^ 1 >.-0.12n -O.69 

= Q^e so that ~ ' ' Since 0.5 e ^ 



-0.121- 



-0.69 and n s 5 . The requii-ed ^time is about 5^ ^ days. 
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t(5) . . 1 1„, so that T'l^^l/^ . . ■ 

Hence, . 10 feet be'low'toe surface the intensity is - I ■. 
[As an^ alternative tnetbod, ve note that 



2 _ 1(5) _ I(5 + 5)''_ 1(10) ^ 

3 " TToT ~ lio +• 5j ~,Tt5T'-' 



It follovs that 



* -^^'^^ =|*V"""d 1(10) =|l(5) = (|)2i j 



If K:^) =|-Io, i = r^' From above, e'^'^ = | « e'^-'^V so that 

k ~ 0:08-, ' rnus ^e'"'^^ . 0.5 « e'^'^^ an'd .x . 8.75; hence .at depth 
Of about 8 I feet thfe intensity is i I^, 
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^ c I , Solutions Exercises G-^k >- ^ v t 

(a) ' log (1.96) = log (li)^'= 2 log Jl.ii) = 2(^336*5) = 0-6730 

e^ e " ^ ^ 1 — 

(b) -log^(2.03)^= ioB^{2,.9)i0.l).^loB^{2.9) +log^(0.7) =*(l.061tll +1^.356?) 

= O.To8o ' " 

(c) ti) ■logJO.52) =log^(^)' ' 

^ • =lQg^(3.9j -logjT.'?) =(3^3^10) - (2.0lU9).= -0.6$39 ° 

logj,0.52] =logJ^) ■ ~ " 

^ „ =log^(^-.2) -loK^do) =(l.6ii87) -(2.3026) = -0.6^39 - 

(d.) log (o\u^^) =log ^jlog (5.2)- 2 log (10) =(1,61(87) -(U. 6052) 
e e I w e • e ^ * 

CSee No. l(c)(i) an(J No': l(d),.l =•+0.6539 -'U.5052 = -3.9513 * 
/ ■ ' « 

(a) log^V^ = I log^2 ~ |(0.693l) ~*0.3^66- . /. ^ » l.Ul '- 

(.b) log^3/71 = |[logJ(7.l) +rog^(lO)3 = ^•9601^:3026 ^ ^- ^209. 

(c) log (9.1).^/^ = flog (9.1) = 2(2,M3i ^ ; ^\22 'v. (9.1)^/^ ^ U.36 

J^) log^dOO)^/^ =*| log^ 10 , ^ ' 

log^[log^(lOO)'^^^] =log^ 2 -log^e tlt)gg[log^lO] 
/ ^ ' ' ^!i.6931 -l4*log^(2.3026) 





For some x close to c, we have by (5) ' 

l,og X z log c + ^(x - q), " « • ' ' 

6 e c 

- " 1 ■ 

In all parts of this problem^ c = 2, - = 0.5, and log 2 = .693I. 
* c e , ' 

(a) log^(2.or) z .6931 (.5)(-0l)^ x.^ 2.01 

* s .6931 + •OO? ' ' X - c = 0.01 

• ^ .698J. - - 

(b) log^(l.96lw''.§931 + (.5)(;.0ii) ^ X = I.96 ^ 

= .6931 - .020 ^ ' . ' X - c = -.0^4- 

' « .6731 . . -\ 

tc) /logj2.03) ^'.6931 t (•5)(-'03) . * X = 2.03 

z .6931 .015 X - c = .03 

.7081 ' ^ \ 

(d) log^(l.9^) - .6931 (.5) (-.06) - X = l,9i+ 

* » .'6931 - '030 f ' X c = -.06 

" = .6631 ' 

(a) Use result of Number 3(a> to find (2.01)^'"^ 

log (2.01>^(2 = I log(2.dl) z |(.698l) 1.0.635 V. .^2.01)^/^ z 3.20 

/ * ' ^ 6 

'(b) Use result of Number 3(b) -to find A. 96 

log^vT:95 ='| log(l.960 s |(.673l) - .1122 ^^1795 s; 1,12 

(.c) • Use result of Number 3(c) to find (2.03)'^ * ^ 

log(2.03)*^^= (.6)log(2.03) s (.6)(.708l) z {.k2h86) 

.'. (2.03) ~ 1.53 

'(d) Use result, of Number 3(d) to find (1.9!+) '■'■^ 

'logC/?'^)^^'-'-^ = (l.l)log(l.9i+) (1.1) (.6631)'- .7291+1 ■ 



(1.9!+)''" 2.07 



4 



« 
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(a) (i) Vfhen y = 0, log^3x = 0, ^nd 3x = 1. 

Therjefore the x-intercept is at "^he point 



(a) 


1 rtfr Py - 0 

•LOBg.^x^ - 




2x 


- 1 . 

— X • • • 




o) 


(iii) 




and 


X = 
t 


1, 


x-inter5ept: 


(ijO). 


(iv.) 


log, 1 = 0, 


and 


X = 


2. 


x-intercept*: 


(2,0) 


' (v) 


^cig, f = 


and 


X '= 


3. 


x-intercept: 


(3,0) . 


(vi) 


•lo^J = 0, 


and 


X = 


i+. 


x-intercept: 




(b) (i-) 


If log Hx = 


0, 


then 


kx = 1, 


and X = — . 

k 





Since .k > 1, then x- is in'the interval 0 <*x»< 1. 

'(ii) lim 'y(^= lim | ' ^ v,' ^'^^^ 

- ^ k 00 k. 00 * ^ 

(c) (i) If. log r = 0^ ^hen r = 1^ and. X =,k. 

aince k > 1, ' then x > 1. ^ 
(ii) li4 X = lim k -^'oo. 

k ^ 00 k 00 ' s 

(a) F^d the differeijce -'(positive) between eacfi logarithm. ^ ~ 

(i) log^ 2x -v-log^ X log^ ^ = log^ = log^ a + j) - ' 

(ii) log^ 3x - log^ 2x.-=^ log'^ ll = log^ I = log^ (1 4- |) 

, (iii) log^ 1+x - log^ 3x = log^ || = log^;| - log^ ll + |) ^ 
' (iv) log^ fk + l)x log^kx = log^ = log^ (1^^ |) ^ 

''(b). lim {log^(k +''-l)x w log^(kx)] lim log (l + h log 1.:= 0 
« e .e c 

K ^ 00 k -» 00 . ^ 

(a) (Similar to No. 6.) Find ttie difference (positive) between each 
. logarithm. 





logg X - 




=log^2 


(ii) 


log, 2 - 


l<^g,f 


- log, 1 ■ > ' . 


(iii) 


• X 

log, 5 ^ 


log,.f 




(iv) 


t 




X ' k + 1 
^ I = k- 


lim 
k -» 00 


[log,(|) 


- log. 


(^)] = li. 10, f I ^) 
^ ^ k 00 



liih log (1 + h' log 1 = 0 

k 00 ^ ^ ^ 
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(a) .(i) If f^ X log 2x, then f : x (log 2 + ibg. x) . 

1 I • \ 

It follows that f« : X • \' 

(ii) SXnce logg I = logg x - log^ 2, , f ' : x - 

(iii) Since logg 3x = log^ 3 + log^ x, f « : x - 

'(iv) Since log^. | = log^ x - logg^B, f ' : x .-^ ^ ^ ^ 

iv) . Since log^ kx = log^ k + lo^ x, f x k(constant) 

(vi) Sinde /log ^ ^ log x - log k, f » : x k(constant) 
e K e e ^ 



(h) 


X \ c / 


- for each of 
e 


the curves in part fa) ai)ov^.*«^ 

1 


(c) 




<. 

'f^^; - log 

/ 




The coordinates are 


(e,log 2e) or 










1 + log 2) 




f ii) 


/f f P ) = log — 


• 


The coordinates are 


(e,logg |) ' or 

(e , 1 - log 2) 
' e 


* 


(iii) 


f(e) = log " 3e' 
\ / °e 


• 


The coordinate^ asre 


(e,log^3e) or 
(e ,1 + iog^3) 






f(e-) = 'log •£ 
^-3 




The co-ordinates are 


^(e,logg |) or 










(e ,1 - log^3) 


/ 

/ 




f(e) = \ogg ke 




The Iffebrdinates are 


(e,log^ke) or 


/ 










(e* 1 4- log k) 




(vi) 


f(e) = log \ 
e K 




The cbordinates are 


(e,log^ or 
Ce , 1 - loggk) ^ 


(d) 


(i) 


y = 1 + logg 2 




- e) = i x^+ Ipgg 2 






(ii) ■ 


y = 1 - logg 2 




= ^ X - iqg^ 2 






('iit) 


y ^ 1 +* log^ 3 




- e) = i X +' logg 3 






(iv) 


y '5= 1 -'logg 3 




- e)'^ix - logg-3-^ 






' (vi) 


yr^-^ logg k 
y = 1 - logg k 




- e) = ^ X + logg k 

- e) = ~ X - log^ k 






(e) (t) 



"The tangents -(listed in Solution to No. 8(d) above) 
y-axis ^at t^e following poiijts.^ respectively. 

(i) 
(ii-) 



cross 



6^k 
the 



106^ 2 



-logg <2 or 



(iii) log^ 3' 



(iv) 

(v) 

(vi) 



-log^-3 



(ii) 



See part (d)/(v) and,('vi)' log^ k and -log^ k 
symmetric with respect to the c^igin. 



are 



(f) 




(a) (i) " .Ddog^x^) =-D{2 logg x) ='| 



(ii). DdoggX' 



x^) = D(3 Ibg^ x) - J 



X 

' (iti) D log^' = D(| logg x) = i 

" ■ 1 1 

(iv) D logg -^^^ = D(j logg ^) = 3^ 

b) (i) D(log^ x") = D(n logg x) 

(li) Ddog^ ""^^ = log^ ^) = ^ ' 

(iii) D(logg(cx + d)") = D[n log^(cx +'d)]" = ^^^2£_ 



(iv) D logg ^ = D(i logg ^ 



(a) f(x) = logg(5x'+ 1)^ = 3 lpgg(5x'+ l) 



f'(x) 



15 



3 -5 _ 
5x + I 5x + 1 

2. . .r-N • ,._*/,,^5/2s 



(to) f(x) = logg'(^^x'^' • = logj^^x^' ) = l9£g^'+ + I logg 
- . I vx; - u + 2 ^ 2^ 

(c) , f (x) ^ log^ x(l - 2x) = log^ X + log^d - 2x) 

. 1 ' iix 



^'^^^ X ■ 1 - 2x " x(l -"2x) 



(d) f (x) = log^ x^(3x - 1) = 2 log^ X + log^(3x - 1) 

(e) f(x) =^log^tlog^ e^] = log^oc 
f'(x) = I 

(f) f(x) = logJsin|) ^ 



A f^x) 



2x 


- 1 


2x 


+ 1 " 




2 , 


2x 


- \ 


/I + X 



2- 2(2x + .1 - 2x: -t- I) 
+ 1 (2x - l)(2x + 1) 



Ux' 

(h) f (x) = log^ = |tl<?ge^^ " 



.*. f» (x) = g^-l + ,x ' 1 - X 



^■1 = ^ 



1 - X 



2.7 



X'1 



11, Thq equation of the tangent lin^ ils of the Tori?' |»^"= mx + b* Since the 
line is tangent to the graph of f : .x, log^ x, its slope is 
m = f *(x) = - for some value of x > 0. Since the line is reaujrred to 
G^pacs through the origin we have b = 0. At the point of tangency we must 
have y = i*x+0 = l, for x* > 0. If y* = 1 at the point of tan- 

gency then log^ x = 1; that is, x = e^. a3:ius, m = f'(e) = ^ , and 
(ve already said) b = 0. 



4^ 



Pnerefore the equation of the 
only tangent to the graph of ' 
y = log^ X that passes 
through the origin is 




y = f(x^ = log ■ X 



In Example we concluded tha,t\the equation of the tangent was 



y =a + ^x - e). ' 
We can simplify this to agree with the result of this pro 

y = 1 + - X - 1 . 

e 

1 ■ 
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Solutions Exercises 



2 3 
X . x-' 



(a) e sl+x+^ + — 

2 3' 

(b) V ;5 -1 - X - ly jr 



(c) 1 - e 



,(d) COS X ^ 1^ |r. + ^' ^ 



2 Z h 

X^ ^ X_ X^ X 

" " " " 2! ' 3'- ' ^ 

t \ — ^-i.X x.x 

(e) -cos X =, -1 + - uy + ^ 

2 li 6 

(f) 1 - cos X =_gy - ^ + 

f ! X y = + a^x + a^x + a^x + aj^x^ 



(a) 


y 






(b) 


y 


= «o ^ 




(c) 


y 


~'\ ^ 





g : x y = sin x 
]ja) y.w x 

(b) y s X 

x3- 

(c) y ^ - "jr^ 

E : X -> y = cos x 

(a) y s 1 

(b) y « 1 - |r 



(c) y « 1 




(c) = 1 + x+|t+|J 
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No. The function f : x log^\5j is not defined at x = 01 
eO-°^ = 1 0.01 . .-(0^ 



2! 3 



J 



Z 1.01 + .0000? + 0.000000167 , 

z 1.010050 ' ? 

We needed to use only 3 terms, since '^^^?^^ contains zero in the first 
six places for n > 3. 



= ie^-^f z l.22i 

e°-\= (e°-^)'» = 1.1»908 
^0.8-- (^0.1)8 ^ 2.2225 



e = (e°-2)(e°-^) = (1.2210) (2.2225) s 2.71»t 
<a) p fx) = 1 + + |! + • 



2! 3'. ■■ ■ nlT . 

p'fx) = + ^ + ^ +" + 2^ 
V^' 2! 3! n'J 



Since ^ =' } then 



.^^2 .n-1 



.p;(x) = 1 .X ... ^j^hrjT 

n 

p'(x) + ^ = p (x) 

^n^ • n! *^n' ' j 



n 



p«(x) = p(x). - ^ • ; 4* 



*n 4 n 



n n - ^ 

X • . X 



(b) From (a) pVxV = P (x) r . Since -r- > 0 if x > 0 we have 

^ ' ^ ' *^n n n! n! 

I ' p'(x) < p (x) for X > 0. ' 

/ *^n^ *^n ^ 

(c) p^(x) <p (x) for- X >0 ^and f*(x) = f(x) for f : x^-^ e^] 

u n 

• , p^(0) = f(0). 

The intuitive geometric point is stressed in this problem. Observe 
that both?.-functions have^ the same value at x = 0. But 
p«(x) < p^) Z f(x) = f*(x) thus p*(x)< f'(x). This means ^that f 
is rising more rapidly than p and p(x) < f (x) for x > 0. . (Use 
6-k-{k) with > signs if you wish a' More exacting approach.) • 

. .'309 " . • 





-I 






io. 


(a). 


g(x) -.P3(x) = 








\ 3 

Since c>l and,p->0 if x>0 this gives 

g'(x) -' p^Cx) > 0 ' for X > 0,. ' , , , . 






/ 

' (b) 


12 2 . - 
g'-(x) = lx° + = 1 + X + fr so that _ ' . 








. ■ 2- ' 2 3 
- . g'>.(x) - - g(x)..= (1 + X t.^) - (i + X + |^ ,_+ ^) 


♦* 






^:i?r(c.iy-.f) 








which will be posi1;ive if x > 0 and,, (c-'- l) - ^ >'0 ^ that is 


r / 


,.. \ 










(c) 


(iT If 0 <'2 < " then 

' c . ^ 


* 






/ ' 2c < 3c - 3 






< 


fifnd . ' 3 < c. 

The smallest integer value ifi c = ^. 

(ii) f{2) = e^ - 7'-3891 from tables. * When c = H 


• 


? 


- • 


= l\'2 4.2+^ 
^■10.3 








Thus 'gC2) > f(2)=. ' ■ ' 






(d) 


We will appeal, to an intuitive argument. Since f(0) = g(0), ^the 








two functions have the same initial values when x is close enough 






to zero, or as x -» 0"^, g(x) s f(x). We find that f'(x) is equal 
to f(x)j the slope and the function^have the same^-numerical values 
for a given x. But g*(^) > g(x) when x > 0> -from part (b) . 
Thus ^g*(x) > 'g(x) SJ f(x) = f'(x) and g'(x) > f»(x) near x = 0. 








Graphically, g(x) and f(x) start out the same near zero. Very 








quickly g(x) has a steeper slope than f(x) - -which leads us to 
the conclusion that g(x) > f(x) for 0 < x,<^^^^" . 




p ■ m 


v.* 




1 



u'. 3^16 fact 'th^t ~p„(x) < for x > 0 vas proved- in Number 9- Calcula- 
' . tion gives . _ - . - , , 



cn X 



n-1 



so that 



'^'^ - ~ - 2 ' n-1 

X cx 

,= i + x + ^.+ \ W-rij^. 



'g'W.;g(x) =(c -D^^i^-^ 
^ • n-i 

X / • QXx 

n- (c - 1 - -) 



(n - l\! 




which will be positive for 0 < x < n(^-^ — ) . Arguing as in Number 10(d) 

we have e^ < g (x) in the stated ''^interval. 

n - ) 

' ■? . • • 

.Thus p (x) < e^ < <9 < ^^^"n ' ^ 

* »* n n • \^ c ^ 

2 • n ' * 

12, n (x) = l + x. + |^ + ...'4.^<e^< g (x), 0 < x < n(^-=-i) where 

2 ? n " 

6jj(x) = l + x + ^+*. ..+ . Subtract V^M *o obtain 

* n 

0^ e"" - p (x) < g'(x) - p (x) = . 
. ^n^ ' ®n ' ^n^ ' nl ' ♦ 



^13. Using (5) we 'have 



2, ,n+l 

e X 



K\ <fJf^ -if 4^1 <2. 
Replacing e^ by ^ and^ |x| ' by 2 we have- 



n+1 



To obtain two clecimal place accuracy (/e« need to know that 

■ ^ \\\ < -005 

SO it*Jis'enqugh, to choose the first for which 



ihat^is 

-0005$... f .00061f 



so it is enough' to choose - n so that 
" , ' 311 



6-5 



that is 



.(n + 1)! ^ 



^ < 10 



(n + 1)1 ' 100,000 



Try; 



■ £2 ^ J- 

^ ^ " 7: 50U0 7 2520 

" = TT " 50^*0 X § 7 10,080 

^ ^' 9: ~ 50i^0 X 8 X 9 i^5,360' 

2^"^ > 1 X 2 2^ 
" " ^' 101 " i+5,360 X 10 " ii53,600 

226,800^^^0^ 




so n = 9 vill "work! 
ill. We have 



^0.5(l)n+l^ 2{l)^'-^ 



It is enough to choose n so that 

< .00005 = 



/ .\ton ' " 100,000 " 20,Q00 ' 

(n + i) :2 * - 



_ . 1 [ 1 _ 1 

" ^- J . ^3 " 2inr5 " 192, 



n = h: 
n = 5T 



k\ 2- 

r 



*^7^ - 192 X 5.x 2 \l,! 



920 



^ < 



" 1920 X 6 X 2 ' 23,0^^0 20,T)00 



so ^e choose n = 5- N 



15. • We have 



0.001/ 1 \n-fl 
with ♦ n = 1 and using e^'^^ *< 2 we have 

,|R I < ^iiiooof ^ ,0-6 ^ ^' ,Q-6 



ERIC ^ ' 



V 



^fetr^correci tg 5 decimal places 



^0.001- ^ ^ ^ Q ^ 1.00100 
^-0.001 ^ ^ ^ Q^^^ ^ .99900. 



16. (a) 



2 3 If 5 
le'^Sl+x+^ + ^ + ?T+rT + 



where 



li^here 



• Ml .6 



.9 - « 



- Ml |6' 



'^ ' 6 8 
2.x .X .X 



■ (b) . s 1 + x'^ + i,- + fr + fr + R 
vhere 



-X 



M 10 

» • |H|.<^ 


if |x 


< 


/ 


+ ?c '+ where |R^| 


<|x|' 
- 2! 


if 




1 - x^ + R^, |R^| 


- 2! 


if 


1x| <1 




• 






- e = z;. - R^ 









3 ' 



4 SO 



Sin X = X + where Ir^I < 

(1 - e'^^sm X ^ ^% - 




-xR^ + x'-Rg - R^Rg 



JidZ.iidi.iidl', 

2 6^ 12 



|xp ' - 
|2 , ,2 i ,U 

ML 

12^ 



as X ->0. 



6-5' 



COS X = 1 + R^, 1^2! S 21 



so that 




; X / X + R, - 

e - cos K Id 



1 + 



which approache 1 since . , . 

|x| '-^ 0 as X 0. 



(c) 



2 ' X . / 2 X 

cos X - e / cos X - e 

sin x"^ / 



. 3 ' 

sm X 



^we have 



cos X 1 - ^ , 



e^ ^ 1 ^ x^ 



2 X 
cos X - e 



■3^ 



-> 0 as X ~* 0. 



* Since — - — correct result is 0. 

, •* sin x"^ 

'Yov! may wish the students to use errojr estimates to prove this 
(as in (a) and (b^). . ^ ^ 

18. e - e'' ="e(l - e'^'^) " . - - ■ , 

e"^ » 1 + X so 



^x ^ , . gX-1 - 3^ + (x - 1) and hence 



/ 



e(l - e^"^) ^ _ e(x - l) 



V 



X - 1 



X 



1 . e - e 
lim = -e. 



X 1 



X - 1 



SO' 

may wish- the students to use error estimates as in Number n(a)/(b). 
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^Solutions Ex^clses 6-6 y 



\ 



^10 



10 * TaJIo • "97To - -^11/10 9/10 



^e) r : X ^ vSF 



2 



■ ■ 



3' -i r 

3x vx 



3x 

(g) f : X ^1 >^ = 2-^2x)-^/2 _^ , 

f: X ^2-^- ^)(2)(2x)':3/2 = 1 

^ . 2C2x)3/2 



41x1^ 

(h) f : X ^ 20(^) 

(i) f : X ^ 2 ^ = ,^ x-^/^ 

315 * 
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.1. (a)* f : 5c ^ 2x3/^ 

f • : X ^ 3x-^/^' 

(b)'" f : X ^-^ = 6 -x'^/^ 

f: X ^ -32"^'^^ =■— 
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f is defined, respectively, for the' foUoving Values of x: 

(a) X > 0 ^ (f) X' ?^ 0- . \ ^ 

(b) X > 0 ' ' . (g) X >^0 

(c) . All X , (h) X > 0 • 

(d) X > 0 . ' (i)- X > 0 

(e) x>0 (j) X y 0 

f ' is defined, respectively, for the folloving values of x: 

(a) X > 0 ^ (f) x-^ 0 

(b) X > 0 , ^ • (g) X > 0 ~' /■ 

(c) X ^.0 ■ ' (h) -X > 0 

(d) X > 0 . . -(i) X > 0 - . 

(e) X > 0 ' ; ^ (J) X ^ 0 

(a) Vf.(x) =Sx^^^ (e) fix) = '-^ ■ 

' f(l)=3 ■■{ f-(l)=i 

I. ' 



f'(2) = 



f'(2) 



(b) f(x) = ' ' (f) f (x) 



f(i)'=-3 . ' f'(^)=-5 

(c) f(x) = -i- (g) f(x) 

5- 



•3 • 2 72 



5^ . - . 



f(l) =1 ' • f'(l) 



-1 



• 10- 

f'(2) = 



j^qII/10 29/10 
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6-6 



(i) f(x) 



-1 



3V2 \x\^^ 



(J) f(x) = ^ 



f(t) = . -L. 

3>^ 



f'(S) •= 4;- = 



6^ % " 6^^ 



f(l)' 
f'(2) 



5. (a), (c),- (d), (e),\(h) 

6, (a) , ' • 

7,, (a) 'dv'TTT = D(x ■+ 1)^/2 = |(x + l)"^^ = 



(b) D 



(c) D 



D(x - ^ _ i,)-2/3 



D(x + 2)"3 ='-3(i + 2)"'* 



Z-Zx + 1 
1 



3Vrx - kr 

(x + 2)^ 



(x + 2)- 



-1 



(e) . ' ^ = ,/2 D(x . = i(x . , 



, 1 



t 

(g) D ^ 



2/(x + 1)3 



i = ±D(x.^)-^/2 

- — c 



^ yc /x + - t 

i_( l)(,,l)-3/2_^ ±_ 



^ 2^ vfmp 



-be 



= J{cx + d)3 2/(cx + d)3 
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v8. The respective functions /ajre defined. 

U) for all X > -1 

(b) for alX x 

(c) for all X -2 

(d) for all X > 0 

(e) for ali X > - I" 

(f) for all X > 1 , ' r 

(g) for all X > - -S^ 

9* The respective derivatives are defined... 

(a) for all x > -1 

^ (b) for all X l4 

(c) for all X ~2 

(d) for all X > 0 

• (e) f6V all > - I . . ' . / 

2/ • ^ /. 

(f ) . for all 'x <^ -1 ^ 

»^ 

(g> for all X > - - 
p c 

10.'- f X -» 2(1 - x)-'-/^' 
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(a) f« : X -4- 



'JJeither f nor V is defined at x = 2. ^ % 

■* *- 

(b) .f i ST the positive* bi'sjich 'of* a, parabola which would have*^ the 

2' 

equation: y = 1 - ^. .. f is defined for x < 1. ^ 

(c) ^ f"* is defined for x#< 1. , ' 

(d) Since , f * is always negative, the function is decreasing for -x < 1^. 
Since f* is never positive, the function is never increasing. 

(e) f'(0) = -1. If x = 0, f(0) = 2. Therefore the equation, of the 
t • ' 

tangent to the curve at' x = O is y = -x + 2 « , ^ 
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V 




11 • Given f : x 
(a) f» : X 



2 



(b) When f* < 0, ic <'0, and f is decreasing. . * 

When > 0, X > 0, and f is increasing. ^ - 

The endpoint of the i-nterval, x = 0, can ^e consideredh^s paft 
of either or neither interval, as you see fit. 

■(c) f(l) = 1; f (1) = I 

* 2 12 

Equation of - tangent at (l,l): Y = - 1) + 1 or y = r- + r- x 

2, ^,1/32 ft 
.1; i.e., _^s^.l;, x/^ = -- 



(d) Let f» 



X = - 



2Z 



27^ 9 



Therefore the coordinates of the point on the curve 



8 K 



where; the slope is -1 are (- , ^ ) ; the equatioh-of the/ 



tangent line is y 



27 

'^"^ 27^ 9 - y = 27 ' 



(e) Yes, it is a vertical line with the slope undefined. The equation 
is X = 0. ' . y , 
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12. Given:- f 



X X — 

X 



• 4 2 

(a) : X 1 + -^.^ , . ^ / 

* - ' c X X k / 

f • > 0 /. 'The curve is increasing for all values for which it is 
' • defiijed; i;e., |x| > 0. It is never decreasing since 

f is never negative. ' 

(t) A's*^ |x| increases, the 9urve approaches y = x. # 



^ <f 1 



. X 



^x^'=l; x = | or -\ 



! {^,-|) and the slope is 5. Therefore 



i.e., at , g/ X 

the equations of the- tangents are 



y = 5{x : \) I and : y =* 5{x -k, 1) + £ 
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'41 



pko) = 1 

■ 'p!'.(o) = 1 - 

^p'i"|0) = 1 ' _ 
(cX The student should guess that f ' = f.. 

* , * ' Solutions Exercises 6-7 

We' have 

n+1 



gives n + 1 > 200, that is n > 199. 3econdly 

-< n + i — 

gives n + 1 > i X 10"^^ = 2 X 10^ ^ 

so that n >^2 x 10^ - 1 = 1,999,999,999 

(a rather large number). 
With X 0.2 we 'have'' (from 9) 



n+l ^ 



5"*Nn t !)• 



SO that for 



Hence 



log^ 1.2 = loggd + 0.2) s 'P2(0.2) 

= (o.2)-i^ ; 

= 0.2 - 0.02 Y - ' 
= Q.18 



vhich is correct to two places. 
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3. log^(O.l) a log^(l - 0.9) with X = 
This time we use (8) since -1 < x < 0. 

tn+1 



It might be helpful to allow each n + 1 to be , a power of 2. This will 
help in computation. , , ^ - 



1, n + 1 
3, n + 1 



2, 



{■o.9y 



0.81 



(0.1) (2) = .2 



s;' 1+.05 > 0.05 



(0.9)'' (0-81)^ 



.6561 



Ji — = -JT 

v2 



1.6!+ / 



n= 7, n+l= 8 
n = 15, n + 1 = 16, 
n = 31, n + 1 = 32, 



(0.9)^ (.6^61)^ „ A365^ , , 
(0.1^(8) = = •5'+6- 

(0.9)^^ , {.hze^f - .1901 - „Q 
(0.1)16 ~ ^TT? ~ -^^5 

2|p.(42oi)!,^, .001, 



(0-9. 
(0.1)32 



Then certainly n = 31 is large enough. For a more precise' n we 
could use logarithms in our computations . 

; ' Rg^ s: 0.01+1+7 < 0.05 < 0.. 05^ = RgQ.- 

Thus n = 21 is*the, smallest n which is large enough! 



If. (a) log^ 3 = loggd + 2) ■ 

p2 p3 



2*^ 25 



10' 



2/3 



(c) Tables give log^ 3 ~ I.0986 
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6-7 



.(d) n,=^ log^ 3-'« ^ - % = -5.600 ^ 
n = 7: log^ 3 -5*600 + y - 12,686 



n = 8: log 3 « 12.686 - ^ -19-31^. ' ( 

9 ^ 

n = 9: log^ 3 - -19.31^ %• ~ 37.575 

(e) The 'difference log^ )3 - p (g) oscillates^in sign and its absolute 
value appf*oaches as^,.->». 



5. (a) log^ (1 + x) X if jx-f^i^is small; so 



log (i + x) 



1 and hence 



limit is 1. A more formal proof, using error estimates is as 

•» 

follows : 

^1 ,2 

' log^d + x) = X + where |R^| < i^" |x| < 1 > 



so that 



log^d + x) ^ 
E - X + — 

X X 



since 



. - 1 + X 



X ->0 



X ->0 
— ^0. 



(b) 



sm X ~ X 



1 - CO^ X ~ 

c) ss X 



^ log^(l,+ x) 



so 



if |x| is small 



lim 
,x ->0 



(sin x)log^(l + x) 
(1 - cos x) 



= lim 



X -^0 X 



You may wish the students to use error estimates a^n (a) 
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With f : X X, we have 

f(0) = 1, f'(0) = |, f"(0) i - |„ 

(as In (lO))^. Also , 



so 



Hence : 



so (using (12)) 



,1 11 

5 " -Trr' • 21 

= ' 12^ ' ^5 " ^ ' ^6 " ' 102¥ 

and 

, s ^ 1 ^-1 2^13 5 1^ ^ 7 

p^(x) =.1 + ^._X - ^ X -^x +^x 



with 



n = U: 'V^ = A + 1 ^ 

= iS« 1:399 • \ 



T2& 

with a maximum error (from (I3) with x = l) 

6 1 ' ' 



l\l 25^'< 0.028 / 
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n = 5: • >^ = A + 1 



vith 



Each gives ^2 = . correct to one decitnal place. More terms 
needed to improve accuracy. 



n = 3: , . -/TTr = A + 0.1 

. * • ^ M 1 w i\ 0.1 (0.1)^ ^ (o:i)^ 

' = 1 + 0.05 - 0.00125 + 0.0000625 
" ^ , = I.6ii88l25 



vith 



|r I <^ • (0.1)^ = 0.00000390625. 



3' 

^ , \ 

Hence^ correct' to five decimal places iXTL = I.0U881. 

n'= TTTT = A + 0.1 

- Pi^(o.i) = 1.+ -2" ^ 1^ 

' = 1.0^+88125 - 0.00000390625 

= 1.0^880859375 

R. I < 5^ (0.1)^ <. 0.0000003. 



vith 



A ; 0.5 



•/ 



= P^(o.5) = 1 M^) - ife (-0.5) 

5 0.7085 

vhich agrees with ' . 



1* 



in the first. tvo decimal places 



2 - 0.707 
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10. (a) 



cos X ~ 1 - 



\^ /I + X ~ 1 + I ) if (x|- is small 
Iqg^ ( 1 + :0 » X 

■J 



cog X - ■/! + X , 

iw (1 + x; 



■(1 - |) .1 



X 

2 2 



and hence' ttie limit is ^ . Again you may wish a 
disucssion using error estimates to establi^sh « 

^ r. . log + x) 

cos X - yrT7 ^ ^ 1 _^e 



more vigorous 



(b) 



e ~ 1 + X 



A + x^ 1 



if |x| is small 



(sin x) ~ X 



1 + X 



(sin-^)^ 



1/^ 

11. (a). Put f : X -^^(1 + x) Calculate (using (l))r 
" \ f 

, f : X ^,x)-2/3 



f" . 



SO that 



|(1 



f(0) 1, f(0) = ^, f"(o) = 2 



9 ' 



f"(0) = ^ 



10 
27 



and 



Put 



f : x.-^d + x)5/3„ 
f : X ^1(1 + x)2/3 , 



f" : X + x) 



-1/3 



Hence 



f(0) = 1, f'(0) = |, f"(0) = f, ^"(0) 
p (x) = 1 + I X + I - ^ x3_ 



10 
27 
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Teacher's Commenta^ry ^ ^ ' 

Chapter 7 . 
AREA AND THE INTEGRAL • » 

Our approach is intuitive as we discusj3 the following topics in Chapter 



» : 7-1^ Area Und^r 'a Graph 

* 7-2. The Area Theorem 

7-3. The Fundamental Th^^rem of Calculus 

7-i*. Properties of Integrals 

7-5. Signed Area * 

* V 

7-6. Integration Formulas 
Extension and a more analytical approach to the ideas discussed in 
Chapter 7 can De found in the following sections of .the appe'ndices: 

A5-$. Evaluation of an Area 

A3-2. Sums and SUm. Notation ^ ^ ^ • 

A5-3* Integration by Summation Techniques 

A5-U. The Concept of Integral. 'Integrals of Mon<^tone Functions 
' A5-5. Elementary Properties of Integrals 

.A8-1.- Existence of Integrals ^ " ' ^ ' - 

A8«2. The Integral of a Continuous Function ' * 
A9-1. The Logarithm as Integral 

A9-2. The Exponential ^Functions ^ . * - y ' 

The following discussion may, be helpful to^ some student^ as they_ study -^^ 
Sectio;i 7-^ and /or in anticipation of Section 9-5.. " ' \ 

One is tempted to writ^^T^f (x)dx ^fbr t^e^re^|eloi^ the graph of f 

and above the segment* AB (see figure).. 
!ln fact, this is often donei^^ The 
> 'difficulty is t that then x 'stands 
for two different things as we, have 
sho(wn:. ^ . 

4 

(1) the abscissa of the right 
' end B of the interval; 

(2) the abscissa of a point like 
C within the interval. 

^ . ' ' ^329 









c 










* 






'A 


C 




B 




a ^ 


X X 


1 



,l6 
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This is confusing. Consequently,' it is wise to use a different letter (say t) 
•for one or thp other of these abscissas. 

It is customary to keep x for. the end of the interval and to change the 
variable under the integrei^ sign to t, say, so that.. 



is written as 



f(t)dt. 



% 2 

For example, if f : x x 



•X 



f =s t dt (not .X dx). 



Since the result 



^' 2 t3 
t^ dt = ir- 

a 



X 3 3 
x'^ a-" 



doed not depend on t it 



clearly does not matter if we replace t by another letter like u. For 
this reason t is called a dummy variable . r 



iL t 



Jp, this notation, we can rephrase property (2) as follows: 



(2), If ?(t) < g(t) foi* a£t<x then f(t)dt < g(t)d^. 



Let us apply thfs result to the graph of the exponential function, 
t 



For 't > 0, 1 < e . Then by (2) 



1 'dt < e dt, 



that Is, 



<*e 



and hence. 



and 



X - 0 < e - e 



' 1 + X < e^. 




This is stronger than 
1 < e . 
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7-1. 



If we vant a still stronger result, we^ Integrate again,, But to avoid 



v.apnfusion we wrl^^e \ 



1 + t < e . 




\ (i.) n ='5 8(A) < Af2) <8(Ji) ^ , 

1.92 = |<A(2) <|~3-52 
. (ii) " = 8(A5gr<: A(2) < 8(A2|) 



,.63.|JI<A(2)<|iI|.2.7I 



1 



(c) f r X 



1 3 

and A ; x j x"" 



(1) If ^ x = I , then A(|) = ^ 
(ii) If x\= 3^,, then A(3V5X = 27>^ 
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7-1 



1 

2. (a) Sum of the areas of the 'intrfTbr rectangles: [f : x ->xr] 



n , n n 



(n .r l)x 



n 

X n /_ 2 1* 

T • T^i - n ^ T> 

n n 



Sum of (n " l) cubes; 



/ (n - l)n v2 



n 2' 

n 



(b) Sum of the areas of -d^e exterior rectangles: [f : x -» x ] 



3v 




^f(^) + f{^) + f(I^)l 

H * # # 



n 



X/, 2 Ix 
" n " 



Slim of n cubes: 



, n(n 4- l) >2 

\ 2 



n 2 Ix 
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Summarizing part (a), and part (b)^ we have « 



- n > n 

...V 1*. h 



When n -»<»^ ^^^^^' ^ A(x) <\ I.e. 
n n 

J(i/-|*^)<A(i)<J(i.|^-^) - 

n ^. n , . 

(i) n = 5. .16 = < A(l) = .36 . 

t;* .21*5 < A(l) < .255 



" = 27500 ^ 2,500^ 

.3.92 < A(2) < It. 08 

^ 1 It • 

(e) f : x.^ x-" and A : x jj; x 

A 

(>i) If X = O.i*, then A(0.i*) = O.OO6U 
. (ii3 If X = 5^, then ^A(5>^ =625 

3, 'The area under the curve' y = 1: . A(1) a 1 

The area under 'the curve y = x"^: = ^ ' 

Therefore, the area of the shaded region is 1 - jj; = 

k. The intersection points are ^0,0) and (l,0). 

1 

^ The ar^a under the curve y = x: A(l) = 

The area under the curve y = x^: A(l) = i 
V , _ area between the cuVves is I' ' J = ^ • a. 
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1 

0 



Intersection 'points are (0,0) and 
(1,1) '* V 



fit f : X ^x"" and A ->y , 
[.then A(l) = I . 



jlf g : X -> X and A : x -» -jp 



Ithen A(l) = r- / 



Area of shaded region = ^ ' 5" " "J^ ' ^ 



6, f : X -»| + 2;' A : X x^ + 2x 
A(2) = 1 + 1| = 5 



(Area of quarter circle 

Area of trapezoid OR§Tj 
|(2)(2 + 3) ='5 




.*. Area of shaded region: 5 - n !5 1..86 sq. units 




7-1 



?• ' First, find area under outer parabola in quadrdnt 1: 

f : X ^ -x^ + 9; A : X ^ - \' + 9x 
A(3) = -9 + 27 = 18 
Then, find area under inner, parabola in quadrant 1: 

3 „2 ^ , A . ^ ^ 1 3 ^ 



f:x^-|x +6;'A:x 
A(2) 



-1+ + 12 = 8 



Therefore-, by subtracting ^ 
and doubling (making use 
of symmetry) we have: 

Area of shaded region = 
^ 2(18 - &)^= 30 sq. units. 




8. (a) We average the sum of the areas of the e:^lerior and interior ' 
rectangles: 

3 ■ 



A(x) » i- (1 + ^) 



2n 
..3 



If n=5, A(x) « ^1 +i),«gx3 ^ _ 

(b) Adding -the areas of the five trapezoids we get 

> , = I . |[f (0) . 2f (|) + 2f (f) + 2f ) + 2f (i^) + f ) ] 
= |[1 f(o) .f(|) . f(f ) .f(f ) . f(^f) fif)] 



x^ roi 4, i2 ^ p2 . _2 . .2 1 2x * jcl = 3iz£ 

— (o'«>4'i +2 +3 + .+ ^ 5 ; -3^25. 2 50 
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(c) Adding rectangles with height at tnldpoi-ht of Intervals: 

- ; • A(x) = |tf(^) . fCg) ^ f(g) . f(g) . f(f§)'] 



5-10^ 5 ' 10 

(d) Estimates (a) and (b) are'the^ame, a fact we might .suspect from 

elementary geometry. By comparing llhe fractions ^ ,and 

to , we see, that the^ midpoint formula is slightly better than 
3 

the trapezoid formula, \ 

ie^ ' J3 <^1 <17 . 

^ 100 3 50 . ^ 
^ 100 102 ^ 

300 300 100 • 

* J. 

There is an error of in ustng the trapezoid (or Averaging ^ 

j^UUc / * 1'^ 

interior and exterior rectangles); there is an error c^f ixi 

» *^ ' 

using the midpoint formula. , 



Solutions Exercises 7-2 



A(x) Z ^ 



3 3 



(a) 



(c) 



' 3 ' 5oo 

^ 18^2.1 ^ 9.261 

-Too -3-10 

. ■ 1861 " 1608 

A(2.l) - A(2) ^ "iOQ " "goo" 
0.1 - - 0.1 

3 £53 ~ 1^.2 



or by decimals 



j.go - 2.68 
0.1. 



0.'t2 
0.1 



= U.2 



/.Y • A/ v,^ (x V- h)^ , (x + h)^ 
(d) A{x+.h)--i — 3—^ + ^00 

/ v^3/200+l^ 
= (x + h) (-goo-) , 



'EtXL 



(x'+ h)- 



■ • , , \ » x^ 

_201,3) ■ 

- 5oo \^ ^ 

A(x h) k A(x) ^ h)3 - x3] 



||(3x2-..3hx.'h^) ^ 



7-2 



(,) A(x.h) -A(x) ^22^3^2) 



h -> 0 



201 2 
200 ^ 



;S 2 ♦ • 
# * 

/ 2 
We have found an approximation of the derivative, A*(x) = x • 



2. f J X X +1 then 



f = 3..x 



1+h 



(a) lira I 
h -> 0 J 1 



f = lira 
h -> 0 

( 

= lim 
* h ^ 0 



= (i +1) - + 1) ■ ^ 

> = ° ■ . ' •. 

The more alert student will see tnat we are integrating from one ^ 
to one and immediately conclude the answer withput calculations* 



(b) 



1 r^^h 

lim i 
h -» 0 ^ J 1 



f = lim ^ 
h -» O' 

lim 
h -> 0 



1 ^ 3h ^ 3h^ -^\ ^^,^) .q,^] 



6h 4- 3h^ 4- h"^ 
3h 



= lim - 2 + h 
, h -> 0' . ' ^ 

The observant -student will sep that he has taken the derivative of 



the area ftinction ^rts^^ =1. 

- • -li. iT''^=.Mn.-'^ 
h^O^Jl> h->0 

- • . = A«(l) = f(l) = 2. 

(c) Ho* See comments after (a) and (b). 

, . • 




' . 59' 338 



-3 

where f : x -♦x'^ 



, ■ ■ 

= o_ . , ■ ■ 

" ^3 

(b) F'.(x) = H ^ - 0 

^ J, - , . 

F'(3)^'27 ' • - 

(c) No. P(2) = I . f = 0. No matter what function we 'consider, 

J 2 

■ fa 

1 f is always zero. 

In part (b) we take the derivative of an antiderivati^ve and^ievaluate 

at X = 3. the Area Theorem A»(x) = ^(x). 
♦ 

g' : X -> 3x 

g : X -> x^ +*c for'various values of c. The functions only differ 
by a constant. * 
2 • 



(a) f : X ->x 



F(X) . j ^ f 

F(2) = I / 



(b> f ; X 2X '^ 1 

F(x) = X + x# 
F(2) = 6 

(c) f ' : X -» i*x"^ +*x ' 

. F(x) ;= x'^ . \ 

F(2) = 18 
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7-2 



6. f : X -> X +1 

(a) See graph. 
1 



f = -.x 



(b) 

(c) 



3 • 3 



(d) The region of part (d) is 
equivalent to the region of 
' part (c) with the region of 
part (b) removed. 



10 

" 3 

7. (a) f : X ^ l6 
A(x) = l6x 



% = (l^a - •9) - (32 -1) 



, 3 ^ 
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Solutions Exercises 7-3 



f 2 , 1 


'2 r 


X dx + 


■ X dx + \ 




0 - J 



3 dx 



2L 



3 



2 2 


2 




• 3x 




0 



= - 0) * (| - 0) M6 - 0) 

32 
3 



X + 3)dx 







/ 








2 

X 


dx + 


1 X dx 
J -2 


0 




0 




X 


+ 3x, 


-2 




-2 



3 dx 



(0 -•^) ^ (0 - |) Mo - (-6)) 

20 

3 



X + 3)dx 



2 ^ 
X dx + 



-2 



-2 



X dx + 3dx 
J -2 

2 
-2 



' 3 ^ • 



2 2 


2 


X 


+ 3x 




-2 



X •dx = sin X 



0 



= sm — - sin 0 

= (4 - (0) 

" 2 



\ 



()3 



(1), 



- dx = log X 



logg 2 - logg 1 



log^2 



(J)' 



(k) 



X9 dx = r 

T . n + 1 



U) 



n+1 



1 n + 1 



X ^ X 

e dx = e 



n + 1 
2 



-1 

2 1 



e3^. 1 



(m) 





2 

(e^ + l)dx 


^ 2 

e dx 
-1 - 


•1 


2 ^ 
dx- 

-1 




= e 


X 


2 

+ X 


2 










-1 


-1 






= ( 


2 

e 




(2 - 


(-1)) 




e 


3 , 




or 





(e > x)dx = 



e 
s2 



/ dx 



-X 



X dx 



2 2 

X 



-1 

2 



.V,-S).(.,|) 



26-^ 4- 3e - 2 
2e 



s 

• (5: 
.1 ' 



\ 



k' 2 
X + 3x-^+ l)dx 



5x^ dxW dx + K dx 



= X 



+ x" 



Ac 



(32 - 1) + (8 - (2 - l) 

39 \ 



tt/3 X r«/3 

(sin X + cos x)dx = sin 
«/6 J «/6 



= -cos X 



W3 



(e^ + §in x)dx 



> cos X dx 

n/3 I V/3 

+ sin X 

= ((- 1) - (- + ((4) -\(|)) 

jW3 ^ rw3 



dx + 



sin x'dx 



+ (-COS x) 



i*n/3 



= (eW3 . 1) , (.(..1).. (.1)). 



(x + 2x + 5)dx = 0 



3 
10 

10 



tan X dx » 0 



7-3 



/ 



!x, X >> 0 
-X, X < 0 

X = -2 . 

X t !t 



-2 



■ 0 

^2 

2 



0 x2 
-2 



0 
It 

0 





















• 






- — k' 






















dx 






















* 




2 ' 0 




^ 







J 



= (0 - (-2)) . (8 - 0) 



= 10 



By elementary geomet'ry the area is equal to the area of two triangles 
and T^. ^ 



Area = .aT^ aT,^ 



* = |(2 • 2) 4- . 1+) 
' = 10 



(b) f : X -> |i^x3j = 



kx^,, x^^ 0 
-1+x^^ X < 0 



* • X = y^ 

^ = ' ( 

r 3 r 3 i r 3 . 

f = • -kx^ dx + itx'^ dx 

J-1 ' J-\ • J-1 



■ k 
= -X 



• ^- X 

-1 



:-(0 - (-1)) <(8l -.0) 

= ^2 




-10 1 2 - 3 
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+ cos x) 



sin x)dx + 
5n/6 



■2n 



(x - sin x)dx 



i(/6 ^: |5it/6 ^ I2n 

+ (- 5 - cos x) + (o + COS. x) 

-It ^ ln/6 2 .l5«/6 



, ^ + 2 + 2^ 



(e) f : X |l - >/5c| '= 




1 - Vx , a '< X < 1 



H -1 + Vx , 1 < 



ii fi r ii 

f = 1 (1 - -^Odx (-1 + >^dx 

0 - J 0 . - J 1 



It. /(a) (x^ + 3v^ 



=. (16 + 6) --(1 + 3)- ■ 



(x^ + 3V7 ,+ 50) 



18 



(l6 + 6 + 50) - (l + 3 + 50) 



18 



(b) Since F and G differ only- by a constant, 



F(x) 



= (-1) - (+1) = -2 = G(xy 



(c) If- J"' = G' then F(x) 
* * / • 



73 ' . 352 



b ( b 

-G(i) .= 0. 
a I a 



(a) (1) f :.x^(x rj.)^ 

... , 

( li) F : X x| - 3x^ + 3x - 1 

( iil) g : X Jqx^ - 12x^ + 6x - 1 



g =/2x - lix*^ + 3x - X 



i^3 



^ (iv) G '. k-*{2x - ly- " 8(x - i) 
8 • i;;(x - ^) 

(b) Since ^ = P and g - G, we woai^. expect theii) respective anti 
/ - ' 

derivatfiveS to differ by at most a constant. 



Expanding-) 



We /note that 



f = |(x** - hx^ + 6x^ - lix + 1) 
= jj. 'X - xP + I X - X + . 



F and 



f differ J>y f . 
G = 2(x - ^ x^ + ^ X - 5 X + 



= 2x - l*x"^ + 3x - X + J . 



We see that 



t 'J X -^8(x^ + 1)^ 



1- 



g(x) and Tg(x\ 'differ by ^ 



f = 8 . J(x + 1)^ 
» = 2(x + 1)^ ^ • 
Since g : x ^.(2x + 2)^. = 8(x + l)" 

g *= 2(x*+ l)^^ a-lso. 



353 



7-4 



7-3 



7. Find 



1 

(3x f h)^ Ax 



I 

j 



(a) By expanding we Ifave 



F(x) 



{2h2>yP -Kl620x^* i+320x^ + 5760x^ + 381+Ox f 102i+)dx. 



This is obviously a messy process which breeds arithmetic errors- 
2^ ,6.^1|0 /,it320 ,5160 ^3 , 3|iO ^2 ^ ^^^l^x 



■ 5 • It ■ 3 

'21+3 



1021* 



6308 i 



IT ' 3 ' ? 
^ + 324 ^ i<e6o + 1920 + 1920 + 1024 



(b) This method sTiould be. a welcome relief after (a) • 
Let (3x + 1*)^ = 2lt3(x + . 



Then F(x) 



21+3 (-x + j)^ dx 
lt^6 



• |(x + |) 



6 • 3^ 



o' . = 11761*9 - 1*096) * 

= ^(113553\ 
= 6308 I 

8. (a) , (c), and" (d). ' 

. fn/6 - r«/6 . 

9. (a) . cos X dx'= sj cos ± dx 

, -n76^ J 0 

n/6 

= 2 sin. 



• i 



1. 



2(| - 0) 




= 1 
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76 



f 



.2 r 2 

(1 -C 6x^)dx - 2 (1 + 6x^)dx' 
-2 ■ ■ J 0 • 



= 2(x + 2x3) 



i 



= .2((2 +,16) - O) 
= 36 



(x - l)'=^dx = 2 (x - l)'' dx 



= |(x - 1)3 



f . =|(0-(-l)) V 

2- * v 

3 

An alternate method inyplyes changi*ng l^e function 
symmetric with respect to the y-axis^ 



(x - i)^ dx 



2 , 
X dx 



J -1 

21 X dx 
J 0 

x3 I ^ ' V 
2^1 . 



H?. 

(1 - 0) 



•« ^ • r«/2 

■sin X dx '= 2 I sin x dx 

,0 ^ Jo 

«/2 

= -2 cos X 
= 2(0 - (-1)) 



= 2 



355 



76 



(11) 



'2, x3 

> 1' 

" 3 



(b) The area desired is 

2 .(8 - X )dx - 2 X dx 
Jo- JO 

' ' which Is 
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^ . . . Soiutions - Exerclees l-k 

Let P« = f . By the ^Fundamental Theorem 



= F(x) 



= F(a) - F(a) ='"0. 



2. » If f(x)<g(x), for a < X < b, then 

(g^- fMx) = g(x) - f(x) > 0, for a*<x<b. 



Property (l) then shovs that 



(6 - >0,. 



We may prove that this-»result is equivalent to 



as follows: 



7^ 



g = f + (g - f)-. 



Hence, by property (7) 



and 



Hepce, if 



and 



f + (g - f)- 



f: 



b 
J a 





(g - 


f) 


> 0 


a 






A 






b 




g 


■f 


f 


> 0 


















i 


f f 


n 


g* 



3. 



f = F(«) - F(a) 



D j , f = DF(x)>- IF(a) 
= f(x) - 0 
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B f + g ^ (f f g)(x) ^= f(x) A g(x) 



X fx 
a la 



Hence , 



= ffx) + g(x). 



Cf +g) . 





fx 


fx 








f + 


"^g + C 






a 


a 












"a 




C : 


= 0 since 


. (f +g) = 


f - 








a 


a 



f : X -> X , g ^ X -> -X + ' . 9 



g = 0. 





• 




• •/ ( 3., 9) 








g / / 


b \ * 






/ if 

/ 1 


(-i,i)X 




/ 0 


X 



(b) Thejgrapho of f and g hove twp points of intersection, hamely 
• (-ill) and (3,9)2 This implies that the'g^apn of f .is entirely 
\ gbo/e or entirely below the, graph of g when -I < x < 3* We pick 
an interior point on the ^Interval, x = 0.: Evaluating f anQ g 
"yields f(o) -'O ^ gfO) = 3- Thus ^^t^ graph of f is entirely 
"below th^ graph of g when -I <,x, < 3 and f(x) <g(x) when 



■J 
f 



3 2 x^r^ 

0 0 



= 9 



3 3 ^ 2 ' 

g% I -(2x + 3)^x = X + 3x 
0 J'O ' 



= 18 



0 



3 



f < 



3 



. (a) f : X ^Jc + 1 ' 

W-e need' test only the, end - 
r ^ points since f ''(liXf 0 for* 
all values of x. 



f(0) = 1 = m 
f (ij = -2 = H 




(b) f "! X ^ xf - 2x + 3 
f»: X ^2* - 2 

We must test for relative 
extremum, as well as end'- 
points . 

f (x) = 0 when x = '1 
r(0) = 3, ^'(l) = 2 and 
f(3)' = 6. ^ 
Thus m - 2 and M = 6 



m(a - O) < A(l) < M(a - O) 
1(1 - O) < A(l) < 2(1 -O) 
1 < A(l)' < 2 




1. 



2(3 - 0) < A(3) < 6(3 - O) 
y.^r6lA(3X<l8 

205 
2 




205 ^ 
2 ' 



\ 'I 



7-V 



8". f. : X '-♦ -2x + 20 and ■ g ; X -2(x - h) + 2p^ 



(a) S^eet h.= -3 then g(x) = f,(x + 3) . Substituting we find 
' ^ . .f(3) = g(0). f(7) = 6 = g(l»). ; 



;<b) 



0 



f = 



(-2x + 20) dx = -x^ + 20x 



3 



= 51 



7 . , p* 

(-2x + 20)cbr = -x^- + 20x 

0 



r 91 



0- 

(-2(x + 3) + 20)dx -(x%*^3)^ + 26x I ^ p 31 * 9*= 1*0 

0 > ^ ^ 



3 



f + 



9. f : X. ->3x + 5, g : X -4x and 



(3x + 5)dx = § X + 



b . 



R 2 ' "^2 



6, 



X dx =. -g- 



a x> ^ 

h = 1 ^^1 dx X 
. a • J 



b ^2 2 

b a* 



b - a 



g + 5 



3(^.- + 5tb - a) 



.Ib^ + 5b - ia^ - ,5a 



f . 



\ 



b^7 



366 



f: 



2 



10. (a) I (x^ + x)clx^ -J^T 



Ux + 5)dx = y -.2x 5x 



2. 



(f - 32+20)^i-2+5) =6 



(c) I (-x''+2x + 3)clx =^ - y + 3C^+3x 



I. 



(-9+9 + 9) =T 
1 3 ^ 



(a) j ^ (|.x2+|x-l)dx.= ^x3+Jx^-: 



'12 



.11. f : X -♦px +-'qx . 

(aO x-|x3>|x^^- 



rx 



F»(x)-= 3(f)x^ + 2(|)x. + r 



= px + qx + r 



t 

(b) 



f(x) 

Since = f (x) , 



then 



f = F{x) and* 1 f = i*(b) - F(a) . , * 



J' a 



3 2 

12. g : X -> px*^ + qx + rx + 9 

G : X -^1 x^ + I x^'V I +' sx 

•(a) G»a?r= 'Mpx^ + 3(f)x^'+ 2(|)x + B. 



= px + gx + 
• =g(x) 



+ s 



Since G*(x) = g(x) then 1 g i^l^Cx^)- thus • \ , g = G(b) - G(a) 
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13. g(x)' = tM + \oo ^ ' f. 

^G«{x)=F»(x) iWlies that G«(x) = f(x) also. / 

Since f% = F(b) - F(a) thety |N = G(b) - G(a) . 



*f : X -> Ix - 2|, 80 



f : X 



X - e if . X > 2 



-X + 2 if X < 2 



IV Ix -•2ldx 




X - 2 



(-X + 2)dx + 



"0 



(x - 2)dx 



+ 2x 



2 2 . 
X • 
+ ^ - 2x 

0 

r25 



(-2 + 1») + , 10) - (2 - l»l 
2 • 



15. 



^■3. 2 x3 

X = -:r- 

-10 ^ 



or, 'let 

Then 
where 



-3 



-10 



IOOO n 973 



3 



g(x) = f(x + 10). 



' -3 



.-3 

-la 



g 



g-: X -4-(x - 10)^^ 



' (X - 10)2 a^V- (x_:_ioP 
•6 , , " •■ 



3 



(-3r)3 (-10)-^ 
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16. f(x) = y = 2(x - 9)^ - 2 and y = 0 
Let y = y + 2' in order to raise / » 
the graph tvo units.. Then 
' f^(x). = yj^ = {2(x - 5)^ - 2) ^2 

and 'f^(x) = = 2(x - 5) * 

The area in question m5w becomes the ^2 
area. of f\ fABCD less the area under 
the graph of y. . . 

The a;rea of Q^BCD is h, since 
6 




2dx = 2x 



12 - 8 X 




The area under* f^ from k to 6 is 2 1 f^ by symmetry. 



P 2 
f ^ = I x"^ - lOx + 50x 

3 



5' 



= (| • 125 - 10 -5) t (| -61* -10-16 +200) 



The desired area is thert the area of the rectangle, * h, less 



1 8 

■l* - T- = T • 

3 3 



\ 



ERIC 
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^0 



2 / 
- 17# f(x) « y « -(x + 1) +1 and g(x) = y = X. 

Raise the' two graphs to obtain the figure shown. 

Let f^(x) = -(x + 1)^ + 1 + 3 



it - (X + 1)^. 



Then 
0 



3 . 



3 



-3 




. - 1 t 12 - I = 9. 

^rom this area we must subtract the area' of Ifhe triangle AOB. Hence,' 
the required area is ' ^ / 

4 



^ 2 " 2 • 
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(b) 



3 ^ 1 ^ 



dx 



X • 

T 



a' k 



(d) A 



r 2 

0 



x^ dx 



1 1* 



2 ' 



^3 d; = | 



x^ =^ih) 



1 



b = 2 ".and h = ^JB z 1.68 



3. (a)' 



1 
1 



2 

X dx = 



■1 

-1 \ 



2'" 2 



|x|dx 



(-:t).dx + 



= 0 "J 
'I 

r 1 




X dx = - 



^2|,p"^-2|l 



(c) ^ Same as (b) 




-1^ 



0 



1' 



■'3- '? l-Ai- • ■ ■•• 



X , 



372 



93, 



••if tf 



■ V- 



(d) Same as (b) and (c) 



.\ y =^ - 2>^ 4. X 



A =, 



(1 - 2>^ + x)d?c 



0' 



' • k '3/2 x2 ^ 
= ^ - 3 ^ ^ _ 



ho y 



' 1 1* ^ 1 1 ■ 




?K — 



If >he class has done* translations and rotations, this is an excellent 
place to use them. Otherwise, disregard the following statements.* 



Thi§ *is the. equation of a parabola fc^r 0 < x < 1 and 0 < y < 1. 
This can be seen by f jrst simplifying vSc + = 1: ^ ^ 



. * . x' + 2/xy +^y 1 

' 1+xy = 1 + X' + y - 2x - 2y + 2xy 

' x^ -2xy 4- y^ - 2x -2y +1 =; 0 / 

Since B - kAC = (-2) - i+(l)(l) = 0, the graph is a parabola. We can 



rotate the axis jf5 by substituting 
X = x' COS © - y* sin 6 

«e •y=x»sin©+^y' cos 6 



— (x> - y') 
^2 .• 



2 12 f 
in the equation x 2xy + y - 5x - 2y 4 , 1 = 0 ! 

V** - ^y' +>^+ y'^ + 2x'^- 2x^+ 2y'^) - %x' x' + 1=0 



2y' = 2^2 X' - 1 



,.2 _ 



= ^2 (j 
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1 



Hqw translatlpg the x', y'-axes, by substituting 

« . x« = x" +_^^ and y' = y", 

f 

^ we have" ' . y"^ = x" 

which is certainly* a parqboJ.a. 



5.<. Since y = 2x symmetric with 

^respect to the x|-axis^ the area of 

I 

the entire region may be expressed 
as double that of the part above the 
X-axis. Therefore, we have \ * 



A = 2 . dx-= 2vf 



X ' dx 



2 •3/2 




6. A 



'li:^a^3/2 _ 32V| 
" 3 ^ / 3 



\ x-^ dx + \ - 

Jo Jo. 



(-2x^)dx 



x-^ + 2x dx- 



*f \x3 4. 2x2) dx = (2^ + I x3) 



1 2 11 
7 -3 = 12 



(a) Subregions are defined by the y 

I 

following: • J 

Region I : OCG 

t, 

- Region II : OCB 

^^feion III : GCD 

Region IV : BCEF 

Region V : DEF 



• Ai:ea o.Aj + A^^ + A^^ + [A^^^ A^] 
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(bf Subregions are defined by the 

it 

following: 



\ 



RegioTi X: OCG 

.GCD 

Region W: EEF 



^ ' ^^egion Y: C G 
Region Z: )c 



/. Area = ^-A^ ^^^^^ ^^M^ 



(c) Simplifying part (a) 




>^ dx + 1 -(->/5c)dx + (-x+2)dx+ ->6c)dx - 1 -x + 2)dx 



2\ t/x dx V .Vx dx + 1 (-X -K2)dx + 



2j^ Vx dx + 1 Vx dx 4> -1 (-X + 2)dx 
f ^ 

2 1 >^*dx + [(-X + 2) + >6cldi 
.0 J 1 \ . 



Simpl'lfying part ("b) 



y/x +1 (-X + 2)dx + I -(->6c)dif 1 -(^x + 2)dx 



0 ' 



= 1 >6c dx + j , >^ dx + j ^-x + 2)dx + y (-x + 2)dx 

fl fl r i| ^ ^ ''V 

= 1 ^x dx + 1 >^ ;3x + I , vSc dx + \ ( -x + 2)dx 

J^O Jo. Jl * Jl 

{i ^ Ch ' ' ' ' 

= 21 >6c dx I [(-X + 2) + >/xldx 



In order to sjee the relation- 
^^hip between this, integral ex 
presslon for the area, di j^ide 
the re^on into two part 
If we add\ n rectangles 
region "OGB, we have ea 
/Ttengle with a heighj^of 
- (-v^ or izM. 



in 

:h rec 




ERIC 



If we add n rectangles in region BE^ we have each rectaiigle ^th 



a height of ( -x + 2) - (->^ or (-x + 2 + ^).. 

375 /' • ^ 



(d) A = 21' >^ dx + 1 (-X.+ 2 + v5c)dx ' ' 



1 ^ ' . ^ 

_ it „3/2 
3 



^(;4-;2x.|x3/2) 

0 . •.• . . 



1 



^ 27 9 • . 
•. . ='T = 2 * . ^ 

( 

r2 . 

8. (a) (i) Area of Region I = (2x - x^)dx 



0 

2» 



a. 



(ii) Area of Region II = -(2x - x )dx 



,(iii') Area of Region III = 1 -(2x - x^)dx ' J 

- ■■ ' J 2 - 

r 3 ■ • 

(fv) Area of Region IV = -(-3)dx ' 

• ■ J-1 . • 

(b) Area 'of region bounded by 'y = 2x r ' and y = -1 can be expj^essed 

as follows: ' ' ' ' , , 

» ' ^ ♦ 

A, = Area of Region !•+ {Area of Region IV - Area of Region II 
, . ' ^ ^ ' ) ' -,Area of ^Region III] 

, /= f (2x .-^,x^)dx .+ T^3dx + r*(2x + x^)dx + f ^(2x '-./)iJx 
/ ' J O - J-1 ' ' J 2 ' 



imbining integrals l/'3> and U, . ve have 

' A = f ^(2x - xl)dx + [ ^ 3 dx > - • 

_ J -1 \» J -1 . 

. 2- ' V ' ^ ' 

= ' (2x - X "+ 3)dx . - 

• J-1 ' . . . • 

[Note that .(2x - x^) - (-3) or (2x - x^ + 3)* is the height of 
each*rectangle. ] ^ * • 
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r 3 ' 



+ 3)dx . \ 



=■ (x^*- ^ + 3x) 



= (9 - 9 + 9) - (1- ^ i . 3) = f 



-1 



'loiters ectionsfpr |x| <« a'r'e x =^"^ and' x » - ^ 

- • ■• .y 




r«/2 



,cos X dx - 



(-sin x)dx + 



j 



^(-sin x)dx 

0 

(-COS. x)dx 
TY^ 



ar'ea above x-axis 

Combining integrals, ve have 
• «» * 

At = 1 . COS X dx + I ■ ^iq x dx 



area belov x-axis 



rsnA 

•J -/A 



(cos X + sin Jc)dx 



[Note that height of rectangle is cos x - (-sin x) or 

(cos X + sin xj.] ' , • " ' ' 



.*. A = -(sin X - cos x)' 



3>rA 
-flA 



[sin ^ - cos ^1 - [sin (- J) -po8( 



•Fi 'j2 ^ /2 



'OS 



• (b) ' ,( i) 1 cos X dx = sin x 

(ii) ■ 1 * ' (--sin,x)dx = cos x 



3nA 1 



(lii) 



(cos x - sin x)dx = ( sin x + cos x) 



-nA 



(iv) These are signed areas. The answer to (iii) is zero whicl^, ^ 
me.ans that the area above the axis is equal to the area belov 
the axis. ^ 



10. (ay Find 



' f when f is an odd function. 



, -a^ 



Since ^* f(-3f) =^=' -f(5c) the* area bounded by x = -a, f(x) and 
x*= 0 has the same magnitucLie but opposite sign vhen c^ompared to 
the area- bounded by = a, f(x) and X = 0. 

Since' 



then 



-a 



|-0 
' 0 

-a 

f a 



f + 



f + 



/ 



= 0 



(b^ When f is an even function, .f(x> = f(-x)./The area boun^d by 

3 X = 6 ' 
.and f(0) 



X = -a^ f(>&L and x = 6 • i6 numericallji^/equal to the ar^ff bounded 
.x'= a, fh)' ^ 



Sir^ce' 
'then 



•0 




'a 




•■! 




-a 






a 




0 ' 




f = ' 


. f 


-a 




-a 



f = 2 



> 
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(0 



(xX - 3x)sin X dx 



-5 



f : X {^^ ' 2x) is an od^' function, 
g X -> sin x is an even function. 



The product f • g is afi odd function 
Thus 



''^^'^ • g =~0 by part (a).- 



. 'If F' = f and G' = g and f(x) < gi^)' for a < x <--b.r t>hen— - ' ♦ 

F(b) - F(§) < G(b) - G(a)/ By- 7 - 2 If f(x) < g(x) . for ' 

- ^ £ ^ £ ^ "^^^^ 1 ^5 g. ' By the Fundamental Theorem of CalcuJ.us 



" ^and 



f = F(b) -.F(a) 



a 

'b 



g ='G(b) - G(a). 



Thus 



12. 



T = F(b) - Ula) 



F(b) -^F(a) < G(b) - G(a). 



Verify, (5) (a): j (f(x) + g(x))dx = f(x)dx + 
'Let h(x) ='f(x) + g(x)' ai?d' H(x) = F(x) + g(x)-. 



I 



« h(x)dx = H(b) - H(a) 



g('x)dx. 



Verify (5){b)i 



(F(b) ^ G(b)) - (F(a) + G(a)) 

mb) - F(a)) +- (G(b) - G(a)) 

'^b ^b^ ' 

f(x)dx g(x)dx 
a J a , 



cf(x)dx = c 



f(x)dx 
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^ c f(x)dx = cF(-a) -' cF(b)"^^ ' 
a ' ; 

= c(F(a) - F(b))^ 



Verify (5)(c): 1 f(x)dx'= 1 f(^)dx + \ f(x)dx^ a < 




f(-x^dx = F(c) -T'Ca) 



a 
' b 



f(x)dx = R(b) - F(c) 



f(x)dx + 1 ^f(x)dx =|(F(c) - r(&)) + (F(b) - F(c)) 
J c • ^ ' ^ 

= (F(b).- F(a)) + (F(c) - F(c)) 

. rb ^ 

= I f(x)dx 



F(x) 



f where f*^' : X'-> e 



(a) 
(b) 



F(l) = 0. 



'Since L f = - f f then F(x) = -1 f 
a; ■ b- r ■ . ■ J 1 



= -(e - e ) 



e - e 



F»(x) = 0 - %^ = -e 

' b 



(c) 

(d) If G(x)^ = 1 ■ g then G*(x) -g(x) 



Recall that the Area Theorem stated that when 



X 

- f 
a 



then 



. F(x) 
F»(x) = f(x). 



The integral G(x) = 



'g must be written as an integral from 



a t6 rather than from x to a,. 



We ha^fe defined 



Thus G*(x) 



-g(x). 



f thu^. 



111. 



(a) A = j V - x3)dx = .e*^ - ^) 



Therefore A 



(•b) It 'is intuitively obvious that 
• thi-s'.area^ is also ~ , This 
problem illustrates a. type of 
/problem^ot discussed in the 
text. Since it would-be very 
' difficult to set up ihe area 
in^ggral so that the rectangles 
are 'Shimmed along the' x-axis, it 
As possible to rectangles 
along the y-axls.. ^ Then we 
would have . ' 



A =' 



(y^ .y3)dy = 




. t 



' i 



ERIC . ' . 



381 1 



, * *' S6l.utions Exej^clses 7^ 

3 • ^ - . 



sin 3x dx = - ^ cos 3x 
cos (2:5 - 5)dx = |*ip(2x - 5> 



' (-sin 2x>d:c = - 



sin 



'2x'dx = -(-I cos 2x) =|cos 2x 



[-cosOx = [cosC^Sx - l)&x = -\ siH(3x - 1) 



" I cos k dx =1 COS 3x dx sin 3x 



2 sin X cos X dx = j sin 2x = -^g ^x ' ^ 

' (3 sin 2x --6 coi 3x)dx = - | cos 2x - 2 sin 3x 



2x 1 2x ' 

e'^^ dx = 2 e 



,x/3 = 3eV3 ^ ' 



.1U3 ■ ■. 



-16. 



I 



17. 



18 



-20. 



2U 



22. 



23^ 



2h. 



2 X 
X e dx ^ X e 



'2,-x 



xe dx 



e dx = x'^e/ — 3 



X e dx 



= x^eK 3[e''(x^ - 2x + 2)] 

' -Xf )3 ' '2* . ' 

= e (x*^ - 3x + 6x - 6) 



x e dx 



i| X . 

e -. h 



3 X, 
x'^e dx 



:? 

= xV - kie'^ix^ -Sx^ + 6x - 6)1 

^ X' H- ^ 2. 
= e (x^ - l+x-* + 12x ■•- 2!+x- + 2!+) 



19. l~^'-log^ X dx'= 4(ios '-- ^ 



e 3' 



Ix^ log ic dx" = V( log X - h 

f 

I X* sin X 

,j ... 



X log^ X dx W ^(log^ ^ " 5 ^ 



dx = -X cos X «- 2 



X COS X dx 



= -X cos^'x +. 2[x sin x +• cos x] 
2 • ^ 

. = 2x sin x + (2 - X )cps x ' 

3 ' 3 ^ r 2) 

x ,sin X dx =*-x cos x + 3 



X cos X dx 



• "3 .0 

= -^-^ C0& X + 3[x sin x - 2 



X sin X dx] 



3 2 

-X c6s X + 3[x sin x - 2( -x cos + sin x) ] 

3 * 2 ■ ■ ■ 

-X cos X + 3x sin x + 6x cos x - 6 sin x 



= (6x - x-^)coq X + (3x ^ - 6)sin x 
4Z sin kx - 

) 



3x * e 

e"-^ sin 1+x 5x.= -q^AZ sin i+x - It cos be) 
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25. 



■J, 



e ' CO 



cos *^ dx 



(I sin i cos ^) 



10 /2 

T- 

= 56' • - (3 sin ^ + cos.^) 



i: 



26. 1 (x + sin x)dx 



r- 



=' {-2* - cos x) 

2' 



. (V ^ 1) - (0 - 1) 



:= 2L- + 2 »' 6.9 



2 ^ 




Sin X 



2it , 2 • , 

(x + sin x)dx = (-g — 'cos x) 



^ oft 1 '1 X . -X 

2o- y e + e» , 
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This function x ^ , 

iff* an even function^. There- 
fore, it is symmetric to the^ 
y-axis. Making use of this 
symmetry, Ve Jiave 



1 •• X , -X , 

2 2 
-1 . .JO 



2jt 



(2n^ - 1) - (0 -1) =*2Tt^ » 2.35 




(eVe-^)dx = (e^-e^^i 

10 3 . 



= e-i« 2.35 



Replace x - 2 by x (i.e^., x by 

--2) KjEhii^^ substitution 
leads to 




V 



I5J ^20^ 20 



Replace x - 1 by x (i.e., x by 
* X + 1) . This, linear substitution 



leads to 



(x + l)x'^ dx 



57 ' 20 . 



'A 



T 36, (a) An .intuitive treatment of this prSblera lea da- one;, io^ compare the 



graphs of 



and * 



f : X log^ (x) ^,'x > 0 
'g- : X log^(-x) , X < 0. 



The tangent line to^f at a > 0 has the slope Bvlog^ ^ ^ I ' 

y ' Because of ^mmetry the tangent line J^o g at b = -a is the 

~" opposite of the slope of 'f at a > a.-- Thus the slope of » g ^t, 

b' is — = r . It follows then that D log^{-x) = ^ . 
-a D ex 



, y 

















(b) 



■-1 



i dx = log (.(-1)) - l'&g(-('-3)) 



0 - log 3" 
-^og 3 



('3,- \) 





2 ' 
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37 • (a) By the Fundamental Theorem of Calculus f must have no gaps on the * 
interval' [a^b]» In the case of f : x -> ~ , f on the interval 
[-1,1] ha|^a gap at x = 0. Thus^we cannot apply the Fundamental 
Theorem of Calculiis. 



(b) ^ lim 



n -> 00 



1. 



l/,n.^- n -^co' ' 



• ^= iiin ^ {"lofr 1 4^ 'log^ - n) tj^^ 



= 0+00 



Cc) The area assigned to the regioi/bounded by y /^t'> ^ ?^ 



the 



y-axis, the x-axis and x = 1 is* well d§^[^^ so long as* x ^ 0. 
Thi& area has a finite vaJLue-so Ibug, has a finite value. 



Should we/ take an integra>if' vtth x'*'= 0 as an endpoint then the 



integral is undefined. ^ 



7 



("d) Since* f has a ^ap on the^ interval ^-1 < x < 1 we cannot app^ 
.the Funjiatnental* Theorem of Calculus. We can, ho.weVer, try the 
mechanics of integration. We find .that our answer .Egro. 



-.dx = log (1) log f-(-l)) 



= •0 
= 0 



This might he consistent to the extent that we are integrating wer 
two areas with the "same" magnitude btlt opposite, in stgn* Thus 
•they cancel each other out. 

On the other hand the inconsistency" comes in our effort to write the 



statement needed to justify cancelling out areas, -rtarfiely: 



^1 



+ (-«) -= 0. 



V 
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Teacher's Ccanmentary 
Chapter o 

, DIFFERENTIATION THEORY AND TECHNIQUE 



A promise vas irfplieit in the earlier Teacher^s {>!oramentary gtaterapnt : 

In this. version the special functions a^e first 
^studied*'in some "detail with the aid of "the calculus,. ^ ^ . 

]^ vhich is introduced intuitively, and later [Chapter 8] 
the general techniques of Calculus are 'developed and * 
^^^^/^ applied to a vide class^of functions." * ' 

In this I chapter -we deliver on that promise as ve discuss concepts and techr 

ni'ques per.taining to the^ differenMation of algebraic combinations . of func- - 
« • , * ^ ' 

tions. ' ' . , 

^ S We begin by reviewing the derivatives" of sonjiar^ypical functiojis*^J:,^^^^d^.. 

^.earlier and abbreviating the language we use.^ Jor example, the derivat;Lve of 
' ' 2' 

the Junction f : x x is the function f * : x ->2x. The value -.of tUe v 

derivative of f at (x,/(x))' ig- f»(x) = 2x; that' is, D(x' ) = 2x. -'We 

• ' - ' 1 2 

shorten- this, by saying (in Exa^iple 8-la), Vthe derivative of x • is 2xr" 



A more angilytical approach to the fundamental ideas and basic theorems / 
of Chapter 8 can be found in Appendix 7. , . ^ . , 

Chapter ' 



8-1. Differentiability 
8-2; Continuous Functions 
8-3. The Mean Value Theorem 



Appendix 7 j 

A7-X. Completeness of the Heal Nuiribe 
System'. Th^ Separation Axi«m 

A7-2. The Extreme Value and Inter- •' 
mediate Value Therfrs^ns 

A7-3. The^ Mean Value Theorem 



•8-iv. Applicettions of the Mean Value A7-i^-. Applications of tljie Mean Value 



Theorem 



Theorem for * Continuous -PiinG- 



tions 



/ 
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Solujblons IBxerclses^ 8-1 

f is not differentiable for x/= l^^ince the groph of 'f is the graph 
of |x| transl/ated one unit to the /^ght. It has a "^corner at x « 




f is not differentiable at x = -2 since f(-2) is undefined and hence 
f. is npt ..continuous at x = -2." ^ T • ^ • 




f is not dlfferentiabie at x « xw, for any integer n since the 
graph of* f has comers at all such points. 




f is not differentiable at x « 0 because f(0) J.& undefined and 
hence, f is' not continuous at x » 0» 



/ 



.l.r 




f is not. differentiable for any negatlve^-values of x ."hec^se ^f(x),»^ 
Is undefined for- "x'^^i'd'."' v 



6. f is not diffe|^ntiabl€ for x = 0 because D(x^/^) = | x"^^^ 



2 



vhich-does not exist for x = 0. 




-5. -It, -3 .2 -1 



e>:r 



"(b) f ' ' ' 




V 



sin ^ = -'I 



7« 



siniil'=-l 



siti J 8in(2n« - |) = -1 
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No; as h approaches zero, f(h) taHes all values from 
+1 'infinitely often. * 



-1 to 



Solutions Exercises '8-2 



1> f(-l) W 2, f (r) = -2, jin^ f . is continuous* on [-1,1^ so there muet 
be. at least *one ^number c in [-1,1] such that f(G) = 0. In fact, ' . 

' . f(o) p 0. ■ ^ ' . ' - 

2. f Is not continuous on E-1^2] so the Intermediate Value Theorem does 
^ not apply, even though inhere does*^ist a number c in [-1,,2] such 



that f(cO = |, namely 9 = ^9 



3. f(-l) = 2, f(l) ='^^2,^' and >f ^ is continuous -on [^l.,l] so there must 
^be at least one number c ii' [-1,1 J such that f(c) = 1. 

. f is not^ continuous on {-X,}] "because it is not continuous at x = 0, 
so the Intermediate Value TUeorem doe? not apply* * ^ ^ 

5. f(0) = 0, f (~) 1, and ,f'.is continuous on [O, ~|, so there must be 
at least one nvunber c' in J0/|] such that. f(x5),= |. In fact, 

6. f(0) = 0, f(|) ^1, *ut C = 2 is not betv^en 0^ and ' 1 so the 
Intermediate Value The'orem-does not-^apply. 

7. f is ^scontinuous at' x = 0 so the Intermediate Value Theorem does 
not apply. * ^ , ' 

8. m = f(l) = -2; M = f(-l) =2 " ^ . 

9. m = f(l) =0; M = f(0) = f.(?) = 1 , 

10. m = f(l) = f(-2).= -2; M = f^l) =,f(2) =,2 

11. f has no minimum nor maximum ba [-1,1] , since, lim. is infijiitely 

X ~> 0 

negative for x <0 and , infinitely positive for x > 0. ^ 
12* m = f(0) =0/ M = f(|) = 1 

13* m = 0 = f(x) for all x < 0 in [-1,1] 
M,= 1 = f(x) for all, X > 0 in [-1,1] 
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] ^olutions Exercises 8-3a; 



Yes. .The elevation is a continuous function f of the distance traveled. 
Assiunilig moreover, that f is differentiable, we may apply the Mean / 
Value Theorem and conclude that there must be some number / c, 0 < c < 100, 
such 'that / > * • ^ 

• ^ 100 - 0 , 

Expressing elevation in miles, this ratio is O.'Ol 1^. Hence, the 

slope of the road at^Tfeome. point c is o^jactly 1^.- 

r . ■ ' V ^ . ' • 

Yes. » !nie speed of the car is a continuous. fimcti on f of time. The 

Intermediate Value Theorem guaratees that, if /(t^) = 0 and* ^(tg) = 70 

for some values of the time t, then there must be some time t^, 

't^ <'^Q< \> ^^^^ ^("*^0^ ^ '^^l' since 50 .is .betveeii ' 0 and 

TO. • \ 

(a) Ye6. The dis-^ce traveled is a continuous -fimction f of time, i 
and the speed of the "car is""arsO"c^ntinuous and' is given by the 
derivative of f, assuming f is differentiable. She Mean Value 
Theorem then guaraiftees that there is some tim^ t'^, * 0 < < k, at 
vhich > ' . . * . 



f.ft ) - £iii)Al(ol 200 



(b) Yes.. Assuming the acceleration is continuous, then since It is 

^positive just after ~t =^0' and negative jAist befofe^ t = 4*^ there 
' * ffiupt be some time tj, 0,< t^ < at which it is zero,*' according 
to the Intermediate Value Theorem. 

If' f»(x) = - = ^ - g = " 2 ^ = ^ Hence, there are tvo 

X " l- ' ' 

points vhere the tangent is pa2:allel to PQ: (\^, — ) is on the same 

_ ^ .1 ' 

branch of the hyperbola as PQ, and - — ) Is on the othjer branch. 

V2 / 



There jLi^,no such point. The Mean Value Theoi^ does not "Ripply because 
f is discontinuous at Jc = 0 and h^nce, not differentiable .at 311 
points'Jm the interior of the interval [-1,1] • ^ ^ 

There is no. such point. The Mean Value Theorem does not apply bejcause. 
f Is discontinuous at x = 0, the end point of the interval [0,l]." 



' . • Solutions Exeycd.se s 8-k . ' . ' 

ir f(a) = f(b) = o' vhere f is dlf ferentiable for a < x < b and . 
continuous at x = a and joc ~ "b, then-th^e 4 J5_at^l^ast*one^ number 
c, a < c">< b,^ such that ' , • 

f »(c) =0. V - 

' ** - , ' 

By Theorem SJia,**^ if f "(x)^ 0^ on the open interval a < x <^l>v then 
f{^) increases uniformly on'[a,b].* ^eorem 8-^d guarantees tha^if 
f * increases; f is coj^vex. Hence, if. f"(ix) > 0 _th^ f ^ is convex 
on thfe appropriate irrterval, ^ ^ 

T^e point (b,f (h)) is a* relative maximtim.'^cause f is increasing . 
.for a < X < b (Theorem ^-i^-a),. and f. is .decreasing 'for b < x < c < 
(Theorem 8Ab). ' / • • , 

Assuming [f(x)-- gf^x)]' = f'(x) - g*(x) - 0, then according to ' ^ 
Theorem 8-I+c, Pj(x) = [f(x) r g(x)] is a constant function on [a,b], 
i-.e*,. f(x) - g(x)'= c, yh^re c is some constant - * 
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, • Solutions Exercises 8-5 



p * 

' ' 'i^) = X +^2 sin X ^ 
= 2x + 2^ cos X 

(c) -y =1 (3x^ + DCx** + 1). • 
• . = 3x^ + x'* + 3x^'+ 1 

, y» l8x^ + kx^+ 6x a. 



^ ='(1 -^2x)(x'^ + x'\ 



-2 ' -1 • 
X - x_ - 2 



-^V-'^ .r2x -t-Oc 

Y \ X . ' 2x . 

Xe) ^ = e + .e + cos x 



t . X ^ 2x . 
y» = + 2e - sin x 



•(f^ y = . 3e 
y 



-X / 



(g) > y = X log^ - 2 \^^e ^ 
. . ' = X + 2 log^ X - 2 log^ X 



= X 

/ 



/ 



,yj^= ex + e 
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8-5- 



1 * 

2. f : X -> i(x y for 



4) =4^ 2 



u : X 



V X -> : 



f» : X -4- 



2>^ 



2 



u' : X 



• 1 



2^ . ' 

4 



^ X m » .707 




Tang^t lines at x s= - 



to 



i 



■f :y-^.(4^2)..^.U)(x.i} 



; ' •/ .> to U 

to V t y - 2 = -U^x - ^) 

' .''^ ^ ■ ' ' \ • - 

The equation of the tangent line to' f g 1,8^ the* Linear coiqbination of the \ , , t $ 

tangent lines to u and to v. - / 

- ■ ' *. . ^ 

(a) y siji;}c - y3 cos x 

. = COS X + 1^3 sin x * 
The tangent ^ine is horizontal when y*~=<0. 

X) = cos X + 1^ sin X 



tan X *= - -r- 



X = ;- ^ +■ njt> n = 0, i 1, i 2, 
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5« (si) f J. X -♦-x - cos k, 0 < X < 2it 



f «j X -4,r--f. sin , ^ » ' . 

f " ! X -> COS X 

^."^i) is increasing in 0 < x < 2ic 

(.il) f is convex in 0 < *x < | ^ 
' *' . and in, < X < 2jt 

f is concave in I" < ^ 



Ciii) Jifo asymptotes, 
(b) , f * r X -> e^ - 2x, o'^^^ < 1 



f«: X - 2 

f " : X ^ e^ 



(,i) f is increasing when > 2 

0.69 < X < 1 
^ is decreasing when d5< x < 0.^ 

(ii) f is everywhere convex. 
* • 

(iii) No-asymptotes in 0 < x ^ 1. 
There is ^Ije asymptote y = -2x for x when x ^ 



(c) f : ,t -> t^ + ^ , 0 < t 
"f»: t -^-at - 

t 

f " : f -> 2 + 4 ' 

(i) ' f is iQcreasing when' ' ^'^'^ * 

f is d^reas^ng in 0 < t < 

' (ii) f is convex Tor ^ 0 < t . 

(iii) k vertical asymptote as" t.-)0. 
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f » : X 2x - — 




(i) If is increasing if ' :r- < x < § 

/ f is deoreasing. ^f 0 < x <\/^''^ 
(it) - f is- convex. in. x 5'2"' 




^f(x)dx =f(x)l = F(b) - F(x) 
X -Ix 

D f(x)dx = DTt(^ - P(x)] 



= 0 - F'(x) 
'=f.F'(x) , 
= -f(x) 



(from (5) of Section 8-3), 



.(b) Let F'(x) =.f(x). 



dJ f(x)cbc = -:f(x) (from part (a)j 
D e^ dt = -e ^ 



7. The motion of a particle is defined as ^ 

" , 2 
' ' • - s(t) 2 cos t ^-'^t 

.the velocitj^ as '^v(t) = s^{\) = -2 sin t +/2t and the acceleration as 
a(t) = v»(t)^= s"(t) = -2 cos t + 2. , Since' | -2 cos t| < 2 then 
o 0 < -2 cos t + 2 < i+ and the acceleration is always nonnegative." 



8* .Consider the polynomial function P 

2 



' ^ = 0(8^) + D(a^x) + DCa^x^) + ... + DCa^x"") by (l) 

= a^ D(x^) va^ D(x) + D(x^) + - • dCx"") by (2). 
Finally using Dx"'= nx"' . ^ , ; 



P« : X ^a^ • Ox"-^ + • 1 • -x^ + a^ • 2x^ + ..^ 9^ • n • x^'"^ 



2-1 '3 n-1 
a a^ + 2a2X + Sa^x + j^^i^^ + + na_x 



n 



9. (a) 



4 ^ 



(b) |x + 2| = 




\ 



|3 -xl = 



• g(x) = -{^\ ^\ - (3 •- x) = -5,' if -oc < -a-; ., . 
g(x> = (x •+ 2) - (3 - x) = 2x , if -^|.< X < 3 
g(x) = (xj- 2) - .(-3 + x) = 5, if X >-3;'''' 



(c) f»'^ is. n6t defined at x = -2 and at x,? 
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10- (a) r + X + ^ < < 1 + x'+ X , Cj<x<l. 



Let f(x) = - (1 ^ X + ^) 

ft{x) = - 1 - X _ ^ . " ^ ^ 

The Minimum f occurs vhen f»(x)=0. Since f'(0)=0 we hav,e 
found at least one mioimum. - ^ 

V ^ / ^ 2 x' ' ' 

Let ^. g(x> = 1 + X + X - e, 

e , •• • g«(x) = 1 + 2x - e^. ^ . ^ ' . ' 

. .Again a minimum occurs wK^n x = 0. 

\ * , 

(b) Let - f(x> = v(x) - u(x) • 



Then 



f'(^c) = v'(x) - u»(x) ' , by (l) 



Since • v»{x)>u»(x) • it follows t;hat ^ • 

. " f»(3c) > 0. j ' : ^ ^ 

' ' ^ Tii'us, by Theorem 8-2e f is an i^ncreasing function. When ^a < x / 
then - ' 

f(aO < f(x) 

• ,.and ^ v(a) - u(a) < v(x) - u(x) • 

Since u(a) < v(a), 

0 < v(a) - u(a) J \// 

implies that 0 <-v(x) - u(x) V '-^ 

and • . ufx) < v(x) ' for a < x/ ; ' y j 

(c) From part (b) since u'(a).<v'(a) and D(u'(x) ) < D( v' (x)') for 

a<x then' u«(x) < v'(x) ■ for a_< x. • ' ^- 

■ But we now have &^§!ctly the conditions of part (b), thus u(x) < v(x) 
ror a < X. . / . , . 
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0-5 



, il'. (a) If y « u ' and y^v ari;:!^?-^*^^?'^? w ' ' ^' ( ^^^y > ^ 

y" ''3f^ + 6y = 5^ ^ >' ' ^ 

then * u*" - 3u» + 6u =i 0 ^ ' ^ . ' 

and "V" :::-3vi^^+ 6v-.or * ' TrrT ' 

Substitute ^ , y = 3u- + 8v . \ 

and * " ' • ^l-' i-aW- ^,8v". - 

(3u" + 8v") -%(3u''+ 8v«) •+ 6(3u ^ Bv) " ' 

= 3(ti" -— 3u' +'6uH-8K' - 3v' + 6v) 
3(0) + 8(0) = 0 ' ^ , • ' ■ 
Thus, y = Su^'^ 8v is al?o a solution.. 

(d; Iry = e+ e Ify = e- e 

, . X -X" 1 « X -X . 

y»=e-e^ • y's^e+e 

,.TT X "X II X ^X 

^ y=e-b»e,« y=e-e. , 

In each case y" = y. 



y ^ a(e^ + e"^) + p(e^ - e'^) for a, 3 constants. 



y* = a(e - e" ) + p(.e + e" ) 

Again y" = y. _ 
12. u^) = v(x) + ax + b, for a, b constants. * ' " 

(a) u.'(x) = v»(x) + a and u'(x) - v*(x) = a. _ ' ^ ^ * 

(b) Since D(a) =0 then u"(x) =:v"(x). 

(c) ^If. u" = v" then u' = v' + *a by the Constant Difference Theorem. 

^ Since u* = + a ^ then u = v +^ax,+ b by the Constant Dljfference^ 
Theorem. ' * ' ' 

Then u - v = ax + b, a linear function. • . 



ERIC 



13! Xf* u and V~ are contljattduT at x = a then u{a) and vta)^are defined 

and liin u(x) = u(a) a«d iim v(x) = v(a)- . ^ 

X -ia ' , >^ X ^ a , ' ^ \ 

Exantine - ' ; ' f = 2u - 3v 

• . " ' • f(a) = 2u(a) ;~3v(a) ^ • 

is defined and" - 4 . ' ^• 

; lim"(2u(x) - 3v(x)) 

' ' X '-» 'a X -> a ^ - ^ ' \ , ^ * 

= lim 2ujx) - lim 3v(x) 
- x->8i' x-»a 

^ ^2 .lim u(x) - 3'^^ lim v(x) , 
' X T>*a • X -» a" ' 



= 2u(a) - 3v(a)' 
= f(a). 



Thus' f is continuous , 



Xh. The fact that £^ 'is diff erelitiable at x = a does. not insu'j^e that both 
u and V areyAlso differentiable at x = a* 

Here are three examples of functions of the form f = u + v such that f , 
is differentiable at a but u and v are not necessarily different i^ble 
at a.. . . - , / 

(i) f = |x - a| + (-|x - a|) ' / y 

(jLi) f = u + V, where u ^ 



and 



(iii) f = u + V, where u 

aj(id' V 



0, 


X 


< a 




2x, 


a 


< X 




2x, 


X 


< a 






a 


< X 




X +' 


1, 


if 


X. 


1 


f 


if 


X 


-1 


} 


if 


oc 


X - 


1, 


if 


X 
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Solutions Exercises 8-6 



1; '(a) = a , = 2a^ 
• ^ 3 2 



',(b) y^^ • = (a^' + 2a(x - a))(a3 + 3a (x - a)) 

= a^ + 5a\x -'a) + 6a^(x - a)^ ^ , 

, If omit the last term then the e^cpression^ is a'^ + 5a (x - a) 
If u ' V = f ' : X X then f(a) = a and 'f'(a) = m = 5a • ^ 



\ Thus the tangent line is 

y = a-^ + 5a (x - a), 
» which is the desired result. . 
2. (a) Ek(2x - 3) = - 3 • 



' (b)l D(l*x - 2)(1* - 2x) = -l6x-+ 20 



'^TrTi (c) D(x^ + X + l)(x^ - /+ l) = Ifx^ + 2x 



(d) d/x (ax + b)^ =, 



2>^ 



' ,(e). D(i • =/|x"^/^ 



(f) D(i(5x j/2)) 



(g) D(x 



e + X e 



2 

X 
X 




+ 3aVx (ax + b)^ 



= e^(l + x) 
(h)/Dx^/^= 1x5/2 

L) 1i3PC^*^^y=12x3^|'x^^^^^ 
(j) D(3x^(x^ - 5)) = 12x2 _ 30,^ 




(cc>^(x + l) + 3 sin (x^ l)) 



(it) D(v5c cos 2x) = -2iR sin 2x + •— r cos 2x 

/ 

(i) D(e2^ sin (x + l)) = .e^^ cos/(x + l) + 36^^ sin (x '+ l) ' 



(m) D(x log x) = X + 2x log x = x(\+ 2 log x) 



(o) 



(P) 



(n) D{(x - 1)^^2 v^-:j) ^ ^)l/2 ^-x ^ L_ 

2(x - 1) 

■"X +2 2 fx .2 

e'* dt) = xe"'' + e"* dt 
.0 - * J 0 



1^^ 



D(xr' 



(q) D(xe^ sin x) = xe cos. x + xe Bin x + ^ sin x 
' . ^ , = e^(x cos X + (x + l)sin-x^ 

(r) D((log^ x)(l*5c^ + 2x)(cos 2x))- 



V 



* 2 * • 

-2 log^ x(l|x + 2x')sin 2x + (log^ x)(cos 2x)(8x + 2) 

+ (Hx + 2) (cos 2x)/ 
2 2 

(s) D(2 sin X cos x) = -2 sin x + 2 cos x • 

2 2 * 

= 2(cos X - sin x) 



, = 2 cos 2x ^ 
This was not unexpected since ^ 

2 sin X cos X = sin 2x „ 
^ ' and- D(sin 2^) = 2- cos 2x. 

(t) D(xe^ log (2x + i)8in x) = xe^ log (2x + l)cos x' + 



2xe 
2x + 1 



sin 



+ xe^ log^ (2x + l)sin x 

+ e^ log^ (2x + l)«in x 

* X * 2x " 

e (x log(2x + l)cos X + ^ ^ ^ sin x 

(x 4- 1) log (2x + 1) sin x) 



(u) D(icV) =^x^(log^ 2)2''\' 2x2^^ 
= xV (|+ log^ 2)^ 



■(v) D(x'lOBg Ox + 1)) = (log 'zfiix + 1) * ^*'82 ^ ^^^'^ 

Ts/ ^ , ex X e-1 
(i^) p(x e )'a X e + ee X 

axe (1 + ~) ' 

X . 

(a) " D(3x^ + 5x - 1)^.= dC^Sx^ + 5x - l)(3x^ +'5x/ 1) 

" ■ " " = (3x^ + 5x - l)(6x + 5)A.(6x + 5)(3x^ 
^ • - , ^ = 2(6x + 5)(3x^ + 5x /l) 

(b) I){3 - 5x)3 = D(3 - 5x)(3 - 5x)(3 -/x) 



(3 - 5x)(3 - 5x)(-5/+ (3 - 5x)(-5)(3 - 5x) 

+ (-5)(3 - 5x)(3 - 5x) 

? / 

= -15(3 - 



(c) D{3.- 5x)'* = 1)^3 - 5x)3{3 - 5x) • 

- " • =/'(3 ' 5x)^{-5) - 15(3. - 5x)^(3 - 5x) 

/ ■= -20(3 - 5x)^ - < 
/ ^ 

(d) D(xC>^- \f) = D(x(v^ D) 



^ I + - 1)- 

=X>^ - l)(2v^ - 1) 

or 2x - "i-fx. + 1 

--- - '■ ' 

e) D{x = D((x4.i)(x,+ i)) 



I 



= (x.+ i)(l -i) +■(! --i)(x + i) 



2, 2 , V 1 ; 2 , X 
= -(x + 1) -^(x - 1) 

X 

= 4(x'*'-i) • • 

X^ 



or 2x r 



(f) 



' ^ ' ^ternati vely , 

^ D(x i)^ = D(x2 + 2 + ^) '= 2x . 4 , 

^ . .X x^ 

(h) -D(e^ sin(l - 2x)) =' -2e^ cos .(l - 2x) + e'^ sin(l - 2x) 

' = e^(-2 cos(l - 2x')' + sin(l -,2x)); 

(i) D(v^ log^ x) =^/- log^ X 



1^ 



'(1 ^ P ^OS, ^) 
-r /x ^ ^ / 

' <" * 

or — (l + log - — \ 



(k) D(x^ cos x) = -x^ sin x + 2x cos x ^ 
= x(2 cos X - X sin x) 

(i) / D(sin X log^ x) = + cos x log x 

X 

(a) If- 'fr3f).= [u(x)1^ 

then f(x) = u(x) • u(x) 
and f (x) = u(x)u»Cx) + u»(x)u(x) 
' ' =^2u(x)u«(x) 



\ 
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f(x) = [u(x)]3 - 

* V. 
then f(x) = u(x)[u(x)]^ ^ ^ 

, and D[u(x)l^= u(x)D[u(x)]2 + u;(x)[u(x)l^ 

= Vi('x)[2u(x)(u'(x))] + u'(xKu(x)]^ 

■ = 3tu(x)]^u'(x) . 

• '•• * 

DCuCx)]"* = p[u(x) . (^u(y))^] 

~--=u(x)b(u(x))2Vfx)] + u'(xj{u(x)l3 



= li[u(x)]\'<x) 



(d) D[u(x)f n[u(x)f" ^'(x) 



•(a) y = sin x 



y* =^ 2(sin x)cos x 



(b) y = co^-^(l*x) . . ' 
y» = -12 cos (l4x)sin 1+x 

(c) y = (log 
y«=|,log^x. 

(d) y = (e^)"* ^ 

Ce) y = (x2 + l)2 

y' = '♦x(x^ + l) . 

(f) y = sin2(2x - l) 

' y' = 6 sin?(2x - l)co8(2x - l) 

(g) y 



sin t^dt)^ 



I 



y» = lt(l sin t dt)'^ sin x 



[ - 
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6. (a) 



y = X (x .+ 1) 



y« = x^[2(x^ + 1)2x1 + 2x(x^ + l)^ 



= 2x(x^ +^l)(2x^ 4- x^ + l) 
= 2x(x^ H. l)(3x^ + l) ^ 
or 6x^.+ 8x^ + 2x 

(h) ' y = (x'-f l)^(x^ - X + l) 



4^ 



c/ 



(c) 
'(d) 

. (e) 



y« = ,(x;+ l)2(2x^- 1) +3(x + l)^(jL>. ^ + l) - . . 



(x -f l)^((x + lK2x T -1) + 3U - Y I)) 



(f) 



= (x + l)^(5x^ - 2x + 2) . 

V ' _ - % r-- 

^ * 2 *■ * 

■ y = (ax + -bx + c)(dx + ex +■ f ) ' ' ■ - ' - 

y'V= (ax^*^ bx + c)(2dx + e) +^ (2ax + b^dx^ + ex 4-"f) " 

= liadx^ + 3(ae + bd)x^ + 2(cd + af + be)x + (ce. + 1?f) 
2 

y = (cos x)sin 2x f ^ ^ > 

y« = 2 cos^ X cos 2x - 2 cos x -sin x sin 2x 

^ * * / 

= 2 cos-x(cos X cos 25c - sin x sin 2x) 

4 Jt ' ' 

= 2 cos X cos 3x 
ax*+ b) 

^ " x 2 

y» = 2ae^ sin(ax + b)cos(ax + b).+ e sin (ax + b) 

^ ' \ 

= sin(ax + by(2a cos(to + b) + sin(ax + b)) 

y = (xf e^^ dtf = x^ii^^W 



o2rx.2 r^4-2 o 

y' = 2xV ( dt)^ + 2x (1 e* dt)'^ 



0 ^ 



■X 2 



2xl'" e* dt[xe^^'W.'' 



J 
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.(g) y = x3[log (x + 1)1- 



-3>d-[iog (x + 1^1^ + 3x^J,og (x + 1)1^ 
X + 1 e - 



7. (a) y = X log 



> 0 



-y« = 1 + log X 

e 



The graph increases If x > 



The grpph decreases if 0 < x < 



The graph is convex if 0 < x 
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yt , 1 , i . ^ log X 

X 



^(1 - log^ x) 



y is increasing when r^(l - log x) > 0 or when x <^e# 
y is decreasing when x > e, , * ^ 

XX ' • 



3(2 log^ X - 3) 

X y 



yj is. convex if -^{2 log^ x - 3) > 0 'or when x 



> e3/2 



y is concave if 0 < x vTe^/^ 




y = - log X 
" X e 



hik 
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(c) y «= sin 3x, 0 < x <>2jt ^ ^ ^ ' r-.^..!* 

y» = 3 sin x cos x ^ { ' 

y" = 3(-sin"^ X.+ 2 sin x cos , ^ ''^'^ 

We see that ^ yt depends soleli^ 'upon cos x for its being -positive 
or negativ/e. 

^*«* 

;^ -Thus y is increasing when cos x > 0, .that is when, 0 < x < — or * 

^ ^ < X < 2« aiid y is-^ecreasing when | 5 ^ ^ Analyzing y" 
is more involvied. ^ ' ~. I 



y 



" = 3 sin3 x(2 cot^ x - l) , 



We see that y" > 0 if v 
— «. 

<i) both sin^ x> 0 ' * ' 

2 

and -2 cot x - 1 > 0 or 

. (ii) both sin- x < 0 

2 

and 2 cot X - 1 < 0. . , - 

» 

^ Case (i^: - ^ sin^ ^ ^^^^ 0 < x < jt 

2 cot^ X - i > 0 

^ ' < 2 1 ^ « 

cot X > ^ 

|cot xj > .707, cot .955 - .707 

' Thus ' ^ * 

0 < X < .955 or « - .955 ^ x < jt + .955 or :t» - .955 <^ <.2jt. 

Comfcirtlng^ both, conditions of case (i) y" > 0 when ^ « 

0 5 X < .955 or jt - .955 < x < 

-. Case (ii) : sin^ ^ £ 0* when jt < x < 2jt • " * ^ 

• ' P -955 < X < It - .955 ^ 

2 cot X - a < 0 when ^ 

^ ' or jt + ^.955 < X < 2jt - .955^ , 

^ Combining both conditions of case (ii) -y" > O* when 
\ , ^ It + .955 < x"< 2jt - .955. ^ * 



» Thus y is convex in the following doma^in 0 < x < .955 ^ 
^ ' « - .955 <*x < jt, or -r' ^ .955 < x < 2jt - .955. 



We can assume that is concave in the complement of the domain 
f9r vhich y" >*0, - namely ^ * / * 

.955 < X < It - .955, 7t < X < It '+ .955, or 2it .955 < X < 2n. 



decrease \v 







^ " . 3. i 


t f ■ i 


ON 

1! 
X 


-1 1 H- 

:3 2 3 
in 

ON 

r 

ti 




ON 
+ 




JO 











(d) 



y =: X log^ X, X > 0 



y» = X + 2x log X 

*^ e t 



x(i + a logg x) 



2 + (1 + 2 aogg x) 



^ =3 + 2 log^. X • ' • 

' * ' • , 

Since X > 0 then y» > 0 when 1 +^g,log^ x > 0 or vhen 

X > e"^^^ » .607. 1!hus ^y increases when x > e'^^^ and decreases 

if^ 0 <-i^^/^ . ' 

The function Us convex wlien 3 + 2 log x*> 6 or when 



> e'^^^ » .223 and concave for* x < e"^^^ . 



1^ 



U16* 



5 



' If \pi> 1 then > 0, > 0 and (x-l)*>0. 

* * ' . - 

Thus D(— )' > 0 and the function is increasing. 

(c)x-»^,x>a>0 
x» 

XXX 



a' a a+1 

X X. X 



X 

^ ' (x - a). 



X' 



'If X >'a > 0 then e^ > 0, x^t^ > 0 and (x - a) > 0. 

X 

^ Thus D(— ) > 0 and the function is increasing. 



-(d) X X sin.x, 0 < ^ < | 

D(x sin x) = X cos x sin x 



^ 0 < X < I then !jc > 0, sin x > 0 and ct)s x > 0. 

Thus i)(x sin x) > 0 and the function is increasing. 
2 ^ * 

'If f(x) = (x - a) g(x), g(a) ^ 0* and g is differentiable then 

f'(x) ■= (x - a)^ g'(x) +'2(x - a)g(x). 
Since (x - a) ( is a factor of each term then f'(a) =0. 



iS7 



10 • Let D 



: X a^'^^Si^x + agX^ + ... + a^x" be a polynomial' function witK 



the zero a of multiplicity at least '*'3. Then by the Factor Theorem 
P(x) a (x - a)^Q(x) where Q(x') is a*polynomial of degree (n ^ 3) • 



' P,*(x) = (x - a)V(x) + 3(x - a) Q(x) 
P"(x) = (x - a)V(x) + 3(x - a)^Q'(x) 

+ 3(x - a)\'\x) + 6(x - a)Q(x)^ 

) *The expression for P"(x') has a factor of (x «- a) in each term. Thus, 
P"(a) =0 whenever a is a zero of the polynomial of multiplicity 
^ greater than two/ * / ^ 

The converse Is not true. A counter example is called for. Assume a ^ 0. 



Suppose ^that 
Further 

and 

But ; 

11, (a) *If 

then 
» s and 



P"(x) = x - a, and P"(a) = 0. 



P«(x) = 



ax. 



^* V ' ax^ 

P(x) = -g- - — 

P(a) ^^'^0. 



ax , 
e cos bx 



- y» = -be sin bx + ae cos. bx 

y" = -b^ e^^ COS bx - ab e^^ sin bx 

^x , 2- ax ' 

-ab e sin bx. + a e cos bx 



= e^^(af cos bx^- 2ab sin bx - ^ cos bx)^. 

Substituting into y" - 2ay +^(a + b )y we get 
«• 

e^^(a^ cos-bx -2ab sin Wx - b^ cos bx) -e^^(-2ab sin bx+2a^ cos bx) 

+ e^^(a cos bx + b cos bx) 



Simplifying yields 



ax// 2 
e ((a 



2a^ ,+ a^ + bf)co,s;bx +j(-2ab!+ 2ab)sin bx) 



or 



J 



e^^(0 • cos bx;+ 0 • ^in bx) 
which is clearly zero. 
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(b) If . * y = x^e"" + 2xe'' = h^ix^ + ^) 
then y' = e^(2x + 2) + e^(x^ + 2x\ 

= e^(x^ ■+ ^x + 2y^ 
y" = e''(2x + If) + e'^ix^ ^jlx + 2) 
= e^(x^^ + 6x + 6) 
"^nd , y'" = e^(2x + 6). + e^(x^ + ^x + 6) * 

= e^(x^ '+ 8x + 12) . • / * 
Substituting into 'y'"'- 3y'* + 3y* - y gives 
e^(x^ + 8x + 12) - e^(3x^ + i8x + l8) + e^(3x? + I2x + 6) - e^(x^ +2x) . 
•Simplifying yields 

e»^((i - 3 + 3 r 1)^^ + (8 - i8 + 12 - 2)x + (12 - i8 + 6)) 

* • X 2 ' 
opr* ^ ' ^ e ( 0 A~x- , + 0 • X + 0) 

which is clearly zferb. ^ 

(a) (uv)' = uv'^ + vu' ' . J 
^ (uv)" = uv" + u'v' + u*v* + u"v ^ . 

- uv" + 2u'v*- + u"v. * 

p ' . , .'V;^ - ' " — - * ^ " 

(b) f : X '-»x -cos X, ' 

' 2' ^ ^ ' ^ 

Let u =? X and v = cos x. Then u* ^ 2x, ^u" =2, v* = -sin 'x 

and v" = -'cos 'x. 
Thus from. ^ a) 

f"(x) = -X cos X - iix sin x + 2 cos x. ♦ 

(c) (uv)«» = uv'" + u»v" + 2u'v", + 2u"v» /f u»"v + u" + v' 

= uy"' + 3u»y" + 3u"v» + u»"v. 

m!(nl -, m) ! I 

+ nu("r\U' + u<"^ ' for m<n.' 
1 • i i ' . - ■ 

The coefficients are the coefficients of the binomial expansion. 
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Solutions Exercises 8-7 



1. (a) X ^. A - ■ ^ 



Let ' = . 

and 



Or Ifet * f(u) = VI - u 

, • •••2 
and ' u(x) = x . 



Then ' M;M^x)) = /l - x^. 



2 

(b) X -4 e 



Let ^ f(u) = e^ 

0 

I - 2^ 

and ' ^ u(x) = X, . 

' ' 2 

Then f(u(x)) = e^ . 



(c) X -» cos(x'^ - 3x) 

Let ' f(u) - cos u 



and 



u(x) = x"^ - 3x. 



Then ' ,f(u(x)) = cos(x^ - 3x). 



(d) x^ — 



Let - f(u) = i 



and 



ndv u(x) = 1 + X . 

/ ^^^^^ ' ' ^1 

, * Or let f (u) = YTl, 

• . ^2 

and u(x)« = x . 

) Then f(u(x)) 



/2 

(e) X 4 log^ /x + 1, 

Let^ f(u) =vlog^ u 



^e 



and^ 



u(x) = /x^ + 1. 



Or let f(u) = log^ >^u + 1 



0' 



1^21 



2 

and^ ^ u(x) ^^x . 

Or let f(u) = ^ log^ u 

and i^(x) = X +1. 

Or let ^ f(u) = I log .(u + l) 

and u(x) = x^. 

Then f(u(x)) := | log^ (x"" + 1^ 



log^ /x^ + 1 



Let ' f(u)' = (2 - u)^°° 

* 2 
and *A u(x) = 3x . 



Or let . ffu) = u^°°- ■ 

and u(x) =2 - '3x^. 

Then . f(u(x)) = (2 - 3x^)^°°., 

■(g) ■ X (2x^,- 2x 

■Let^ ffu)'=u'V2 

2 

and u(x) = 2x - 2x + 1. 

Then f(uCx)) - (2x^ - 2x + l)'-^/^ 

2 " 
(h) X ->log^(sin x) - , * 



Let 


f (u) = log^ u 


and 


u(x) = sin^ X. 


Or let^ 


y 

f(u) = log^ 


and 


llCx)":: sin X. 


Or let 


f(u) =2 iog^ u 


and « 


u(x) = sin X 


Then 


f(u(x)) =-2 log^ sin 



/ . v2 



, (i) X e 
Let 
, and 

Or let 
and 

Then- 

ii) x->3e' 
Let 
and 

Or let 
» and 
' Or let 
and 
Then 



2 

cos X 



2 sin X 



(k) X -» 2 
Let 
an^ 



Or -let 

•9 

and 
Then " 



f{u)=e^ 

u(x)' =: COS X. 

2 

f (u) = e^ 

u(x) = COS X. 

X./ / w Ccos x)^ 
f(u(x)) = e' 



/ V 2 sin X 
u(x) =i e 

f(u) = 3e^ 
Mi^) "^2 sin i. 



f(u) =:-3e 
ii(x) = si 
' f(u(x)) = 3e' 



2u 



u(x) = sin X / 
2 sin X 



f(u) = 2^ 

u(x) = (x-^ 1)^ 
2 

f(u) = 2'' 
u(x) = X + 1. 



f(u(x)) = 2 



(x+l)^ 



(a)' X -^log^ I'Sx^ + 5x + 2| 



Let 

And 
Then 



f(u) = log u . 

u(v) = |vf ' . 
2 

v(x) = 8x .+ 5x + 2. 
f(u(v(x))) = Iqg J8x^ + 5x + 



2|. 



(b) '* /L + cos X 

Let . f (u), ^ Vu 

U(v) a 1 + V ' ^ 

and ' v(x) = cos x. 

Then f(u(v(x))> = VI + cos x, 

(c) X cos(sin(cos x)) ^ 
Let ' f(u) = cos li . 

^ 3i(v) = sin V 

and y(x) = cos x. 

Then f(u(v(x))) » cos(sin(cos x)). 

(d) X -*(x + 1)3/5 - 
Let - - f<u) = (u)^/5 

' , ' u(v) = 
and ' v(x) = x + !• 

' Or let f(u> = \ 

u(v) = 

and . v(x) = x + 1. 

' • Then f(u(v(x))) = (x + l)^/^. - 

( e) X A - (logg x)^ 

Let ' . f(u) TiC' 

u(v) = 1 - V ' 
v(q) = 

and q(x) = log^ x. 



• Then f (u( v(q(x) ))> = /l - (log^'x)^ 



, k2k 



Let * ' f(u) 

^yy^-ws - • . . ♦ 

^xA,^'^;: . Ur(v) = 1 + V 

; • . v(q) = ' , 

q(x) = 2x 

^ Then f(u(v(q(x)))) = ^ 

1 + e ' ' 

» > 

3* If X then let f(u) = -/u and u(x) = x Thus t(u(x)) = Vx 

which is another way of 'Saying |x|. , 

(a) Let f(u) au + b and u(x) = px + q be linear functions. 

r 

Then f(u(x)) = a(px + q) +' h 

= apx + aq + to 

which is ,a linear function. 

2 

Ob) Let f (*u) = au + bu + fr^ 
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I 



^ - , V 2 

and • u(xX = rx + sx + t 

V be quadratic functio 
Then* ^ ? ^ ' ' ' 

f(u(x)) = a(rx^ + 835 + t)^ +*b(rx|id- sx + t) + c « 

^ = a'(r^x^*'t s^x^ + + 2rsx^ + 2rtx^ + 2st3e) 

2 



*+-b(rx^ + sx +'t)L + cC^ \ 



= ar^x^ + 2rsx^'+ (as^ + wrt + br)ac 



, which is a fovarth degree •polynomial. - S « • ' • <? 

_< . ' (c) Tlie, composite of twO/^-^olynomlal functions AS ^erl\i a palyijp 

* ^ function. The degree of the composite' polynomial' function will'ibeC 

eaual to 'the product of .the degrees of the two contrlbutlng^functlons . "4 

5. (a) >If u : x-»x and f : x'-» u(u(x)) ' then ' ' . ■ ' • 



* , ' , . .f(3) = u(u(3)y " 



' u(3) 
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(b) if u • x-^i then f : x -j»u(u(x)). Thus 
' f(x) = u(u(x)) = u(i) = X and f(x) = x. 



6. (a) If u \ix -*x^ and v : x x^ then 

u(v(x)) *= u(x^) ^, 



ab 
= X 

*» 

and v(u(x)) = v(x^) 

/ a\b ' 

, ab ' ' 

A = X . 

Thus >-/'u(v(x)) = v(u(x)). 

(b) If u J X -* cos X and v : x sin x then 

u(v(x)) = cos(sin x) 
and V ' ' v(u(x)) = sin(cos x) . *^ 

A counter example will esiablisii the fact that u(v(x)) ^ v(u(x)), 
/ Let X = |- , 

then 'u(v(x)) = cos(sin ^) " 

, = cos 1 ' , 

- ^ ■ .5^03. 

But w v(u(x)) = sin(cos ^) 

% , = sin 0 

Therefore \ . u(v(x)) V v(u(x)) . 

X X * 

(c) » Let *u : x -* a and v : x^b 



•N u(v(x)).=: a^^-""^ 



' and ^ >(li(x))r = b"^'^^. _r.^ ^/i 

'In general u(v(x)) ^ v(u(x)) unless "a = b. The counter- exaiSple 
vhich gives the quickest results iB to let / x = 0. 

, >26___ ■[ __J^ ' 



(d) Let u : X knd v : x log^ x then 

u(v(x)) = e X 



and 



y(u(x)) =.log = X, 



(v(x)} = v(u(x)). 



In this case 



This is no surprise since log^ x was introduced as the inverse 
function of e^. . , 



(a) 



2 
-2 



Let 



f(u) = 3^ 



J 



u(x) = X , 



then 



[ x^^ 

f(u(x))^^ \ t^/3 



(b). X 



e^ dt 



sin X 



Let 



t-^ 

Vf(uX = 1 dt 



and 



Then 



(c) X 



u(x) = sin X. 
fl 



• f(u(x)) = 



e^ dt. 



in X 



Jw5^n^ 



e ^ dt 



Let 



f(u) 



'^'^ e"*^ dt 



and 



Then 



'u(x) =5 x' 
f(u(x)) 



r 

, e'^ dt. 



* r 
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J. %x -> A - (log^ x)^ 



First, log^ X Is only defined when x > 0. Secondly 
is only defined for real numbers vhen 

' 1 - (log^ x)^'> 0. 

Thus • *(^°Se - 

, ' * (l06-x)2'<'l 



;ondiy> Jl' 



llog xl < 1 



-1 < log^ X < 1.. 



- < x.< e 
e — — 



The doipain of the function 4s the interval — < x < e. 



-0 ' 
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Sc5lutions Exercises 8-8 



(ay 



■Let 
and 
Then 



u(x) = 1 -*x^ 



f«(^) =: f «(u) • U«(X-) = 



1 



-x 



AT7 



(b) X -».e'' 



(c) X COS (x-^ - 3x) 



f(u) = 
u(x) = x^ 

2 

f»(x) = e^ . 2x 
2 

. = 2x e^ • 



f(u) = cos u 

,3 



(a) 



1 + X 



u(x) = X"* - 3x 
f»(x) ^= -sin(x3. . 3x) • (3x^ - 
f (3 - 3x^)sin(x^ - 3x) 



u(x) = 1 + -x' 

" 1 

■ (1 + X ) 

-2x ' 
(1 + x^)^ 



f''(x) = - 



(2x) 



U29 ■ 



(e) X -♦log^ /y^ \ 



^ . - - . f (u) « log u 

; • . u(v) ,« V7 

' . P • 

v(x) = X +1 



f'Cx). = — ^ . ^ - . 2x 



(f) X -♦(2 . Sx"") 



2 

2x100 



^/ \ 100 t 
f (u) = u , * 

u(x) = 2 - 3x^ 



^ f»(x) = 100(2 . 3x^)^^ • (-6x) 
' . = -600x(2 - 3x^)^^ 

(g) ;x (2x^ - 2x + 1)"^!'^ 

• f (u) = u"^/^ • 
u(x) = 2x V - 2x + 1 
f»(x) = . |(2x^ - 2x + \y}f?^ • (i*x . 2) 



= (1 - 2xj(2x^ - 2x + l)"3/^ 



(h) X -^iW (sin x)^ 



u(v) = 
v(^) = sin X 
V' ^ f*(x) =t 5 — • 2 sin X • cos x 

' / ^-^i ~ ' Sift"^ X ' ^ . 



= 2 cot> X 



(iy X "♦e 



2 

cos xr 



• f(u) = • 
C u(v) = 

v(x) = COS X 
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J 



2 

:f*(x) = e°*^^ ^ . 2 COB X -(-sin x) 

2 

^ cos X/ ^ , V 

' 'A -2e veers x sin^x) 



or 



2 . 
cos X 



^in 2x) 



(J) x-*3e 



2 sin X 



> f(u) = Se^^ ■ 

u(x) = sin X 

*t/ \ .'^r 2 sin X / \ 
f '(x) = (6e (cos x) 



-(k) X 2 



(x+iy^ 



fHx) = (log^ 2 



= 2(x + 



2. (a) X -> A + cos X 



f(u) = 2^ 
u(v) =« 

.v(x) = X + 1 ^ 
) '"(2(^.t^)^ . 2(x /l) • (0^ 

)(log^*2)(2^^^^> ) 



.f(u) = Vu 
u(x) = 1^+^ cos X 
^ • (-sin x) 



01^1 +'cos X 
-sin X 



+ COS X 



' r '\ 



(b) X -^/l - (log x)^ 
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f (x) = 



u(v) = 1 - 
|iv(x) = logg X 

1 



2/1 - ,(log^ x)^ 



(-2 log^ x) . 



xA -j,(log x)^ 



(c) X 



1 + e 



2x 



f'(xl 



f(u) =^ 

u(x) =1+6 



(l + e ) 



2x 



•2e 



2x 



-2e 



2x. 



(1 . e^f 



(d) X -> cos(g,in(cos x))-^ , . 

f(u) = cos u 

^ , u(v) = sin V 

v(x) k cos ^ 
fl(x) = [-sin(sin(cos x))3(cos(cos x))(-8in x) 

3. (a) x^(x2/l)V^.(x2^l)-^/^ 



f*(x) = 



j 



2(x^ 




, 2 
x(x 


+ 1)' - ^ 








x^ 



2x + 



^1 



2(x" + 



2x 



(b) X -^(x^ - a^/^ • (x' 



» ■ * • ■ (x^ - a^)'^/^(2x 

. . (x2 aV^/2(x2-I -3/2^ .^(,2 :^2)., ^^^^2 
V '=2a^xU2 :a2) -1/2(^2- ^'^2) -3/2 ; , 



■, a )) 



^ 2 
2a X 



or 



' -Ml 



+ 2x + 1)"^/^ 



(c) X -♦ x(2x + 2x + i) 

f (x) i x(- |)(2x^ + 2x +^l)^^/^{l*x + 2) + (?x^ + 2x + l)'"^*/^ 

= -(?x^ Tsx + l)"2/2(-(2x^ + 3;) + (2x^ + 2x + l)) ^ j'^..^^,^ 



'^*= (j: + l)(2x^ + 2x + l)"'^/^, 

,(a) ^^Ux-^Mt^ . - 



) = x' 



* — ' * COS X + t^sip X (2x) 
4 2/sin X ' / 



^ /sin X (x ccjj X + i*) 



(e) X sin^ (eh 




,f«(x) = 2 sin e • cos 



= 2e sin e cos e 



sin ^e^ 



/ o X sin X/ . J \ 

^ f =6* ^ t cos X 4v sin x) 



(g) « log (i/x tos x) 



f»{x) =1 • (i^(-&in x) +•— • cos x) 

f-Zx COS X 2'/x ^ 



-tan x^+- 

tog "I pos X 
(h) X -> e ' 



2x 



J • 



I ^ . * log X + cos X' 

^•(-x) = (i - sin x)e ^ ' 

X % 



(4.) — x-^ sin X co^ X log- — 



f'(x) = sih X pos x(^) +''siri\(-sin x)log^i^+ cos x cos x log ; , 



or 



V 



ERIC 



\\ ^ — 2 2 i\ 

~ sin X cos X + loggVx (cos 'x - sin A) 



.1 



^ (sin 2x) ^ iog^>/x /cos*2:t) 



' ' ' ii 



( : 



Alternate method 



X -4 - sin 2x log^ Vx 



fiix) = i sin 2x[il *f (|>log^>6F (cos 2x) 
« ^ (sin 2x) + (lpg^vGF^(cos &x) 



(j) X cos (log^ x) + sin (log^ x) 



V. (a) f(x) 



V . f'(x) = 0 



^g(x) 



'li(tHt 



' / 



Let 



u =*g(x) 
f(u) = ^ h(t)dt 



then 
and 



(b), P(x) 



f«(u) •= h(u) 
f'(x) = f»('u) • g»{x) 
= h(g(x))g'(x) 



Let 
Then i 
and 
Thus 



2 

X = u. 



F'(uX = -f{u) 
u"(x) = 2x/* 
FMx) = -f(a )2x. 



= -2x Xx"^) 



k3h 



sin t dt = -cos t*^ 



2 

X 
-7t 



= (-COS X ) - (-ca8(-jt)j 

- = -cos X - 1 V 

- J ...... ^^"^ 

ff(x) = -(-^in x^)(2x) * 
2 

= 2x sin X 
2 

If ve allov X = u then the first result is the same as 



5. (a) X ^ 



(c) 



f»(u) •.u«(x)- = sin(x'^)(2x). 



[ 



X 

-2 



t2/3 at 



f»(x) = {x^)^^^ ' 2x 



i 



7/3 



sin X 



f»(x) = -e 



sin X 



(cos x) 



e dt 



f«(x) = e"^ • 2x 



= 2x6 



6. (a) f : X -^x^, X > O 



X log X ^ 

f : X e 

X log X , 
" f^(x)T ss7ei| (x'-^ t loe^ x) 

, ' = x''(l + log^*) 
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("b^ Minimufa value of occurs when f = 0. 



Since 
Thus 



' X > 0 then > 0 



f» ='^0 when 1 + log X'*= 0 
e 



_1 + lOg^ X :i 0 

logg X = -1 



X = e 



-1 



The minitoum value of f is 



f(e-^) = {e^^f 



• ■ (q) f"(x) = x^(i) + x^(l ^ log^ ^x)2 , 
= (1 + log^ x)2) 

By inspection since x > 0 then f" > 0 and f is convex. 




-1 



(x - 1) 



2x + 



• -2x^ + (x^ - 1) 



■-.^ . 1 



-(x^ + 1) " 

, .(x . - 1) (x - 

x^ + 1 > 0 and (x^ - if "> 0. 



''^*>Thus f'(x) < 0 for ai:^c ^ t I. 



^ f"(x) = -(xV^) 



(-2) -) 2x 



•(x'^ - 1) 



3 ' 



i erIc 



2x(x^ +^3) 
^ (x^-l)3 



1^36 



\ 









^-'•^ r 






KM* » 
- 33®* • 

, Tar* r 
























■ 








r 










2 



X + 3 > 0 for all values of x. 
(x - 1)-^ < 0 when -1 < x < 1 
. (x 1)-^ > 0 When 1 < |x| 







x < -h 


-1 < X < 0 


0 < X <'l 


1 < X 




t 2x 






+ ' 


+ 




2 

X + 3 , 


+ 


+ 








(x^ - 1)2 


+ 






+ » 










. y 








f is concave If - x 


< -1 ' 






1 


f is convex if -1 


< X < 0 





f ' is concave' if 0 < x < 1 
f is convex if 1 < x. 



ERIC , 
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1 - X 



-1 < X < 1 



1 - - x^)(2x) - (1 4- x^)(-2x) ^' 

' 1 + x^ (1 , x2)2 ' 

^ . 2x - 2x^ + 2x + 2x"^ 
' ^ " (1 + x2)(]. - x2) • . , 

1 - X 

f ^ is increasing when 0 < x'<^l. 
f is decreasing .when -1 < x < 0. 



f"(x) 



(1^- x'*)(U) - (Ux)(-Ux3) 
(1 - X )^ . 

u - Ux** + lex** 

(l-xV 



U + 12x 
(1 - X ) 



> 0 



f is convex when -1 < x <^ 1. 




) _^ 



/• 



er|c ^ 
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8. (a) y a xe*^. , -x » 0 



2x 



y'(0) = id - 0)|«T 
r-^ ' ;The tangent line at ^ (0,0) is y =» x. 



(b) y = e' 



X « 1 



-11 



y(l) = e 



y« = -22x e 



■llx 



y'(l) = -22e 



tangent line Bt (l,e"^^) is 



= .22e"^ix - 1) 



y '= .-22e"-'^x + 23e"-';-'- 



(c) y = sinfjr>: 

/- vM f 0 



y' = I 8in(« - x^yV^ . co8(n - x^) • (-2x) 

,;, y'i^ = 0,. • ^ 

The tangent,. line at (/t,0) is y =■ 0. 
(d) y = logg(l - x^), X a I' I 



1 - X 



' -The tangent line at , log ^) is 

. y - log^ J= - .|)} log^4-S .28?7 



or 



'h 

y s - - X + .95'»'» 



159^ 



8-F 



(e) yi = , x = 0 



y(o) 



y« ss 6 • e 
y«(0) = 6*^ • 1 = e 

The^ tangent y.ne eit (0,e) is 

^ y - e = ex 

or y = ex + e. 



(f)- y = (e'')', X = e 



y(e) = e'^* 



y' = «e 
rie) =«/^ 

The tangent lineat (e^e"^ 



Tfe TIC/ \ 
y - e = ire (x - e) 



is 



9.'^(x) = (Ax + B)sin X + (Cx + D)cos x and f (x) = x sin x. 

f*(x) = A sin-x + + B)cos x + C cos^x;^- (Cx ^ D)sin jc 

. = (a - Cx - D)sin''x +-~(i:~-4--Ax-4-Bycos x ^ 
Two conditions must be met. 



(ii) 



or 



(A - Cx - D)sin-'x « X sin x 
A - Cx - p = X 

{C + Ax + B)cos X ;= 0 
C + Ax t B = 0 ' ' 



7 



We first observe in (i) that C = -1 and that A-= D. In (ii) A 
" '"'iV6l)vrous'and"als'o>''Cf = -B^ ^hus A =0, B'= +1, C = -1, D = 0. 
Then f(x>) ■= sin x - x cos if. » 



= 0 
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i " 2 2 2 

e(x) a (Ax + Bx +*C)sin x + (Dx + Ex + F)cos x and" g*(x) = x cos 

2 ^ - 2 ^ 

g^x) = (Ax^^HBx + C)co8 X + (2Ax + B)sin x - (Dec + Ex + F)8in-x 

J* +~ ('2Eix + E)co8 X 

' ' 2 ' - 2 

= (2Ax + B - Dx - Ex - ?)sfh x + (2Dx + E + Ax + Bx^+. C)cq8 x 

* 2Ax .+ B - Dx^ - Ex - F = 0 

(li) 2Dx + E + Ax^ + Bx + C = x^ ^ 

From^(i) D =^0, 2A - E = 0, and B - F = 0. Thus D =^(>, 2A = E, 
B = F* Rewriting (ii) we have 

2 ° 2 ' 

2(0)x + 2A + Ax + ,Bx V C =^x . 



It follows that A = 1, B = 0, and C = Thus A = 1, B = 0, C 

D'=: 0, E = 2, F. = -t). 

2 



dy _ dy. dx 
"* Hx * 3t 



g(x) = (x - 2)sin X + 2x cos x 

0 . * . 



^ = cos X = cos(t + 



dy 
dx 

. ' t 



dy 

dt 



= cos 2 

t=l ' 

= Tf cos I 



t=2 

y = f(h(t)) ' " 

/. g= f(h(t))h'(t) ,and g 



t=t. 



f'(h(tQ)]h'(tQ) 



= f(x) -and X = h(t) imply g - f-(x)i ,g'= h'{t), 
g= f(h(t)) . h'(t) ' 



dy 
dx 



= f(XQ) = f>(h(tQ)) 



dy 




at 






t=t.Q 


dx 




at 






t=t^ 



f'(h(tQ)) . h'(tQ) 

{^TQ 



0 . 



kk2 



Ik. 



(i^! b sin xjjj^Q + D sln.xlj^^^y^ ='008 0 + cos ^ = 1 + ^ 



(b)_ p(x2 ^Csln a sin " 2(^) + sin a sin ^ 

" V ' _ lOir 



5n, 



sin a. 



2a 



(C) -a^)|,, 

T 

<d) D(f(a) sin x + f(x) sin a + f(x) sin x)| 



= f(a) cos a + f »(a) sin a V f »(a) sin a + f(a^ cos a 
t= 2(f(a) cos a +.f-'(a) sin a)/ 



15- 



k 3 ' 

V = loot 

/300t.l/3 



8.a 



1 ^ 300 

dt " ^360t)2/3 

When 5,* 'v = ^ n' • 5 = lOOt, so t = 



dt 



100 ^ - 

t =5n/3 ^ /300 yVy^^ ^ S¥73 ^ 



When the radius is 5 inches it is increasing at the rate of i in./min. 



16. 



75(t . \, 




8 = /{1+ot)^ + (7^t - 18)^ 
" . ds" ?(2('*Ot')(lfO)) + 2f72t 3;8i)(j2) 
".^ ~ ^ [('^•Qt)2 + (72t - 18)^]^/^ 
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ds 

at 



40 '+ • 72 



^488 



t=l . (40^ -f 54^)^/^ " "(4516)^/^ 



81.9 



He.nCe, tlie distance betveen the car .and train :^s increasing b.% t^ rate 
of '8l,9 mi./hr,. one hour after the car crossed the intersection. 



) 



Ml 



_L_i 



17. 




■ 75 \ 



s = /(75)^ + (lOOt'f 

d3 ■ |-' 2(i (fc)(ipo) 

f(75f- + 
2 

' 100^ 




« 97 ^ 



rocket is receding fromHhe observer at the approximate rate of 
, 97 ^1?./sec. 3 seconds after ta}ce-o£f ^ 




1 



V 
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i Solutions Exercises 8-9 



(a) X -♦*/sln 



f»(x) = i(sin x)"-^/^ cos X 



or 



TT /cot X cos X 



(b) X -> (log^ x)^ 



f«(x) = rtdog x) 



n-1 1 



lt-1 



{c)^8 -»(s3 + Isf^ 



f«(s) = 25(s3 + 3s)2'* (3s? 



(d) ,t-.(e*)-^° 



f'(t) = -lD(e*)"^^ • 



^•1 



= -lOe 



■lOt 



(e) x'-H 




3^ 



(1 - i)": 



2/3 



fCx) = - |(1 -•x)-5/3 . (-1) 



or 



''33/(1 - x)^ ' , 



4(f) t - (1 + i)'*/3 .... 



f(t) 



:t) = i(i ; 1)^/3-7. 1 ) 



3' t 
3t 



(g) V COS 2v ^ ^ * 

f»(v) =: 10 co8^-2v • (-sin 2v) 
= -20 cos^^ 2v sin 2v 

(h) ..X ^{ \ /t3:+ 1 dt)^/^. 

J 0 

I~ X ' • 

7t3 +-1 dt)^/^ - ^ 

2. (a) y'=-^^ 
1 - X 

^ -(-2x) 2x 

^ 2v2 /. 2x2 

(1 - X )^ (1 r X ) 

1 - X , (1 ---x 

. -5(1 - x^)''(-2x) 

~ /, 2x10 
(1 T X ) 

lOx 



* (1 "- X 
1 + e 



JL. 2xn2 
i (1 + e ) 



1 

x 



(1 + lo^^'x)^ 



(e) yj> = 



/X + 



1 1 

2 



.2^ 



1 

X + - 

X 



. 1 i- X 



i X 

I 

(f) y = ( sin X !+ cos x) 



-1 



' • PI 
* , , _ (cog X - sin x) 

^ " " ^ ' r2 

(sin X + ci>s x) 
' ^ sin^ - cos X 
*(sln ic + cos x)^ 

I* ^ 

3. .(a) ■ y = sin?/^i (2x), x"^= | 



-y'(x)' =1 



= 3 



y'(|) = 3(^) 



sin^/^ 2x ! cos 2x • 2 



1/2 

sdn / 2x cos 2j^" 



(A 



1/2 



The tangent line at (— J 
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2 ^- 'fx. ' . i i 



y(o) .= 0 



■ 4^ 



*x 2 2 
y» * 2<i\ e^^ dt^e""" 



0 

. y*(0).= 0 

The tangent line at (0,0)' is y = 0. 

(c) s = A + ~ , t = 1 

s(l) = >^ 

.1 ■ . — \ 

' s«(l) = 0 . 

The tangent line. at (l,v^ is s = V^. 

h. (b) 'y 

. 1 + X. ■ ^ 

V " (i) ' 'y is defined for all -x. 

. • • (ii) 'y« = .2x.(l + x^)-^ 

y is increasing "when ■x'<0. 
y is decreasing when 0 < x. 

(iii) y" = (-2x)(-2)(l + x^)'32x + -2(l + x^)"^ 
6x^ - 2 



y i5 convex when t^l 
y 'is concave when |x| < 
(iv) ^ Horizontal asymptote of y = 0, 

• (• 
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->—+- 



(.b) y = Vsin ,x 



' 3 



(i) . y is defined when 2mt < x < (2n + l)?t, n = 0, t 1^ t 2, 

/.^\ . 1 cos X 1 ' . -1/2 ' 

(ii) yi= — ~z:z = o ^ X - ' 

2t^sin X ^ ' . 

y is increasing .when 2njt < x < (2n + 
y ^s decreasing when (2n + ^)?t < x < (2n + i)?t» 



(iil) y" ='i(co6 x)'(- |)(sin"3/2 ^ ^^^^y + ^^^^ x)-^/^(-8in x) 

-2 .0.2 



«(cos^ X + 2 sin^ x) 



y is eve^^here concave, 
(iv) 'Theref are no asymptotes. ; 
(v) 





5, (a) X 



1 - e 



, X > 0 



f(x) = 



(1 - e^)^ 

X 

e 

Xv2 
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f*(x) > 0 thus f is atfxJLncreasJLng function. 
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(b) X -*(x^ + 3Jc)^°/ X > 0 



3' . ,-„x9/,„2^. 



f (x) = 10(x^ + 3x)^(3x + 3) 
= 30(x^'+ ,l)(x^ + 3x)^ 



6. (a) 



f*(x) > 0 thus f is an increasing function. 
1 ^ ' 



y = sec x» ,= 



cos X 



>(-sin x) :^^J^' 



2 

cos X 



(b) y = CSC X = 



tan'x sec x 
1 



sin X 



-cos X 
sin X 



(c) y = tan 



-cot X CffC X 

sin X 
cos X 



X = 



= sin x(cos x) 



-1 



« -2 -1 

sih x(-l)(cos x)" (-sin x) + cos x(cos x)* 



-OS X 



+ 1 



ban X + 1 = sec x 



(d) y =/.cot. X 



GOS X 

sin X 



cos x(sin x) 



-1 



r* /= cos x(-l)(sin x)" cos x + (-sin xj^sin x) 



2 

cos X 
sin X 



-.1 



= -(cot X + 1) 



2 

-CSC X 



(e) / D(tan 3x) = 3 sec 3x 



(jr; D/tan 2x = 



2 sec 2x 



2/tan 2x 



{^) D(sec^ x^) = 2 sec x^ • (sec x^ tan x^)(2x) 

, 2* 2 ^ 2' 

= 4x sec X tan x 



'¥69 



(h) D(c8c 3xj^/^ - 5(c8c 3x)"5/^ . .(-esc 3x cot 3x)(3). 



cot 3x 



(i) D[8ec(csc x)l = [sec(csa x)tan(csc x)][-csc x cot xT 

f : X -*sec xj ' f is not defined for x = (n + ^)jr, n = oL^^l, i 2, . 

sin X 



'f: X -*sec.x tan x = 



2 

cos x> 



f'(x) > 0 when sin x > 0 or when ' 2njt < x < (2n + x ^ {n t ^)»f 

2 



f**'(x) =i sec Xrsec x + tan x sec x tan x 
it 

' = se 



2 2 
/ 2 . ^ 2 X sec X + tan x 
p X (sec. X + tan x) = - 



cos* X 



f"(x) > 0 wheh^ cos X > 0. ' 

Thus f is convex when (2x1^- ^r^< x < (2n. + |jjr. 



8* (a) D{sec x esc x) = -sec x cot x esc x + esc x tarTx sec x 



CSC X , ^ sec X 

= -sec X CSC X + qsc x sec x 



h) 



sec X 

-CSC X + sec X 

2 2 
= -1 - cot X + 1 + tan X- 

2 2 
= -cot X + tan X 



CSC X 





(ill) 






=s CSC 


2x cot 2x 


'(b) 


(i)" ' 


D(tan 


x^ 


cot 


x) = 


D(l) =? 0 

J. 




(ii) 


D(sin 


X 


CSC 


x) = 


D(l) = 0 




(ill) 


I)(cos 


X 


►sec 


x) = 


D(l) ^0 






.i)(sin 


X 


cot 


x) = 


D(cos xX , 








w 






-sin X 




(ii) 


D( cos. 


X 


tan 


x) = 


D(sin x) 














cos X 



V. 
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9. (a) D(*2n__Jlj . . 1) 



k 2 • ft* 

= tan X sec x ^ 



(^y D(i c8c^ x) = k[i' csc^^"^^ ;c]D(csc x) 



csc^ ' X CSC X cot X 



• * CSC X cot X 

(c) D(cot x) = D(csc X - l) 

= D(csc^ x) + D(-l) 



D(csc x) 



10. (a) 



1 

V 



V 

2 V 



(b) i/-v^) 



±J\ ^ (3x^ - x)(2x) - (x^ + l)(6x - 1) 



-x' - 6x + 1 
(3x^ - x)2 



Solutions^ Exercistes 8-10 



i 



■ , ^ • 

- n 



'"if: 

4' 



(x - 1)' 



(1 ^ x'^)(2x) - U^)(2x) 



(1 ^ x2)2 




2x 



(1 . x2)2 



- frpm part (a). 



(x - 1)' 



(a) 



^2 - X ' 



f3_L2£\ (g - x^)(Ux) - (3 ^ 2x^)(-2x) 

(2 - .!f 



Ihx 



\(2 - x2)2 



= D(- 



. X - X 
_ -fl - 2x) 
(x - X } \ 

2x - 1 

" f 2x2 
(x - X ) 



(f) p 



(1 + x^) >5^(2x) 
2VSc • 

(1 ^ x2)2 - 
1 + X - l*x • 



2^ {li,'X^f 



1 ' 3x 



2y/^ (1 + X^f 



r 
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' ^1 + VSJ/ s (1 + 




V 



(x^ -• l)(2x) - (x^ + l)(2x) 



(^^ - l).f 



-!tx 



;• (x^ - i)\ > . . 

/a\ .sin X N (l + ta,n x)cos x - sin x sec x 

^^1 + tan x^ /, . \2 

(1 + tan x) 

^ ' ' 2 ' 

cos X + sin X - sin x sec x 



(1 + Ian k)' 



(3) 



■ ^1 + yi' (1 + 



2^.x _ ^x^2x) 



- e 



(1 + x^f . ■ * 

e^(x^ ■ 2x + 1) ^ ^ 

M 1. 2n2 , 
(1 + X ) . * 

/ 

,x2 * ' , ' 

e (x " 1) 



fx log^ x\ (l - 2x)(x ♦ ^ + log^ x) ^ (:c log^ x)(-2)f 



X "^e ' 



fr - 2x)^ 



1 - 2x + log^ X 
^ ' (1 - 2xf 



iz) d(cos X sec jx) = D(l) = 0 

/ X -X\ \/ X , -Xv / X , *-X\ / X -X\/ x- 

f ^+e' . (e+e).* 



-Xv 

e ) 



(e + e ) 
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(n) iDtd + log. x)] = (1 + l)i + (1 + log^ -^J 



i,°e " x'x 



(o) 




(x^ + 1) 



'. 2(x^ i- 1 - x^ logg x> 



x(x^ . 1)5/^ 



D(cot X) = D(fH|^) 



sin x(-sln x) - (cos x)(cos x) 



sin X 



, 2 
sin X 



2 

^ = -esc X 



/V X + 2 
(a) y = -p . 

. X - 1 * 



This function Is not defined for x = t 1. To the left of x = 
y -> +00 and to the right of x =, -1, y ~> -oo. To the left of 
X 5= +1, y -> -00 and to the rights of x = +1^ y -4+00. This - 
describes the vertical asjrmptotes at. x = +1 and x = -1." At 
^ = -2, y L 0 and at x '= 0^ y = -2. . - 



2 2 

X X 

2 " 2 

X X 



i + i- 

X 2 
X 

X 



As X -> +<», y O"*" and as x -'co, y O'. ' This describes the 
hortebntal 'asymptote, y = 0.^ 

2 



. (x^ - Dil) - (x ^-2)(2x) 
' " (x^ - 

-X^ - Ux - 1 -(X^ 4- 4- 1) 



4 



y« = 0 if X 



-If t ^ 



= -2 i 



^ There are -fwo extremum points, ojfrfe is a minimum poiAit when 

x' = -2 - « -3.732 ^nd the other is a maximyim point when^ ^ • 
V X = -2;,.+ ^ « -.2^. We s^e that y decreases t<$c x < -2 - V3, ^ 
increases for -2 - >^ < x^< ^2 ^ >^ , and finally decreases again, 
for -2 + V3^< X. c - 



iSie discussion of y" 'is ratl:^er tedious and does not greatly in- 
crease our understanding of the function. 



V 
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.3 



(b) y 



X - I 

X + 1. 



y is" undefined for x =^-1. As x -» -1 from .the left y +« , 
and "as x -1 fron^^t he bright y ~» This describes t^e vertical 
asymptote at x = -If 



There' is a zero at x = 1. ' * , 

ifewriting y = r we see that as x +», y 1 and as 

1 + r ■ . 



Thus, there is a horizontal asymptote of y'=.l' 
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y» is alvays positive and y is increasing 

^ * 





-2x 



(?) y = ^ ^ ^® undefined at x-= -1. 

As X -> -1 from the left y ^ -« arid as xi -1 from the right - 
y -> +00. Thi^ describes the vertical asymptcjte at x = -I. 



-When X ->4«, y = 0. 



■ 7 



Proa previous discussions in Chapter 5 we know that is greater 

than any predetermined number 'when x is ^arge e.nough. It follbwa^ 
that as X -» .we have e"^ > 0 • and 1 + x < 0, thus^, y «». 
There is an asypptote for x +« which is y = 0, ,but none for 

> . X -» -<».. 

• , . (1 * x)(-ge-^) e"^ - • . 

* y ~ o ' 

. -e-^(3 . 2x) ' •' 
- -- (1 ixf 

y'>Oif3 + 2x<Oorx<-| 

3 3 
Thus y ' is increasing when -x < - and decreasing when - ^ < x. 

:lf app^rs tlwt. .X = - q ® maicimum. ' 



■ • - 1 



■ 4v 



. * dz 

dt 



. dy dw 



and 



J 

dy dw 

dz dt dz dt Y ' dt " ^ * cFt 



33; ~ dx * dt "* dx * 



rdVi2 

*-dt^ 



(b) y = f(t)/*v*= g(t), and t = h(x) implies 



so 



J 



3£ = h>(x). 6(t)- f'(t) - f(t)g'(t) 
^ [g'(t)]2 ~~ 

g(h(x))f' (h(x))h'(x)-f(h(x))g'(h(x))h'(x) 
[^•(h(x))h'(x)]2 ' 

^ g(h(x))f'(h(x)) . f(h(x))g>(h(x)). y 

^ -{g'(h(x))]^ C . - 



h6l 



180 




4 V-'^Ps 



* * Solutlong gxeroiflee 8>JL1 

1. (a) f : X -♦arcBin (sin x) • ^ ^ 

* ♦ 

Dooitln: the set of all real numbers « 

• Range: the set of all real numbers y = f(x) such that - 5 < y < 2* 




{\>) f(x) = sin (arcBin,x) 



"Dcm^n: • all x -^uch that -1^< x < 1. 
^ Range: all y such^*that' -^<y<l* 




(c) f(x) = arcsitj (cos x) ' 

Domain: set of all real numbers. 



Range: I all | y = f (x) where - | < y •< 




(d) f{x) = cos (arcsin x) * ' 

Domain: all x vjiere -1 < x < 1. 
Rapge: all y = f(x) where 0 < y < 1. ^ 
The graph is the semicircle with center at origin, radius = 1, 
and y > 0. 




t 



(e) f(x) - arctan (tan x} 

Domain: all real x except x = {2x1'+ l)| , n an integer. 




Let0> g ^ X -> arccos x and f y -> cos y, where y = la^ccof 5c, 



Then^ g«(x) ='~^^. (for f»(y) ^ 0, i.e., fog -sin y ^ O) for 



0 < y < :r and hence for -1 < x < 1* 



*\ Darcco8>x = g*(x) ^ 



•sin y 



, wiiere sin y > 0, 



3. (a) Let,^g : x arccot x ■ atid f : y cot y vhere arccot x for 
all real x ^and 6 < y < it . ' , 



1' 

2 

-CSC y 
-1, ■ 
.1 + x"" 



1 + cot y 
for all X. 



— >^ < y < 



(b) Let g : X ~>arcsec x and Z : y sec y vhere y = arcsec x, 

, ^ ' - ' * , 

' |x| > 1 and 0 < y < I or I < y < K . 
Then ' g'(x) = fi\y) 

0 < y'< I or I < y 

\x\ >^1 . ^ ' ' 



sec y^n y ' 



/ ■ 



Note: 



2 

^- = £2|_Z > 0, for 0 ^ y < I or 

sec y tan y . sin y "^cs. 



i < y < «, hence g'(x) > 0 for all x ^ch that |x| > 1.. 

(c) 'Let' g(x) = arccsc x and f(y) = esc y where y = arccsc x for 
|x| > 1 and 0 < |y| <| • 
1 



a?hen 



g'(x)' 



, 0<|yl<| 



/ Ixf/x^ - 1 

Note: ■ g'(x) < 0 'since 



' -esq y cot,y 

|x| >1. 



CSC y' cbt y cos y; ^ 



0< |yl <4 



7 
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/ 

4. 



US? 



' , 1 -1 ^ 

k. (a) vD(etrcsin x + arccos x) = ' + ■ = 0 



' A - x^ A - x' 



2 



Note that arcsin X *+ arccos x « ^ and I)(^) = 0. 



(b) D(x arcsin x) = x • — + 2x arcsin x 



^ +2 arcsin x| 



■2- 



^ Cretan x 



2 



2 ^ 2 

1 + 



arctanx " (arcijan x)^ , 

2 2 
gx(l + X ) arctan x - x 

(l +'x ) (arctan x) s 



(d) D(arcsinx)3 = 3( arcsin 
^1 + arcsilTx^ " 



Jl-xil + arcsin x)^ 



^ (1 + arctan x) — ^^-^ - (l - arctdn-x) — ^— g 

, . . 3^^ arctan x v _ 1 + x ^ 1 + x 

^ ^ ^1 + arctan x = ^ ^^^^3^ 



-2 



' • ^ (l 4- X )(1 + arctan x)^ 

'5.^ Let f : X arcsin x. * ' ' 

•.Than f(x ^ h)^ - f(x) ^ (^^^ '^^0) 

. ^rcaln h - arcsin 0 



h ) • 

li„ arcsinji ^ ^.^^^ ^ ^ 



^^^^ 
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(9) y = arcsin x 



(bj y - arctan (3x + 2) 



dx ^2 



c) y = e 



9x + I2x + 5 
arcsin x 



dx " 



arcsin x 



(d) y = e arcsin - 

X A 



§L = J^ i 



dx 



-1 2x 1 
-X + 2e arcsin - 
2 X 



=^ e 



2x 



( — + 2 arcsin i) 



(b) 



dx = ar.ctan x 



0 1 + X. 



«/6 ^ 



dt = arcsin 



(a) /(x) = 



Tt/6 » 0.5236 ' 

z arcsin( 0.5236) -0arc8in( -01785^^) 
z 0.551 - (-0.895) « 1*^5 

.1 I r r-i 



P»(x) = 



1-0 1 + .t 

2 ' . 



'1 + X 



..... i 

11. If f and g are inverses let g(x) = c. But then f(c) x or by 
• substitution f(g(x)) = x. { ^ . \ 

; J The derivative D(f(g(x))) = f» (g(x)')g* (x) = 1. 

The only difference is that rule (5) was develojJed for a strictly increas 

^ ^ r 

ing function/ that is\ f'(g(x)) > 0. ^ • 

12. f^ and f^ 'ar^ the inv^ses of g^ ^and' g^ re6pectively*-and 
.g(x) ^ g^^CggCx)). ^ ^ - y 

- (a) Since ' - f^(g^(x)) = x ' , ' 

• then "'"^ ' 4^^(g(x)) = f^iB^ig^M)) ; , / * 

Since . ' f2^^2^^^'^ ^ ^ / • ' ' ' 

'J , ' . ' . ' " . ' 

• then- f^i'f^iBU)))''^ f2^^2^'^^ ' ' ' 

=^x., ^ . ; .... 

. It follows that t^i^^ix)) . 'i,s the inverse of g(x). 
2r-- 



(b) X -*(3x^T2)V X > - 2- ^ , ■ •• ^' 

Let g^ : X -♦x and .g^ : x -* 3x + 2. , 



We find that f : ^ and ^t^v^ : x -* -rr — ^ 

. Finally,, , f (x)^ i^l^^^l^^^^ " ^2^"^ ' : ^ 

* ' ' ^ ^ >' ' ' 

X * • * . ^ Vx - 2 ' ' ' , 



13. 



f and g ' are inverses 



y = g(x)^ and x = f(y) 
= f^(a) 



dx 



y=a 



dx 



x=f(a) 



Thus 



dx 
'dy 



y=-a 







dx 


x=f(a) 



(a) y.-' arctan x. mean^"'?hat x^= tan y. 

-2 \ »^ dy 1 



dx >- \ 

Thus -T- =- sec y and 



sec (arptan x) 




= g'(f(a)) •= , by (5). 



dx 



1 + X 



, 1 



. ^ y • dx y° ^°8e ^ 
y" = logg jc J;hen x = e'' . Thus — = e'' = e = x and 



dx X 



J 



(c) If y = >6^. then x = y^.- Then |^ - 2y = 2^' and || 



I 



(d) 'If y = x'^ ' then x = ^provided that x > 0. 



and 

n 



dx .1-31 



( 



/ 
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/ Solutions Exercises &«12 , 

1. y = x^, \Aiere r = ^ , x >X). If y^^= x^, py^ = Dx^ and/ 



Q-1 * " rC' 5 x^"^- ^ p/q -1 r-1 

qy^ 5y = px*^ ,^ whence .Ey = g,"^ ~ q ^ • 

• # y 



. 2. J(a) + = 12, 



lOx + 2y y» = 0 ^nd y 



■ (b) 2x^ -'y^ + X/- U = 0 

l^x - 2y y« +,1 = 0 
, kx+1 - 

(c) yL- 3x^ + 6y = 12 

2y.y'. - 6x'+ 6 y» =0 



y' 



J2L 



y + 3 



(ay. 



•3. I ^ 

+ y-' - 2xy = 0 

+ 3y^ - 2x - 2y = 0 ^ 
2 

y»,= V 

3y - 2x 



3- (a> V = ^ 



2x = 



Cy + i)iTtf - 1) - (y - x)(l]y + l) 



(y + x)' 



_ x(y + -x) + y 



(b) x^y il xy^ = x^ 



I 2 2 '2 

2xy + X Py + y + 2xy Dy = 3x 



5y 



3^ - 2xy - y^ " 
2 

" X + 2xy 



' m n 



(c) x^y^ » 10/ (m», n integers) 



^ nx p . 



(d) + X = y" 

'.Vl(xy)"'^/^(xi5y + y) + i = -^, 



,1V 



xy 



i 



h. ' {a) 2x^ + 3xy + y + X - ey + 1 = 0 at the point'^ (-2,1)'. 
^ ivx + 3y + 3x y'-^^- 2y y« + l - 2yl =^^0 .-^ 
At't-a,!), y* = - I : 

' {h\ x^ + + y3 . i = 0 at the point (l,-l) . 



"3x^ + 2yx^ + 2xy^ + 3y^ y* <;^0 



(c) x^ - xv^ - = 2 at the point {h,l) . 



12y y^ = p 



'At y''=i|,. 

(d) X cos y = 3x^ - 5 at the point" r) 

* A** 



x(-sin y y*) + cos y = 6x 
At-(^,f), y- =-i^ 



7 
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5» (a) - *3axy + = 0 

- 3ax r^r - 3^y' + ^yy^ V = 0 



^ -3ax + 3y 



-1 



(b). x"^ + = 2 ^ 

mx + my Dy = 0 



m-1 



5/ 



x.y 



x=yV 0 



-1 



(c) X + y = 2axy + a 

2X + 2y Dy = 2ak Dy + 2ay ' 



_ 2ay - 2x 



x=y 



2y - 2ax 



-1 



1 

J. 



All three curves are symmetric about the line y = x. Thus at the 
\' point where x = y the ^ngents to curves are o^hogonal to the 
^ , line. ' ' ^' ^ ' * * 

^6. (a) a sin y + b cqLx =0 (a, b constant). ; - 

a cos y y' - b sin x; = 0 ^ ^ ' 

« 

sin X 



coF"y 



(b) X cos y + y sin x = 0 ^ 

3S y - a sin y y* + sin x y» + y cos x 0 



- , _ cos y + y cos x 
y» ~ X *sin y' - sin ^ 



(c) sin xy = sin x + sin y . 

(cos xy)(y + x y') = cos x + cos y y»J 

, y cos x> - cos X 
^ . cos y - X cos xy 



(d) csc{x + y) = y 

-ceLe.(x + y) k:o^(x + y)(l yO = y\ 

.,1^ C8c(x ^ y) oot(x ^ y) > • 
^ *• csc(x + y) cot(x + yi + 1 



id 
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, (e) X 44n y -.y tan x = 1 ^ ' 

♦ ♦ ♦ » • 

tan y + X sec y .y' - tan* x y' ^^/y sec x = 0 ' 

.2 ^ ^ ' 

, . tan y> - y sec x . ^- ... 

tan X - X sec y ^ 
•* * * • «* 

"(f) .tan xy - x"^ i: 0 , . » « 

2 ' ' 7 

(sec oxy)(y + X y') -'2x = 0 \ - ' 

i 2 

. . • v» - - y sec xy " , . , ' ' . , . 

y 2 

- X sec xy - 

(g)' y sin X =■ X tan y 

' • ** " 2 - ' 

sin X y» + y cos x = tan y + x sec y y* < 

t - tan y - y cos x ' * . • * 

sin X • X sec y • » 

— + — y« •= 0 • 

2t6c 2>^ ^ ^ * ' 

Vv * ' • ^ • * 

y* = which- is alyays negative since x, y > 0* 

■• ' ' • : l- 

• A 3 ' ■ % • ' \ 

dv U - 2 dr 

dt = 3.r 3^ dt ' ■ • • , , 

'g*=100; so when. r= 5, 100 = ^^.3(5^)^; 



% dr 1 • ... . ' 

dt = ;r-. ; > : ... 

Hexlce,'the radius is increasing i in./nrLn. when it is » 5 ^inches long. 



Prom t^e^ similar 'triangles 

; ■ 



so 



and 



h 10 

dr 3 dh 
dt 2 dt 



dv 



When- h =k, T -'6, , and. ^ = >-3, so 



-3 if(62_. § + 2(ii)(6) 



3 ^V^a 

2 



^olving^ 



dt 



1', 

l2Tt 



and, hence, when Jhe water 'level is h ft., it is 
df ^ ft./min.-\ 

•123T ' 



10. 




V = id . i h(b^ b^) = 5hb^ + ^hh^ 



.dv 
dt 



db. 



?3r the similar triangles fbrmed ve see that 




2 



dt ~ dt " dt 



,db. 



When h = 1, b = 1, = 2, ^ = 0, = 



and fl = 5; 



SO 



5=5(l.q.§.I).^5(I•S.2g) 



dh 



dhv 



2 2 
(a) X + y = 2xy + 1. 



2x + 2y 



2x 



2y . 



■2(y - x) g = 2(y - x) 

^ = i> y ?^ X , 

. ^ ^ , , - 

2 2 ■ * 

If y = X then 2x would equal 2x + 1, which' i-^ in5)0ssible. 



Cb) and '(c) Graphs ai^ the same, 

.i r • 




2 2 ^ ' ' . 
X + y 2xy + 1 ' 

X - 2xy + y =1 

(x- y)^='i. 

X ^ y = + 1 

1.x -^1=1 
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8-12 , . 



12. 




2s 



2 2 2 
s = x .+ y 

d; 



At t = 3)-x = 75, y = 300, 
4 



s = ri^M^^.^^ 309, 



^ = 0 and g = 100, 
' dt ✓ dt 



ds 



300 * 100 

—zm — 



^ 97- 



The rocket is receding from the oltserver at the approximate rate of ' 
97 ft. /sec. 3 seconds after take-off. Solving, 



dh 1 
d¥ - IT 



and hence, the 'water level is^ rising at tihe_ rate of ^ ft,/min, , - 

.1 ' ' 
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Teachers Commentary 
Chapter 9 " 
INTEGRATION IHBORY'aND TECHNIQUE 



The integration techniques of Chapt 
* Include the folloving: ^ . , 

' . ^'AU.l. Substitutions of Circular Functions 
AU-2. Integration by Parts 
^ ' A|4-3/ Integration of Ratioigpl. Factions ^ 

? * Ah^h. Definite Integrals ^ ^ 



pter 9 are extended tn^pendix h 



Solutions Exercises 9-^ 



1. (a) 



• x^ + 



dx; 



2 

dii = 3x clx 

' T ' 2 ' 

- du = X ,dx 



.ilu-^du = |-106^u , 
3 ^ 



(b) 



Vl •- -x" dx; 



u = 1 - X . 
du = -'♦x^ dx 
< - r "du = x^ dx 

u^/'du = - 
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(cos x)e^^^. ^dx; u = ^in x 



, u , sin X 
e »du = e ^ 



= cos X 4x 



^ X, cV'O; , u = b + ce 



I 



du^= ce dx 

i du =i dx 
c 



u'^du X 2. log' (,b 4- ce^) 
« c e « 



see X dx; u = sec x + tan x 



duf = (sec ^ tan x.+ 'sac x)dx 



du = sec x(tan x + sec x)dx 
; — = sec X, dx 



— = log (sec z + tan x) 



^2x ' ' 

e • dx; u = 2x 

- du = dx ^ 



|e" du = I 



2x 




(1 - i x)^9 dx; 



u = ,1 - 2 ^ 



du = - — dx 



-2du = dx 
u du = - ^(1 - 2 ^) 



I^in ax dx; u - ax • 
' du = a,dx 



^ du = dx 
* sr 



- sin u du = - 
a J .a 

\ 



cos ax 



y3x + 1 dx; • u = 3x yi 

^ du = dx / 
. .3 



j'rii?'^'^' u = 2-3x-. 

- i du = dx • 



u'^du = - I logg(2 3x) 



dx; ,■ u = 1 - 5x 



- ■ , 5 



- 5x 



\ 

J a + X 



then " au 



adu = dx 



J a + a u 



du 



— arctan — 
a . a 



JtarvCl'x- 3)<3x; u = ^ x -'3 



2du '= dx 



tan u 



2 1 tan u du = -2 log^ cos(^ x - 



I' 



.u = 


1* - 3x' 




-6x dx 


du = 


X dx 



(b) 



JcQS^ X X dx{ 



U = COS X 

du = -sin X die 
-du = sin X dx 



f 5 16 ^ n 

Ju^ du = - ^ cos .x^ 1 



(c) ' I sin 2x cos 2x dx; • u = sin '2bc . 

du = 2 cos ^x dx 



. du = cos 2x dx 



- Ju du =^ 



sin^ 2x 



dx; u = - 



du « o dx 



-du = ^ dx 

X 



(e) 



- \e du = -e ' 



+ l*;c dx; 



u = 1 + hx^ 
du = 8x dx 



5 



du = X dx 



A 




(f) 



• ^x; 



u •= iogg.x 



d» = - dx 



\ 



u du = jdoSg x)" 



(g) 



COS 



dx/j . u 
' • du 



;dx 



dx 



v/2 Jco^ u 



du 

du^ sin >^ 



sin X f 



b CO? x)^ 



: f 



dx; u = a + cos x 
• ><3u = -b sin*jc 



-*r- du = sin X dx 



b 



Clu* i: 7:7 f r 

b(a -+ b cos ^x) ' 




3,_ o3/^ 



(lix^'- 1) 



dx; u = i^x"- 



du = 12x dx 
— du'^= X dx 



12 



12 



(J) 



1 + X 



dx; 



2 

u = 1-+ X 
du = 2x dx ' 



^ du = X dx 



1 • 

2 



J 



u*"^ 'du = ^ log (1 + x*^) = log 



* / 2 

)g A +"x 



^ 'J 



'I01 .. 




J 1 + 



' ^ • N 

du a 2x dx 

. du • X dx * . * 



= ^ arctan 



J 1 + u 



1 , 



du s 6x d3^ , ^ 



j/'* ' i du = X dx 



i- ^ du.= z src ;5in 5x*^ 



(m) j 8in^ X dos^, x dx: Let cos^ x = cos x{l"- sin^,«x} 

J ^ : ' *^^^• 
X ' jsin^'xd - sin^ x)cos x dx'=V (sin^ x - 'sin^ x)coe? x dx; 

^ , • . ^ ^ sin X 

• . ' N , ' * X , du = CO? X dx 

j - = J sin3 ^ , 1 sin? x\ 



(n) j'sin^^i4x cos' 



J4X dx; sin^ i*x = sih' l4x(l - cos^ l4x) 



o 

2 ' 8 
(l - cps i4x)co6 i4x sin Ux dx 



•J(cos^ Ux - cos"^^ l4x)sin l4x^dx'; u = c(is i4x 

*^ • du = -^4 sin J4X dx 

<.N - r du = sin "Ux dx 



1*83 
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4 

U'. (a 



J 2 (2x 1)' 



dx; 



= 2x + 1 
du = 2 dx 



^ du = dx 



1 r^.- 



du 



i -I 



J 0 



- T) V 
70 - 35 



cos X sin X dx;» <• Cl = cos x . • 
- . ■ du a -sin X dx 



9 



S 

> - *.;- f^'u'^du^-iu^. 



-du, = sin X dx 
-1 . ■■ • 



1 ■ 



■(c) 



cos Ux- dx; u =.Ux 



•<5 



J 0^ • 



r dfi = dx 



T- cos u 

J 0 

I 



du = 



1 ^ 



int/3 
0 



if '2^ 01=' ^ 



r 0 „. 



(2x + 1) dx; . ' u J* 2x-'+ 1 ^ 



1 



.3 



, . 1 i8u"' 
du = ^ u A 



• 1 



1 ^:.v- 

4-, 



.f 



a1 . 



'fW' 



/ 
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(e) 



N . * 

yl + X dx; u ^ 1 + x 

J 1 s' r 



du = dx 
1 



2 , 
X dx; 



, u = x^ ^ 
du = -2x dx 



- du = X dx 



. 1 r,° 



du =.0 



— ^ 

:^ 0 1 + 1)0{' 



dx; u = 2x 



.2 ^'i ^ 



0 1 + u , 



^ 2 ^"i = arctan u 



= H 



(h) 



ri/2 



dx; 



3 du = dx 



du 



9 - 9u . 



= arc 6ln u ^ 



(arc sin .166^ n 0;l67 from Table 

,^0.167 -' (-0.167) 



. 1+85 ■ 
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2 log X 



dx; 



1 . 



u = log X 
e 

X - . 



® . ' 12 

U du * 7? Ur 

log^ 1 _ 



0, 



- = |(log 2)^ « .211 



J 



x-^ A y x^ dx; 



u = l- x, X = l- u 
du = -2x dx 



- du =-x dx 



(1 - u-)u^/^ du 

1 



r 0 



1(2 ^3/2 . 2 5/2) 
2 \3 5- • 



X e 

-1 























u 






du 


= 3x^ dx 


1 




2 , 




du 




3^ 







i[o-4-|)i =4 • 



^3 5 



15 



1 

•3 



-1 



e . = J e 



-5 



u 




2x 


du 




Ux dx 


du 




X dx* 




jt 




u^ 




■ - 


0 








1 



v7 + X 



dx; u = t5c 



^du = d:j 

2u du = dx 



, r u du ^ r_du_ 

• ^2 I 1 + u ' 
J u + u * 

M i dv = 2 log V 
J V °e # 

' = 2 log (l + u) 



V = 1 + u 



dv = du 



= 2 log (1 + >^ 
* • e 

••\ 

x^sin (x - l)dx; u = (x""- l) 
u' + 1 « X 
du = dx 



2 r 2 r • ' r ' 

(u + 2u + l)sin u du = u §in u du + 2 ^ sin u du +. sin 

^ (Integrals No. 21, No. 20, No. if^^nd No. 22) 

= (,u^, - 2u + l)cos U.+ 2(u + l)sin u 
= (1 - x^)cos(x - l) + 2x sin (x - X) 



oc -e^^ dx;- • = 2x 



I du. = dx * • 



gU =x 



if" 

^J^ue.^u 



(Integral No. l6) 
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J 0 



(c) .1 X sin 3x dx; u = 3x 
0 



/ 



-du =.dx 



U = X 



1 r3« 

^ J u sin u du ( Integral -1^ 20) 



^(-u cos u + 'Sin u) 



3^t , 



Jo 2 2 
cos ^(x )clx; = X 



du = 2x dx 



du = X dx 



I Jc'os^^u du~'(iritegral No. 29) • . 



• / 



+ I sin u , 



(e) I e'"*^; 



3 u-^ 



du = dx 



1 r 3 u 

255 J^^ 



du (Integral No. 17) 



- Z-a" + 6u - 61 



2* 



-Ux 



-|^32x3 + 2Ux^ + 12x'+ 3] 
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(f) 



f 

xe. 



ain 2x; dx; , u = 2x'^ 



2 u 
^ =2 



1 r u 

'irj ^. 



/2 



du = dx 
sin u du (integral No. 2h) 

- ^ e / sin u - cos u) 

p 

1 X p 
e (sin 2x - 2 cos 2x ) 



•V > < 



(g) I x" log^ (x +. l)dx; 
0 ® 



u = x-;^ 1 
x^ = (u - 1)2 
du = dx 



r2 . 2 ^ 

(u - 2u + l)log u du (Integral No. 19, No. l8 and No. 7) 
J 1. . ^ ^ " 



3 ^°«e 2 - 4 



\ 

2 

\ 

1 \ 



(h) 



sin X log^ (cos x)dx; ^ \x = cos x ' 
^ du = -sin X dx 

log u du (-integral No. 7) ' 



-u log u*^ + u 
e 



= -cos X log cos X + cos X 
e 



20?' 



0" <^ 



8in(x +'l)co8C2x + 2)5x; u o x + 1 
' , ' - * ' du R dx 



Bin u cos 2u du (Integral No. 32) / , , 

«» 

• - cos("u) \r, COS 3u ' • ^ - 

' ' ' cos(-Ix + lU t. cos(3(x + 1» ^ 

. - 2 . ^ " 5 ~- 

' ' • cos( x'+ 1> ^ cds(3(xV l)) . 

2" ^ ^4. . 

" sinj^ ax; u =^ cos x . « , 

2 , * ' ; . 

2 cos X + cos X 3 

. du = -sin X dx 



-I 



du; ' b - Uac > 0 



2u^ + u - 3 , , . ^ 

^ (Integral No. 36) 

1 , " 2u - 2 

=5^^6e'2^rrT 

\ . . 1 2 cos X - 2 

f > =5 logg 2 cos + 3 



.X \ 

— ^dxi^ u e 



I 2x* ^ X. T 

i+e - 2e + 1 -^-^ X 

du = e^^dx, A. 



Lj du; ^ - l+ac < 0 

- 2u + 1 



(Integral No/ 37) 

\ a ^ 1 
.=. * — e^rc tan — ; 

"^fe* ^ ^e^' -- 1 

' v^**— arc tan : — 



2f9 



du. = - dx 

X 



du; (fntegral No. 38) 
= log (u + /u + 1) 



log^dog^ X +'/(iog^ x)^-. + 1) 



(a) The function e'^ is an even, function since f'(x) = f(-xX< 



Thus 
r 



0 2 

e dx = 



-1 

2 

e dx 



1 2 
e dx = a 



(c) 



'0 2 

e- dx + 
-1 ^ 



a +'a = 2a 



1 .2 / 



dx t 



dx; 



X - 1 



du = ^ dx 



2 du = dx 



r 1 2 

2 e"^ du = 2(2a) = ka 

r 1 '-x 

(d) I ^— dx; , u = >6c 
J 0 ^ ^ - * 



du = — ^ dx' 
2^^ 

2 du '= — dx 



1 2 

' e"^ du = 2a 



211 



\ 



1 V / ^ 

f il - X Sx; u = arc\ sin x 

0 




when x>= 0 u 
vhen X 1 u 

n/2 ' \ 
0 



I 
I 



Then x = sin u 



dx ='cos U' du' 



&nd 



A — 2 

Vl - X = COS'U 



n 
2 



cos u COS u du,= ^ + sin 2u 



«/2 



IT 



AT 



u = arctan x 



I sec u • sec u , 
tan u 




Then x 



and 



cos u , 
^sin u 



V dv 



■3 



-3 

1' 3 

- T- CSC U 

.3 



tan 

-2 



dx = sec u du 



sec u 



•J CSC*: arctan x « 
1 (1> x^)3/2 . . 



-"'212, 



9« (a) If X '< 0, then' -x = t > 0 and dx = -dt, so 



since, t > 0. 



- dt a log t 



j» dx t= log(-x) = log|x| since x < 0. 



(b) If a <vO <'b, ve vould vant 













b 












^ i dx + ( 




a 


X 











but these two integrals are infinite if indeed they can be said to 
exist at all^(see Exercise 7-6, No. 37). If ve persisted, 
votild arrive at the meaningless nonsense that 



1'^ a 



'1 



--dx = Log |o| - log |a| + log |b^ - log'|0|, 



meanirlgless ^because lo^ 0 Is iindef ined. We conclude that the 
integration interval [a,b] must not contain zero. • ^* , 



■r 
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(e) fr'^x 



1 



« ,19 




;2, f : X -> sin x 

Ca) 0 < X <*n 
n 



1 r 

m = - 



sin X dxt 



2 



. (b) ' 1 + 7n < X < 1 + 9;t 

ft — ■ M 

1 -V- r 



ri+9«. 

l+7« 



= 0- 

t 



m = 



. 1 



r 

J Tit 



sin X dx 



= 0" 



ERLC 



1 



(d> c < X < c + 27t 



= 0' 



c+2n 



sin X dx 




If ^ is periodic wit'h period a then f(x) = f(x +' na)^ n = 0, t 1, 
i 2, for all X. ' ^ 

Let m be the average value for the interval [x,x + a] 



m = 



(x + a) - X 



X-KX 



f . = 1 [f(x + a) - F(x)''- 



a 



X-KX 



where ^^^;^x) = f(x) and F»(x + a) = f(x + a). This' is true for all 
values of x^ even for a special value of x such as x = 0. Thus 

which is "a constant. , * 

f(x2) - f{x^) 

The a ^ rage value of -the slope of the tangent is simply -i 

. -^2 ■ h 

In this case where f : x -> x +1 then for the interval -1 £ x < 3^ 

10 - 2 ^ 



Alterribte solution: 



3 - (-1) 



Tlje slope of f : x -> x +1 is f'(x) = 2x. THe average value of the 
•slope is 



~ 3 - (-1) 

= 2 



2x dx 



-I 
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5l f : Xr-»xf 



f « 
av 



2 k 



dx 



x3 

T 



_ 1. 

" 3 



1^- 



'av 



6."- The average acceleration is 



1 



+ -i-)dt 



1. 7t 



3 12 r 

Lei , f : X -> ax + b' be a linear function. The average valu| of f on 
the interval p < x'< g. is y 



, Q - P J 



(ax + b>cbc 

P . 



^ bxl 



q - P 2 



q ' 



ra 2 



q - P 2 



q + bq - ^ - 



I: 



fB b\ /a . b\ 

= (2 P^2)^ (2 ^^a^ 



tiv) + f(q) 
2 



'i % 



erJc 



:^99 2,18 ^• 



\ 



Solutions Exercises 9-3 



(a). Cross -sectional area at x is n(3x) • 

/ ' ' 1 -2 
Average cross-sectional. area = ^ I Jt(3x) dx 

* Volume = (length) x (average cross' sectional area) 



(b) 



cbc 



(1,1) 




Cross-sectional area at x "is n(>^) = nx 

" i 



Average cr6ss-sectional area = ^ ^ '| nx 

1 

• (-1 ^ 0) 



dx 



. fl , 2 

Volume = (1 - O) • 1 jtx dx = jt ^ 




Average crbss-sectiona^ area : , . ^ 

' N 1 1 to = i^it X ' 



(d) 



y ' 1^1 




For -1< X < 0, y = l^l = 



For Ofi: X < 2, _ y 



= X 



so f t X -X. y 

so t X ■ 
- / of the volumes of the t.,0 -Solids- of , 
total volume ^ -J ^ ^^^^..^^ on the indicate, intervals. 
< revolution generated by these _ . ^ 

. ,. :.- ^/olume.= . .Lj.- '^'^^ Jo ^ - - 

-1 * " 



501 
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The required volume consists of a cylinder of 1 ^nch In radius 2fed' two: 
"caps" each formed like a shallow dofie.#^ ' ^ 




The value of -x for which y = 1 is x =i v^. Thus the length of the 
cylinder is 2v^ and its volume is V ;= n • 1^ • 2v^ = at V^f* 

The volume of the 2 "caps" is found by 



2v = a 

cap 



{h - Vl5) 



(l6 - X )dx 



= 2n(l6x - \-) 



2V 



cap 



= 2jt.[(6V -. ^) ■- (16 5 

^p- + = rt[^ - 23,^,+ 2;^] ;j'y[85 I - 20^1 c. * 

» jt(7. 87366) « 2U.7 

It is interesting to note that the volume of the cylinder is » 2U.3*. 
Very little is contributed, by the caps. ' ' m 



■f 



) 



9-3 



8* The-'Cnt98^sectiotial area will 
' be "the difference of the areas 

of two circles. The^Darger 
^ will have a radius 



'/2 2 
y = yr - x,, the smaller 

^will have a constant radius of 



/2 ^ 2 

Vr ''-*h . The cross-sectional 



^ ar^a is given by 



' C(x) . » jt(.( ri«^j»^5o^)--r'-{^''-*7^h^') ) . 



j((h - X ) 



V = 2 



(h 



(h^ -X^)dX 



2«(h X - \) 



3 |h 



4 

special values such as h = 0 
and h ?= r yield^ 

= 0 and = r'^. 

h=0 h=r 2 



- / 




9. The voluines desired in 'this problem 
,5^h' be 'accomplished by translations ,, 
of the shaded area in the figure. 
The lines ^ about which we wish to 
revolve will be the ax^s in the 
k revolved system* . 
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(a) Let us define the translation . 
' as T : (x,y) (x,y + k) 

Then T :'(y' = x^) y + 4 

or ^ y = x^ - 1*. 

The cross-section is^ 

C(x) . . (x^L 1^)23. 

=>«i-x^ + Sx^). - ■ 

^ Thus ; letigt'h X average . cfx) 

•2 



/ = (2 . 0) 



1 r ^ 4 2 * 

' 2^ + 8x )dx 

f Jo 



■5 8x3 |2 



n(- - .^ 



•) = 



221; 
15",'' 




(b)' Let the transformation be T : {x,y) (x,y 
Thus T : (y = x^) (y - 2 = x^) or y = 
The average cross-section is 

^ - , C(x) = «((x2 + if - 2^) 

* * • = nCx"* + l*x2) 




■'J . 
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I!-- 




i; 






• 

f 


0 






• 



The cross-sectional area is 

' „C(x) =«((v^.- '?) 

= rr{y - + 12) 

3/2 



Ir. ' 

« 



I ERJC ; . , 



JAi ... 



512 



2,31 



■dt 



Solutions Exercises 9-h 
tit) 



inflection 




If n = 2 t^ = 0, -t^ = I , tg = 1 



f(t) 



1 

2 5- 
i 

2 



(f(0)+ 2f(i) + f(l)) 



^1 + 2(|) + |) S Jis O-.TT? 



f(t) 



-2t 



f(t) 



(1 + t^) 



2n3 



On the interval [0,l], f^CtjU is maximum when t = 0. Then 
|f"(0)| =. I-2I. Let M = 1 and the error is at most 



12(2)' 



2? 



232 



(b) If /n = k then = 0, ^ ) = ^ , = 



and ti =1. 



it *- 


f(t-) 




1 




^ 16 . 


5 


17 • 




!* - 




< 5 ' 




; 16 




25 




1 


1 


2 



0.9^ 



p f(t)cit « + 1.88 + 1.6{) +1.28 + 0.5) 

Jo ' ' • 



When M = 1 the maximum error is „ 

^ - 12(it ) 



2^!! 0.783 



2(1 - 0)^ -.J^z p.OlOk. 



, The ?xact value of 



J 0 1 + ^ 



dt is found by inte'gration. 



= I a .785398 a .785 




(a) y 



0 ■ 
1 

2 
1 

3 
2 



1.000 

0.7788 

0.3679^ 

0.105*^ 
0.0183' 



r 2 2 ' . 4 

e-/^ -'dx » |-^( 1 + 0 . 7358 + 0 . 0183) , 

...-1^5.0.8771 



i 
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* (b) n - j e*^ dx » +1.5576 + 0,7358 + 0.2108 +0,0183) 



» a.88o6 , 



To determine the maximum error first find f* and f " 



2^ 2 
f » = -2xe"^ and f" iix^e"^ 



|f"| is maximum when x = 2. 

f"(2)| ^ |l6e^| 16(0.0183) z a.2928 

0,2928(2 i 0) ^ 

2 

12 • 2"^ 

» 0.0122 when n = I4. 



l^et M = 0*2928, then thj&^' maximum error is 
0J2928(2 - 0)^ 




» 0 



when n = 2, or 



12 • 



■ 

J 0 1 + t 



dt 



(a) n = 1 - Use the values of Problem 1. 
0 



-^dt«^(i + M^) +|) 
1 + t ^ ^ ^ 



' z!^z .783 
This is the same as the actual value correct to two places. 



Six such intervals are needed 




t 


f(t) 


multiple of 'f(t) 


\-l , 


1 

36 
37 

kO 10 

36 l4- 

^ 5 
36 9 
52 '13 

^ 72 


1 

2 
k 
2 

- 1 . 


1.005 
3.892 
1.800 
3.200 
1085 
2.361 
.500' 


✓ 




sura 


111. 138 " 



.01488 

/ 
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^ ^ - -^-^ J 0 1 + ,t . 

^ ... z .785U45*« .785U 

This is the same as the actual value ^orrect to four places. 

(Refer 'to Probleln 1.) - - - 

The estimate of error requires finding the third and fourth derivatives. 

-2t 



f(t) 
f"(t) 



(1 ^ t'f 



2(3t^ - 1) , 
(l^t¥ ' 

f-Mt) = ^^^^^^^ 
/ (l + t^)'* 

■^W,^. _ 12(t'* - 12t^ +1) , 



1 + t 



f^(l) = = M 

5U(l - 0)^ ■ ■ 

Then the error < '^-^ ^ ?: .03750 for n = 1, 



and 



180(2-1)\ 

the ^TTor < ^^^^ ' ^\ S 0.0002315 for n = 3* 
180(2. • 3) 



e dx 



— ^ 

X 


2 

-X 

e 


n = 1 


n ' 


= 2 


0 ' 


1 


f(l) = 1.0000 


f(i) = 


1.0000 


1 


0.7788 




'kf(l) = 


3.1152 












1 


0.3679 


Uf(i) = 1.4716 


^2f(l) = 


.7358 


3 • 
? 


* 0.105*^ 




'tf(|) = 


.U216 ■ 


2 


0.0183 


f(2) ='0.0366 


f(2) = 
' ^ 


O.Q366 




Sum 


* ^X^5082 




5.3092 
t 
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7"?^^ — ' ' ~ • p • — — Ix^^^^" ' 

(a) 1^ e-'^Sx ~ |-^(2.5Ci8in- .vKen ti = 1 
2 .83606 Z .Bk 

- (b) r e"^ dx « |-f-i(5*3092) ^7 = ^ 



" C ' To" -estimate the error we first- find M. 

f» = -2xe^ 

f" = 2^e (2x^ + 1) 
^ -x^ 



erIc 



fl'*)';i6x2e-V-3) 



/ 

r 

■. (• 

f^**^ is its greatest .at x = ^ on the interval 0 < x < 2. 
[Note: X = I is a zero of f^"".] ■ 



f('*)(0) = 0 



f^'*^|) 7.788 • 
s£5'*^(l)~~ 5.886 

Let M = 8 then the error is less than - 

.18(2^^ vhen n.= 1. 

• 180(2 • 1) 

and'Yess than 

8^^" ^\ z .005 when n = 2. 

180(2 -2) ' . . 



■( 



Let f ! X Ax^ + '"■'■^ 



Bx + (Jx + D where B » J o D = 0. 



The 



area [ Ax^ « ^(b^ - a^) by actual integration. . ... .iyy v i 

J a ' • ' ' ' 



By Simpsons Rule 
'b 



Ax 



3 , Ufi^^.tM] ' 

= Mb_^ [^3 , 1(,3 , 3,2^ , 3,/; -^3) , ,3^ 

« 

= J (b - a)(b3 + b^a Tba^ + b^) • 
= ]^(b , - a )/ 



,If f is convex then each point of 
•f between a and b is below each, 
point on the interior of the segment 
PQ. Thus the area of the trapezoid 
ABQP must be greater than the area 
■b 



found 




a+b 



B 



In the case of the Trapezoid Rule (3) the number n is the number 
of subinter^vals into which [a,b] is partitiosed. Whereas in the 
/case of Simpsons Rufle (8) the interval [a,b] , is actually partitioned 
into 2n subintervals . " ' 

In (3) n represents the number o'f trapezoidal regions and in*(8) n 
represents the number of parabolic regions into which f is 'divided » 
over- the do(nain' [a,b]» . 
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. From problem 3 we<found that < M.' In order to insist on accuracy 
to five decimal pieces, n must' satisfy this inequality. 

P^^^ - '0) - < .000005 



* ' l8o(2n) 
Solving an integer value of n, 



and 



l60nT 2 X 10^ 



3y <n^ 

61. 2k < r? 
8 < n 



3. log^ 3 



V 



^ will do quite well. 



(i) Trapfezoidal Rule: * ' ^ 

If we are to insure four decimal place accuracy tjien 



12n 



2 X 10 



V 



f : X-.- 



f «: x -^ — ^ 



f " : X -> 2 



,3 • 



Let' 2(f): <Mu 



2 - 



12n 



2 X 10 



, ^ . 163 < n 

We had better choose a different method! 

• tip'" 



c 
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T 



f Y Simeons Rule 



\ 



The required value of n mugt satisfy this inequality 
- ■ 2M3.- 1)^ . '1 



l80(2nr 2x10* ' ' .* 

2it • 2^ • 2 ' 1 0^ ^ It 

u — 

180 -2 

21* • 2 • 10^ 

1« 9 3 ' 

15 ' 10^ ^ h 

■ 5,333 < n"* ^ • 

_ , 73 .< ■ J 

9 < n ■ ■ 

We c^n let n = 10, This means that we must partitioi< the interval ' " 
fl,3] iOte 2n = 20 subintervals . 



r ■ ■ 







1 


Mult i Die 






X 


0 

^ Of 


X 


* t 


1.0 


1.00000 


^1 


1.00000 




1*1 


r> Art Art 




3.63636 




1*2 


.03333 


2. 


1.66667 






.70923 




3.07692 




1.4 


• (1420 


2 


l.'li2856 




1.5 


. 0000 ( 


h 


2.6od6T 




l.p 




2 


1.25000 


\ , ^ ' 


1.7 




1; 


2.35296 




1 .0 




2 


1.11111 




1.9 
2.0 


.52632 

K AAAA 
,50000 


^ 


2.1p528 
1.06000 




^ . 1 






1.90*^76 




o o 

£1 .£1 




2 


.90909 




2.3 


» f 43470 




. 1.73912 




2.4 


. 41DO ( 




.83333 




2.5 


.40000 


h 


1.60000 




2.D 


' oft)»<0 

. 304Dd 


2 


•76923 




2.7 


OTAOT 

.3i03f 


I; 


1.40l40 




o ft 


• 35 fl4 


2 


.71^28 








I; 


,1.37932, 




3*0 


.33333 


1 


.33333 


1 








32.9581^7^ 




• 



















4,. 



1^^^^" 5^15^^32.95^^^ . 



^P^l^866 

The actual value' of log^ 3 is I.O986I. Otr ansi^er' turns, out' to' 

• be^ correct to pla«:«s as directed. § ^ " -v* ^ " ^ 

1 . ' " «i 
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Solution's Exercises 9^5 



-1 < cos X < 1 
(a) 



rx rx 

-dt < cos t dt < 

Jo Jo - J'C 



dt 



-X < sin X < X 



(b) 



-t dt 



. - rx 
< sin t dt < 

Jo Jo 

2' 



t dt 



-^<l-cosx<~ 



J 0 " ~ " J " ^^^^ ^ I 



^ t^ 



dt 



x3 ■ x3 * 

- < x - sin X < jj- 



.(d) 



3 

0 



Jo 



(t - sin t)dt < 



^ .3 



3'. 



r dt 



2 if 



(e) 



- < cos X - (1 - iL.) < |_ 
1« 



- ^ < sin X- - (x - < 



dt 



If X < 0 we will change each result deg^ndlng on whether It Is an even 
or odd function* If f Is even then f(x) = f(-x)^ whereas If f Is 
odd then f(x) = -f(-x). ' 

•% 

(a) ^ -(-x) < sln(-x) < (-x) * ' / ' ^ ^ 

^ X < -sin X < -X, X ^ 0 - 

**''^-^ *" ^ 

2 2 

/ \ X X * 

•^■l " "2 1 " ^ £ "2" ' ^* These are even functions thus 

•p f(x)=f(-x). . 

(-x)" 



(c) (-x) - sin(-x) <,i:|l: 



; 3 
.3 



< -X + sin X < - ~T < 0. 
3. ~ 3' 7 • 



'."y^ , (a) - ff < X,- 1^) < > for all- x. 
(e) : L:^ < 8in(-x) . ((.x) . < 

2y < -Sin X + (x + |v) < . |r , X < 0 



3. f : X 'VTTlc f(o)*=: 1 

f : X -^kl + x)"^/3 ' ^ ^ 1 

f": X - 1 . |(i + xr5/3 ^ f..(o) _ I . ^ 

•f«": x.-.^ • I • |(1 + x)-^/3 ft»(6)=g 

, V , 1 ^2 ' x^ ^ 10 x^ c , 

P3(x)=l.-x--.^.^.^ ,^ 

112 5 3 
= 1 + - X - ^ X + X ' 

• If 4 

' f (x) = p^cx) + • ; 

On the interval [0,l], |f , (x) | is e maximum vhen x 0 and ^ 

lAo)|=g^<K. From (16), IR3I < K < K |f , 0 < x < 1. 

•Let X = 1 feince this is the maximum value of x on the interval [0,l]. 
Then ' r ^ ' ^ 



Ja) f : X ^ Vl + X, ' X on the tft:^val -1 <; x < 0 
f\ x-.i|(l.x)-^/2 , ' ^ ' 



tf\^(x) I < K 

K is maximum when x -> -1-. 
w . lim fV^(x) = CO 



X ^ -1 



m+l >^ ' 



! I |RJ 5 Urn -f, (x) ; 

- . ,1 ^ X ^ -1 ■ ■ 

!-':-- : ' 

, iThere is 'no error estima'te possible^near x = -1. 
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(b) A more realistic problem is'^to^stimate error over a closed interval. 
\We selectej^ "•5. ^ x < 0.' " 



\ 



Thus 



•3. ^ 2 
(a) f : x-.^-^ 
f ^ X -> 



02762. 



+ X 



f":. X ^ 



(1 + x)^ 
2'. 

(1 + x)3 



f(0) = 1 
f»(0) •= -1 

'f"(0) = 21 



(1 - x)" 



= 1 - 



^ 21 2 31 3 



2! 



3t 



1 - X + 



2 \ 3 ^ / ,\n-l n 
» V x"^ + ... (-1) X 



f("-^)(0) =-(-l)"-^(n - 1)! 



, ,N('n-l) - l)t n-1 



-1 



+ R 



n-1 



■'(c) For - P^(IO), \<^r~ 909,091 

This is very largg^ as should be expected. 



li. 5^ 

n -> 00 



' b ' vhereas " lim R 



n -> CO 

When X'> 1. Since p (x) is an alternating series, p (x) 
oscillates wildly n -><». 



245 



*i ^ ^ ■ -1 



111 2«. 



1111 



2,. 2 



2 2 



3^ 



f(o> = (|)' 



f"(0) = (|) 2'. 



f»»(0) = - (|) 3! 



'^(n-1) ^xn n'. 

X -» (g) (-1) ^ 3,^n+l. 



\2' 



(-) 



Xv ~ (2 -f x) 



"'^ 2(1 + |) 

/ 



As n' -» " the only values of x for which R^^,^ -» 0 is when 



f(0) f logg 2 

f'(o) = I • 



f'Co) = A^f 




f"(0) = (i)?/ • -2'. 



P„.,(x)= log, 2. 1-1(1)^(1)3. 



(-.1)""^ ,x>n-l 
n - 1 ^2^ 
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The 



J llmijt of n^^^ as n ->« is dependent upon (|)^% If ||| f> i 

then llin R^,i ->~. if |||<l'then lim R , o. ThusH 

• n^oo ^ ^ ' ^ ->co . ^ ' j 

r*" 0 < X <!2 is necessary for ^ o as n -> «, , 



8. (a) tari^(Ct + p) = g tan p 

. ; 1 - tan a tan ^ . . ! 

Let a = arctan f 

and p = arctan i ^ * " ^ 

3 

1^1 ' 5 
Then tan (a +.p) = ^ 3 ^ _ q_ 



Thus a + p = ^ 



(b) It = ^(arctan ^ + arctan i) 



The remainder term (22) gives us our estimate of error. 

J 0 1 + t ^ ~ J 0 



2n+l 

iR I <^ 



2n + 1 

Since two decimal place accuracy is reqj^ired- then • 

' ^ / ' 1 " * r * "t^ 

^(R^^^^^*^^ 2^ ^ R^(arctan |)) < 5'x lO'^ 

r (l)2n+l ' ) 

-also ^ r' (arctan i) < -| ' ^ 

n 2' - 2n + 1 • . 

. ^ ft* ' * . ^ «• ' i 

> and. \R„(arctan^i-) < -| ^- - > ' : 

n 3 - 2n + 1 , i > , 



/.ERIC 



3' 

We simplify this inequality to obtain • 

• ' • SxloV^'^^H.^^n^b <(2n.l)62< ' 

-Try n = 3; 1,852,000 < 1,959,552. Since • n = 3 ^just barely satis 
fies the irfequality ve'vill use n = ,to' insure success'.,- ' ' 
^- * 526 245- ' \ • , ',' 



jc ss lit arcll^n - + 



arctan -] 



1 _L_1 

^ 2 ^*|2ir ^ T?0 " 59S 3 " 51 m5 " 15309^ 

» 'i,lk096 - S.lk to two decimal places* 
(a) Let 0 = 1 arctan ^ and 3 = arctan . - 



Let 9 = arctan -r 

; 5 

- tan a = tan(2e + 29) 
^ 1 



c^^an 20 



12 



tan cc = tan 2(^9) 



12a 



tan(a - p) ^ \. .po 
1 + TT7C 



12 


120 




119 ' 






l'" 


28561 




2841^1 


1 " 


2^^561 


* 239 





Thus (a - p) = ^ . 



= 1 



(b) Before actually^calculating ? we must investigate the error 
estimate, . * - \ 

Let R be the error estimate for the Taylor approximation of 
arctan ^ and S be the erroi* estimae for arctan . The 

" total error estimate must be less than ' 5 X 10 ^. Since^ ^ 

li ' 1 1 * 

k • (i). = arctan ^ - arctan ;rrr] the maximum error will be 

h(h\K\ + |s().' We do'*not have to-'^use the same n ^or both R 
. and S. 



, 2n+l 



2n 4- 1 



and ^ S < 



(— ) 
^239^ 



2n-Hl 



2n + 1 



As a trial Jet n =• 1 to calculate S. * 



'n=l - 3 



1| X 10 



-8 



Let us try n = 3 fo.r R 
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1 . 5 ■ 



-6 



p.". ^ ! Mr I < 7.312 X 10"^ a 731,2 x lO"^ 

M»l '+ |sr< 733.6 X 10"^ « 8 X 10"^ 
The total error estimajje can nov be calculated. 

^[^^IrI + |s|] < 3.2 x\d[^ < 5 X 10"^ 



. ..1(1)3, 1(1,5).,^,,.. ^ 

• « 3.1^152^» 3.1^ to two decimal places. 
Obviously, we use<3-more terms than were necessary, 

10. (a) Show that log^ 2 = -7 log^ ^" + 2 log^ ^ + 3 log^ • • 

This is true- if 2 = • . (8i)3 

(b) , Each^umber ^ > 25 5o ^-^^^^ ^® greatest 

l^rror in any one of these Taylor approximations of the logaritt^ds 

" Vwill cxtoor for x = - r^r ;ty«fill this error R. 

TAe iniaximuln possible accuimll^ted errSv obtainable from summing the 
three seri«^ will ba; greater than |R| 2|r| + 3|r| = 12[r|» If. 
five decimal place accuracy is required then ^ ' * 

^ ^ ; 12|r| < 5*^ 10 ° ^ • 

'} -' * , must be satisfied. I' , ; . 

.J - n+1 - - ■ - ' ^ ,• "^<" 



•riien <y5 x lO"^ < 6'x lo"^ 



K'-- - .or . < n + r. ? 



n+1 • ^ y 



We find that<^n > 5 is the integer solution of this inequality. 



'•'y^->j Mjr^ '^' 9-5. 



i 



- ' ^ ^ ^^^^^^^^^^ 



v3^ x5 J 



2n-l 



+ . . . + 



n^--^^-- 3 ■ 5 ■ 7 2n 

i . n r X • n 



dt 



rx . r 
" J 0 1 - t' 



dt if' n is even, x 



dt i^ ^ is odd. 



"zr:~\'^ ^ ^ ^ T ' 
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Teacher* s Conanentary r 
Appendix 3 

M/VTipmTICAL'lNIXJCTION ■ , • ' , 

/ 

a?C A3-J.. The Principle of Mathematical Induction ^ ^ 

The P^nciple of Mathematical Induction may be thought of as a postulate 
tor the set of' natuVal nvimbers N, rather than as a postulate about legitimate 
methods of proof (Metamathematics) . Thus, we may state the principle in the 
following ;f ormr ^ * . ^ 

Let M be a Subset of N satisfying 

(i) 1 « M, 
(ii) if n t M> then n + 1 t M/ 
then *M ='N. • ' ^ 

We can then deduce the form of the principle in the text by setting M 
equal to the set of natural nxambers n for which A^ is true. 

As stated here, the Principle of Mathematical Induction can be used to* 
play a cejjtj|yKjrole in the axiomatic .development of the natural numbers • la 
Foundations nctf^ Analysis by E. Landau (Chelsea), the arithmetic of the natural, 
rational^ real, and complex nvmibers is developed solely on the bapis of the 
five postulated of Peano. The fift^ postulate is the postvila;te of induction. 

• Solutions Exerciser A3-1 

♦ , * V The solutions of several of the exerbises follow Jbhe.same pattern for the 
sequential s^ep.^ In e^ aase'Sp^r assuming A^, we add an appropriate term 
'^^^\o each side^ of the equation which is the eacpression ,of A^, and show that the 
resulting equation reduces to A^^^^. For br'evlty we give only the 'solutions 
of two such exer^isesj these will J)e» found below in "2 and 12, 

» . ~- St , 

1. Prove by mathematical induction that 1 + 2 + 3+ .. . + n=5-n(n + l). 

• • \ 

Follow the pattern giveft in 2. ' . • . . * c . 
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2* By mathematical induction prove the familfar result, giving the sujn of 
. an arithmetic progression to n terms: ' 

I a + {a rf- dX + (a + 2d) + + ^a + (n - l)d^ = |[2a rf (n - ,l)d]. 

Initial Step , a = 5<2a + 0 • d) =: a * ^ 

'^" sequential gtep . Assume Aj^ : a + (a + d) + (a + 2d) + ... + [a -p (k - l)d] 

= |[2a + (k - l)d]. ^ \ ' • 

• Add a + kd to botlj sides getting 

a + (a + d) + ... + [a + (k - l)d] + (a + kd) 

= |[2a + (k - l)d] + (a + kd) 

= ka + g d + a + kd 
2 

.(K.i)a.^^^f±^d " 

, ' . ' =^4^2^:^) 7 

k + 1 




w 



- ' . = {2a + [(k + i) - i]d) - ^ 



which is Aj^^-. 



This completes the proof. 



3* By mathematical induction prove the familiar result, giving the svim of 
a geometric progression to n terms: 



\- . ' ^ ^ -n-l a(r" - l) 

' * ^ ^ ^ r ^, 

KoHow the pattern given in 2.* 



Prove the fblloving four statements by mathematical induction. 



k. 1 >„3._^ 5 +' ... + {2n - 1)^ =.ft^" - ^) 



r 



Fj^low the pattern giveff in 2. 
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i n 
3. 2n < 2 



2 • k < 2^. 



2k + 2 < 2k + 2k, since k >1< 

< 2 • 2k < 2 • 



' Initial Step , 2 • 1 < 2"^ 

. Sequential Step , Assume 
^ Then 2(k + l) 

by -the assumption A^^ . 
'•Therefore 2(k + l) < 2^"**'^ which is A . ' 

ir 

' This completes the proof. 

o«» flr p > -i; then, for every positive integer n, (l + p) • > 1 + np« • 

* a 

Initial Step . (I'+'.p) > 1 + 1 ^p 
' Sequentdal Step . Assume A^^ : (l + p)^ > 1 + kp. 

Then, since p > -1,: 1 + p > 0, and we may multiply both, sides of* the 

'J 

inequaMty by 1 + p without changing its sense.^ * 

^erefore (l + p)-^"**"^ > (:{^+.kp)(l + p) ^ / . ' ' 

'"^ ^ > 1 + kp + p + kp and dropping the positive*'' 

'quantity kp^ we ^^^'^(l + p)^"***^ > 1 + (k + l)p which is 

This completes "t^lie proof. 



.^Pollov the pattern given in 2. ^ 

Prove the following by the second principle ot mathematical induotian.. 

S'^'For all natural humbers_^n,^_the number nr^ 1 either is a prime or can 
' t ' ' be factored into primes*".' — -c^-r-^.,c . 

We use the .second principle of induct^ion. 



Initial Step . The number 2 ^^s a pri^e. 1 ^ 
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f Sequentlal> Step . Let. be the statement of Exercise 8, and- assume 

'that* A -is true for all natural numbers^ s satisfying s < In 

* s ^ , 

^ other words, every integer, 2 , 3, i^, . . . , k + 1 " is prime or a pro- 
duct of primes. In order to prove we must .show that k '+ 2 either 
is prime or can be factored into primes. If k + 2 is prime we are done. 

' If not, we can write *k + 2 as a product of factors r and t both less 
than k + 2, hence, both less than or ^qual to k + 1. ^By hyi)Othesis, 
then, J)oth factors r, t must be primes or products of primes. It 
follows that k + 2 can be written a^ a product of primes and that 



is true. 



For each natural number n greater than one, let, '"^^ ^ ^^^^ number 
with the property that for at least one Dair of natural numbers p, q 

with p + q = n, U=U+U.. 
^ ^ ' n p q 

When h = 1, we define = a ^here a is some given real jiumber. 
Prove that U = na for all n . ) 

Initial Step . •= 1 • a by cdef initio^. 

0 

Sequential Step . Let A be the statement of Exercise 9* Using the 

second principle of induction we assume that for each number s < k 

that A is true. ^ k - 

s ^ 7 ' 

' ~ \+l established. But iftr^j^+i ' is .a^^al number such that 

for at le^st one pair of natural numbers, t and " ^ such that 

f + g = k + 1, 7 ' ^' 

. ' / Vl = ^f^^g\ 

we knpw that f /and g must each be less than_^or equal to kr; and 

therefore 0 and U are real numbers to which the sequential hypothesis 
f g 

may be applied. Theref pre - • » 

♦ 

- . - =^ f • a and = g • a . ^ , - . . - — ' 



and so 



U, = f . a' + g • a = (f + g) • a = (k + l)a 
k+1 



which is • 

This completes the proof . 



. 2^2 



10, Attempt to prove 8 and 9 f the first, principle., to see whaf difficulties 



arise; 



, . In 8 note that the sequenMal step is based essentially upon the fact that 
■ "r and t are each at most k+1, not necessarily equal to k+1. It 
■•- .voUld-therefore be imposfe^le to derive A^^, from A^ alone and. wfe can- 
not employ the. first principle. Similarly in 9, «e toow only that f and 
g. are at most k, not that they are^necessarily equal to k So we need 
to be able to refer to A^ for s < k, not to just A^^. ' - . 

. In 'the next three problems, first discover a fanmila for the su^, and then ^ 
■prove by mathematic;£L induction that yoit are correct. 



11. 



J:_^ ^+ 1 + ... + , 
-To * 2 - ^ 3 • ^ n( n + ItJ 



-1.2^2-3 3 

To discover the formula for the sum, we might try writing down the sums 
in succession. 
Thus ; 

1 .1 J 

1 i + 1 

^2 " *^ 2 • 3 " 2 ^ 3 

4 



we guess 'S^ = and -try /to f-r^t 

■far tS^ropf tCdimi the pattern of ^. 



IP l3 +2^ + 33 + ... + n^ ; (Hint^: Compare the .sums you get here with . 

Liies A3-la A3-lg in the ^ext,.or, alternatively, assume that the 
•-. .required result is a polynomial of degree k.) , ■ 



To guess t the sxm 

S, 



J we write down in succession the folj-owingt 
' l3 = 1 = 1^ = 1^ • " . ' . • . • ■ N 



1 + 2^ = 9 = 3^ = (1 + 2)^5 



3 = ''9 + 3^ = 36 = 6f =(1 + 24^ 3)S 

S, = 36 + = 100 = 10^ = (1 + 2 + 3.+ ^f' 
1+/ 
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We guess therefore that S = (l + P + ^ + - + m ' 

. , n ^ + ... + n; , To prove this 

directly by induction is quite messy (try it), but if we remember froa 

Muniber 1 that 1 + 2 + ^+ n(n + i) 

nai; J. + + 3 + . . . + n = ^ ' ,.we get a formula much 

easier to prove: l"^ 2^ +'...+ = J^)^. ' I* 

Now w^ follow the pattern of 2. • 

. * 

Initial Ste£, 1^ = ^fjJl^Jljjf ^ ^ 



Sequential Step , Assume A, : 1^ + 2^ + . . . + = ^^(k +*l)^ 
Add (k + 1)3 to both sides, getting the following: 



l3 + 23 + ... + k3 + (k + 1)3 = 1)^ ^ ^ 

\2,.2 



This completes the prgof . 



. = + l)^(k^ + l|(k +\))] 

'it — ^ 

_ (k + l)^((k 4- 1) + 

! 5 \ ■ > 

which is A, , , 
k+1 



13. 1 # 



^2le fs-lg In^L'^tex^!) ' •} ^(Hint: Compare this with 



To guess the sum we wri'te down in succession the followi)ig: 

= 2 

;.,+ 2 • 3 = 8 . • , * . ' 



= 1 • 2 



= 8 + 3 . 1+ = 20 ^ , 

r . ^ = 20 + Ij. v5 IfO. - - ^ 

This does not seem to be getting us very' far. We try'another approach.' 

'If you have-wprked Example A3-lg (and remember It), try writing S in 
this fasliion/ ' ' \' . ' . ^ ✓ • 
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« =.1 • 2' + 2 • 3 + 3 • ^ + + n(n + 1) 

•= 1(1.+ 1) + 2(2 + l)'+ 3(3'+ 1) + ... + n(n + l). 

p p p * p ' ' 

' = 1 + 1 + 2"" + 2 + 3^ + 3 + . . . + + n 

= (1^ +"2^ + 3^ + ... + n^) + (1 + ^ + 3 + n) 

" ^ n(n + l)(2n + l) n(n + l) D(n + l)(2n + 1+3) 
6 ' ^2 6"^ ^ 

_ n(n + l)(n + 2) 



Another way of" guessing this formula would be to as'&ume/ as in Exampl 
^A3-lg, tp&t since the general term in is quadratic, the formula 



might be cubic 

• I'- 2 + 2 • 3 + 3 • 1| + + n(n + l) = an^ + bn^ + cn + d 

and then let n take on the successive values 1, 2, 3, and h to 
• determine a, b, c, and d. Thus, by successive subtractions, 

a+b+c+d=2\ ^ 

/ ' 7a 4- 3b +.C = 6n 
8a + kh +-2c + d = . . > 12a + 2b = 6x 

> 19a + 5b + c = 12^' ' [ 6a = 2. 

27a C 9b + 3<i. + d = 2o|^ . . > l8a' + 2b '8^ 

\ 37a + 7b + 'e = 20^ . ' 

6ka + l6b +'lic + d = kO^ 



Therefore ^ 



and 



1 t 2 
a = b =,1; c = d = 0^ 



n 3 3 ^ -3 

Th^ proof of theS^esults fjbllows.the pattern of 2 and 12, 

Prove for all positive integer^ n, 

Check the initial step* ^ 

Asstune* A^, and multiply l)oth sides of the resulting equation by the 

appropriate factor, and reduce to get A . . 
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J 



,n+l ' 



Prove.that (l + x)(l + ^ )(l +'x )...{}.+ x ), = ^ _ • 

J , I ' 

! ^ - . 

J^oUov the pattern of Solution 1^^. - ' 

- ! ■ * ' • ■ ' * ' 

Prove that n(n^ + 5) is divisibl^e by '6 for all integral n. 

i _ ■ ■ ' 

Initial Step , l(l + 5) = 6 and this is divisible by 6. 

Assume^ A^^ : k(k^ + 5) = 6p where p i^ a positive integer. ^ 

'Consider: . ^ 

(k + l)'^(k + 1)^ •+ 5^ = (k + 1)3 +\k + 1) . ^ 

= k^ + 3k^ 1 + 5k + 5 

' ' . ' =; (k^ + 5k) + (3k^ + 3k) + 1 + 5 

= k(k^ + 5) + 3k(k + l) + 6. 

By .A, we know that k(k + 5) = 6p, and since ^ k ^ is a positive 
-integer either k or k + 1 is an even integer. Therefore the second 
term is divisible both by 2 and by 3, and therefore by 6. Finally 
we get . . ^ " ' 

(k + l)Kk + 1)^ + 5) = 6p + 6q*+ 6 

= 6(p + q +1) 

» _ * * * 

and this finishes >4he V^^^y since we knov. tliat'the sum' of three positive 

integers is a positive integer. 

Any infinite straight line separates the plane into two partsj two * 
intersecting straight lines separate the plane into four parts; and 
three nop -concurrent lines, of which*no two are parallel, separate the 
plane into ^even parts. Determine' the number of parisi into .which t^e^ 
plane is separated by n strailgbt lines of which no three meet in a 
single common t^int and no two are parallel; then prove yoiir result; 
Can you obtain b »more general result when parallelism is permitted? 
If concurrenfce is , permitted? If both are permitted? 

Both our method of gues#ing the answer and our ^ proof Vill be sequential • * 
Let R be the number of regions into which the plane is divided by .n 
lines of which no two are parallel and no three are conciirrent. If we 
draw an (n + l)-th line under the same conditions, it must meet all the 
other lines in n new points of intersection. Ih crossing n lines It 
must go through \ + 1 regions of the plane, dividing e;^ch region 'into 
♦ two parts, thus. adding n + 1 neV regions. We conclude that 
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Since JRj^ = 2,^^J^s is a recursive definition for R^. We have, ' • 
plainly, ' ' ♦ ^ 

R =2 + 2 + 3 + l;+,,,+*n=: ~{n^ + n + 2) 

and this result can be obtained directly from the recursion formula by 
a straightforward induct ioq.V . . ' - 



If parallelism is permitted, each pair of parallel lines existing reduces 
by' 1^ since one crossing is eliminated'^ tIius if p li?nes are 

parallel, you can pick " pairs of parallel lines and there will 

^ ft 
be this many fewer regions ^ ^ 



n(n -H 1) (P - 



Poi* example if four lines are drawn, three of which are parallel, there 
will be - . , ' " 



regions . 



Similarly, any line which concurs with an already existing intersection 
point reduces the total number of intersection points by one, and the 
number of regions of the plane by one. Again"* we rmxB^ remember, as in 




R, =11 







/ 



nr='t, p=0, 0=0- n=U, p=2, 0=0 " n=U, p=0, o=3 . ri=K, p=2, o=3 



R^=10 



R^=10 



the parallel case, that pairs of extra concurrencies must all be counted. 
!rhus if c lines concur a^^one point 



R 



1 + n(n -H 1) (c - l)(c 2) ^ 
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^ jr a line provides both a case of parallelism and a case of concurrence, 
^ it must be counted each way in reducing the number 'of regions, as is 
shovm i4 the figure. In general if there are j families of parallel 
lines with p., p^, p, lines in each family and k families of 

. , concurrent lines with c^, c^, c lines in each -family, we have 

H-=rvi%tii - -• 

n 2 ' . ^ 

.: K(P,-i) P,(P,-if jjv, - 1) 1 

- L 2 ■*■ 2 • " 2 J 

• r(c^ - l)(c^ r 2') (Cg - 1)(C2 - 2) * {c^ ^ l){c^ - 2)-] 

' ' V 2 2— ,^ • V ^ 2— ^ 

The proof of this is too lengthy for insertion here. r 
l8. Consider tlie sequence of fractions 

' ^ ^ 1 i 1 ^ 

1 ' 2 ' 5 ' 12 ' q' ' ^ 

^ • ^n * . . 

where each fraction is obta&ed from the preceding by the rule ^ 

P 1 + 2q ^ % 1 . 

^n-1 ^n-1 ^ ' ' 

Vi'-'Vr ^ 

Show that 'for n suffi^ciently large, the difference between**— and 

^n 

1/2 can be made as small as desired. Show also that the approximation 




to '/2 is improved at each, successive >tage oi" the sequence and ^hat 

the error alternates in sign. Prove alffo that --p --and q ore 
^ n II 

^^ p 

' n 

relatively prime, that is, the fraction — is in loweist terms. 



. ^ ^ ^ Let the error at the n-th stage "be denoted. by = ^» We may 

define the error e \ at the n'ext stage^^cursively in terms of e 
n+1 ^ 



as-* follows : 



p + 2q 



^ + 2 

!s ^ 

^ + 1 



o '^^^ 258 



•ERIC 



■ - ^ . > - / , , / ^' ' 

- * , ! 1 ' * ' e + 1 + >^ . ^ ^ ' i 

. - ' " * * • . • ==V^ — 7 •» 

^> • . - ' ^ e - + 1 + 

*-/••'«*' * * 

* -I • - 

Siiyje. i*- is 'negative, it f<^ows*ti»t e^^^ has^ the 'opposite siga 
* ■ ^ront *e T "^an^the sigrutitemfffces if th« denominator is shovn to be s 
, positive.. We shall prove Tjy induction that*.^r^^| < and thereby show 

simultaneously that the denominator abov^ is positiVe, and that the 
error- can be made as pmall as desired by taking n sufficieiitly large 

Iniiial» Step > |e^| = jl - = .^^1^^ f g 





Sequential St'ep > Assume je^J denomina-^r of 6^+^/ 

we have r . . - ' . -^C^ \ 

' ' e^V 1 .+* >^ > ^ +4 *'j2 >-|+l + V?>| + i^'>l. 

We- also 'have - i/2 * 1 <^ * . ' ' ' ^- 

It follows from the recursive expression for e^^^^ tha 

To prove that p and q have xiO comon factoi;rother tl:Sln ^ 1, -tre note 
that i , - ^ ^ ■ ' ^ . 

. Pn = Pn+1 ■ Vl' = ^Vl"'" ^'n+l' 
.We then reason inductively as follows:- * ' . 

Initial . Step . The only common facl^r of p^ and of -q^ is 1* 



Sequenti^a^tep i Assume p^ and q^^ have no comniofi factor other than' - 
1, If P]^^-^ ^nd'' ^^^^ had such ^^ggon f^ctof, then, by the above * . 
tomjOta it^'would hJstve to be a'^commoxSH^or of Pj^ and , . 

Contradiction i ' \ ' - - 
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19. Let p |e Any polynomial of degree m. Let' q(n) denote the sum 
|; '^' (I) f q(n^ =p(l) + p(2) +p(3) p(n), « 

{' ^ . . ' . Pfove that there is a polynomial q of degree m + 1 satisfying (l). 

f laiitial j^tep * We obserye that if p has degree *0, then p = c where ' 

t , c is a constant and we have*' 

■' ^ t 

i • (1) , -pd) + p(2) + ... + p(n) = c + c + c + ... + c = cn. 

I ' ► 

^ Hence q(x) = cx -is a polynomial of first degree satisfying the condition. 

i * * *• * 

Sequential Step . We assume that the theorem is true for any polynomial 

'p of degree less than or equal tt> k-. Let 
j * 
. ' (2) . :p(x) = ax^""^ + p^(x), (a-^ O) 

"Vh^re the degree of p^ is <k.. 

Next we .observe that, " ♦ * • 

> wljefe the degree of is' ^<k. This fact has to be proved by indue- 

tion, unless the binomial theorem is taken fo^ granteid* It will 'be* 

^ proved afterward . Setting \ 

ft ^ 

\^ , / 1) X = tk + 2)x + PgCx) 

. and solving for. x we obtain in (2) 

S where . p^{x) = p^(x) - ^^^,^2^^) 



and therefore the "degree of ' P^^^) ' 5 k» ^ 
Consequently, 

^ - V \ P(l) +P(2) + + pT3^l = 5^ {(2^-^2 ^ 3L^+^^ 

/ ^ .(3'-^'-2^-^2)...:.[(n. 1)^-^2 _^k-H23^3 



+ p^d) + P2(2) +^... + p^Cn). 



By the induction 
'^^ such that 



hypothesis, there e^^ists a q-^Cx) of degree 4 k + 1^ 
.qi(n> = PjCl) + ... + p^Cn). 
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Furthermore the expi^ession in-^raqee reduces by successive additions 

k4'2 ' k+2 * * * 

subtractions to (a-Kl) - 1 /''and we obtain the desired polynomial, 

where ' ■ q(n) = p(l) + .... '+-^(n). ^ ^ . 
Now we prove (3): ' 

■ Initial Ste£^ If k = 0, (x + l)^ = + CO + 2)x + 1 and the degree 
of 1 is 0. ' , ^ 

Sequential Step , (x + l)^''^ =^x?''*'^(^x,+ l) + (k >2)x^''-^(x + 1) + (x + l)p2(x) ^ 

^ ° . ' = x^''3^(k+3):;^!^+.[.{kt2)x^''^+(x + l)p (x)f 

fx 

Let the function f(n) be defined recursively ^s follows: 
Initial Step , f (l) = 3 

Sequential Step . f(n + l) = 3^^"^ 

* 27 * 

In particular, w6 tia-ve f{3) = 3 =3 , etc; T * . * 

Similarly g(n). is defined by 
Initial Step . g(l) = 9 , ' ' \ 

Sequential Step , g(n + ij = 9^^"^ • ' ^ 

Find the minimum value m for each n such ^t hat , f(m) > g(n). 

It is easily seen that g(n) > f(n) for all n. We shalT prove that 
f(n +1) i> g(n); to^ all n and, hence, that m = n + 1 is the least 
value for which f(m) > g(n). ' 

Initial Step ; If n = l/f.(2) = 3^ = 27, and g(l) =9- Consequently 
^"(2) > g(l). * More ^strongly, f(2) > 2g(l),+ 1^ and we shall prove 
generally f(n + l) > Sg{nr) + It - . ' * 

Sequential Step .' Suppose: " 

f(k + 1) > ,2g(k)'*+ 1 > g{k). 
Then, . " ' 

f (k 4 2) = 3^^^"^) >-32g(k)+l > 3 . 32g(k) 



' > 3 . 98(k) > 3^(1, ^ 1) 

, > 2g(k + 1) + 1 
' • > g(k + 1). 
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•'2.lJ^ 'Prove fb^sy an natxiral n iihat — " {\'' 

is- an integer.' (Hint; Try to express - in terms of 
n-1 •n-l n-2 ' , \ 



Let f = ^ — " " • We will use the second principle . 

n ^n . ' . 

- ^ - -.' 

Initial atep. p. = ' " . ^ ^ ^ " ^ ^ ^ = 1 

p _ (1 + v5)^ - (1 - 1 + 2>5 + ^ - 1 +'2v5 - 9 



Sequential Step ^ Assume F* is an integer for aid 's < k, 

(i + >^^^^ - (1 - ^^^^ 
Consider. F^^^ = ^ . For brevity we 

write 1 + = X and 1 - = y ., 

Then ' . . 
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. K+1 k+1 _^ k k _^ k • k k+1 

- y _ X +xy-xy + xy - xy -y 



k+1 2^*^ S ~ 2^*^ S 

,k-l 



x^x + if) " xyCx^"^ - y^"^) - y^(x y) 



(x + y) (x^ - y^) ^ xyix"'^ - y^""^) 



y f x -*y I xy ( X - y ) ; 



x_ 

(1 ^ >^ Ml - (l^'>^(l -v^ r ^ 

2 ^^k-1 



^k ^k-1 • 

but by the asstmption of the sequential: ^tep we know* F, and R n 

ar« integers.. Therefore F^^^^ is .an integer, This 'completes the .^-^ 

theorem. ^ • * • 
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1 I ff-r 

Which of the following atatemerits are true and which are false? Justifjr 
your* conclt^sions. . 

. 10 



(a) 53 ^ " ■ ^ " . . 

^(b) ^ = ^(n - m + 1) 

^10 9 • 



lc=L k=l 
1000- 1000 



k=0 . k=(f' 



n n ' n 



k=0 k=0 k=0 

(k) 2] k'(^k- - \-k) = E \-k 



y 



,k=l k=3 

he) E k^-„3.^0;i): 
^ k=l 3=2 ^ 

10 /lO \ 2 ^ - ' 

m=l \m=l / 

10 "'• /lO \ 2 

in=l \m=l / 

n n-1 

' ^^^"^ - i) =^ i(i - l)in - i) ^ 



k=0 k=0 k=0 

m " m ni 

^ E^ 'm-k 

k=0 k=0 k=0 - 
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(a) : iklsej- 2^ = S • = 32 

(b) . True ' • 

10 9 9 

Cc)^' -Falser ]^ »^ 10^ S ^-^^ 2 
k«l' k=l * • k^l 

(dl .^True 
^ (e) ;True 
(f) > False; unless k = 0, 
-(g) '.False; unless k = 0, 

(h) True; the missing terms are zero. , * ^ 

(i) True; m - k takes on the same values as k, 

> n n -f ^ ^ - 

(J) ^^e/ ^y(^)- 

■ ksO . ^ • k=0 , ^ ^ 

(k) True; follows by "applying (i) to (m^ - 2mk + k 

^ - k=0 



Evaluate ^(^^(^'T^) = x^, a = 0, b = .1 and 

kil . ^ , , ^ 

(a) n = 2 • ^ I ^ ^ 



'(b)^ n = I* 
(c) n = 8 



i2 
32 

102 
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5'. Stibdlvlde the inteWal [0,l] into equalT parts. In eahh subinterval ' 

obtain upper and lower bounds for x . Using sigma notation, use these 
upper and lower bounds to obtain expressions for upper and lower estimates 

of the area under the curve y = x^ .on [0,l] . If you can evaluate 
these svmis without reading elsewhere, do so. * t 

n * 



LI k 1 
- (-) = lower sum + - . 
n 'n ^ n 



" ^ . k=l . . 

6, (a) Write out the sum of the first 7 ^erms of an^'^arithmetic progression 
\»ith first term a and common difference d. Express the same sum 
in sigma notat^n. 



• • • (a) + (a + d) + (a +^) + (a + 3ci) + (a + ltd) -fc (a + 5d) + (a + 6d) 

7 

= ^ {a + (n - l)d). 

' n=l 

("b) In sigma notation, write the expression for the^;sum of* the first n 
5* terms of a geometric prsgression with first term a and common • 
ratio r. ^ 

* / 
7. (a) Consider^ a function f defined by — 
n > ^ 

. * • f(n) {(r - l)(r - 2)(r - 3)(r -^it)(r ^- 5) + r). 

Find f(n) for n = 1, 2, . ♦ . , 5. 

f(n) ^or n =1, 2, 5. 
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(b) Give'.an example of a function [s (similar to that in '(a)) such 



g(n) =1, n = 1., 2;, 10°, 
g(lO^+'l) = 0. 



g(n) = 1 - (n - l)(n - 2)(n - 3) ... (n - 10^) 

8. -Write each of the following suras in expanded f^ and evaluate: 
JL / 3 



that 



(a) 



n=l ^r=i . J 



(b) 



k 




E 


{l(n - 1) + 2( 


n=l 




K 




E 




n=l 




N 






{(n - 1) + (2n 



'4 

2) + 3(n - 3)} =2 {6n - 1^3 =\ 
n=l' ■ 



-■) + ... + (Rn - 1)3 =^S(RKE±ii . R 
. n=l . ■ . 

9. The double sum, is a shorthand notation for 

1=0 j=0 , , 



2^ (fC^,0) + F(i,l) +F(i,n)} or F(0,0) + .F(0,1) + ... + F(0,n) 

i=0 • . ' • • 

T'f(;L,0) + F(l,l) + ... + F(l,n) 

• • • 

+ Fdn,-©) +'F(m,l) + + F(m,n). 
In particular, • . , 



a 3 



i'j = i'il + l*2+l--3+'2*l'+2»2+2 



Evaluate:. , 

•i=l J=l 
m n 

1=1 j=l 



m .n 



(c) 2^max{i,j) 

,i=l j=l 



m n 



1=1 j=i 



(a) 



i=l ^ 



1) 



• . , ^ n(n + l) , n(m)(m 4- l) inn(n + l). _ inn(m 4- n 4- 2) 
(b; ^ ini + -J = ^ 2 2 " 2 

i=l . , _ = ^ 

(c)' If n we have - - ' . 

"tit- 1 >\ - 1 * ^ ■ 

1=1 , t j=i ■ j=i+i ^ 1=1 . ; . 



+ 1) 



1=1 



1=1 



(m - l)m(m + l) inn(.n + l) 
= 2 

For m > n> just Interchange m and n (by-symme txy). 



1^^ 



(d) This caaalsb be done glmiXarly, i*e,,, 
m / 1 



1=1 ^ J =1 j=i+i ^ / 



L=l^j=l j= 

Alternatively, 
>«ni n 

{max(l,j) + mln(l)j)} =^ (i + j) 
11=1 5=1 , V 



m n 



1=1 j=l 
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-..^v. Now use* (i)) and (c), to giVje 

m- n ^ ' * * 
' \ ^\"^ , a\ «i n (m - l)(m)(m + l) > 
V Z^Ij "'^''^^^^ ^ ~ " ^ 6 ^ • 

10.- Oa) Sh^ that. 5^^^^ =5^-^ ' V 

1 1 k'^ (k - 1) ^ / 
k - 1 k " (k - l)k ^'TcCk - 1) > ^ ^ ^• 



* ' 1000 

(b) Evaluate ^ ^(k ^ l) * 

k'=2 



1000 1000 

E l / 1 h _ ' 1 1 i99. 

k(k 1) " '^k-l"r 2-1' 1000 lOOQ*: 

k=2' ^ . k=^ ' . ^- ^ 

n ^ . 

In general, ^ ^(k - l) ^ ^ '\ ' ^ " ^ ' 

^ 

. n * « 

-11. ' If S(n) = f (i) determine f(m) in terns of the sum function S. 
.1=1 ^ ^ . ' » ' ^ 

. f(l) = S(l) 

S(nf) 7 S(m -1) - ]^ = ^W, m > 1. 

^ , i=l 'i=l ' 

12. Determine f(m) in the'fblloving sumnption formulaei ^S^e Ntunber 11.) 

(a)- 1=2^ ^(i) " ^> ^(^) =^>n > X. 

i=l 
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♦ O 



|«-.,' ,1 :, (Jj) n=2f(|i)' f(ni)i= 1, ni.>l. ^ * ' 



1=1 



' n 



(c) =^ ^f(i) ^ f(jn)^= - (m - l)'^ = 2m'- 1, m > 1. 



i=l 



(d) an^ +bn +c =^ f(i) f(l) = a + b + c, 



f(m) = am -♦:bm+ c - a(m - l) -b(m-l)-c 
= a(2m - l) »+ b, m > 1. 



n 



(e) cos nx = ]^ ^(^) ^(i) = cos x, 



i'=l 



f (m) = cos mx - cos(m - l)x 

= -2 sin I" sin(m - ^)x, m > 1.^ 



(f) sin(an + b) =^ f(i) f(l) = sin(a + b), 

• ' * ^""^ f(m) = sin(am + b) - sin|a(m - l) + b) 

a / ^ a\ 
t = 2 sin coslam + b - ^I, 



m > 1. 



(g) n! . = 1, 

f(m) t= m! - (m - l)! 



i=l 



13. Binomial Theorem; 



(m . l)!(m '-*!), m > 1. 



n * n' 

We define (^) = ^y,^, - where r,' n are integers such that 

*0 <.r <'n. Also Ot = 1 and =0 if' r > n. Show that-j 



ERIC 



^ "552 270 



nl J nl- 



^0^ " n'.O! ' n! •! %- 

/n\ nl nl- . 

* (n-l)!ll.f (n-l)l(n-'(n -l))l 



> « 



ft 



= (n - 1)1 V\ 



r' = <n- r) lrU^" (n - r) !(n - (« - r)) I 



( ) 



4" • 



-t ) + ( ) 



n'. ■■ ^ n'. . 

= (nrr^Ir! (n - r - 1) Ur + 1) ! . 

' nl Cr + 1) ' , . n'.(n -r) 

, " (n-r)l(r + l)! (n*r)Ur + l)! . 



n'.(nA) / (n+1)! 

(n-r)i(r + l)'. W-r)«.(j:^-l)! 



(c) Establish the Binomial Theorem^ 

■•^ n . . 

r=0 - ^ * ■ ' ' 

by mathematical induction. f 

For n = 1 ; (x + y) = (^^^^' + ^"^^ = x + y- ^ ^ 



' k 



'Now 



assume (x + y)^ / ^ 5^^'- 



r=0. 



We show this implYes the truth of the theorem for 'k = n + 1. 
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r=0 ^ ' . ' 



(using (b)) 



I 



n+l-r r 

2C y 



% n+1 

k ' * . 

Z/kv k-r k ^ , 
(^;x y ^ where k = n + 1. . , 

lU- Using the binomial •theorem, give the expansions for the following: 

t' '(a);(x ^ y)3 ; (x+y)3= (3)x3 + (3)x2y + (3)^y2 ^ (3).y3 

' » . = x-^ +3x x+ 3xy . + y^ 

. ,(b) ^ (x - y)3 (x- y)3 = - 'sx^ / jxy^ . 3y3 

■ (c) (2>^ - 3y)2 ^ C2x -Vy)^= (^)(2x_)3 + (3)(2x)2(.3y)^ 

+ (J)(2x)(-3y)^ (3)(^3y) 
^x^ - 36x^y + 5l*xy^ - 23y3 , 




U) (x'^;|y,^5 (x - "2y)^= (^)x^(5)x'*,(-2y) + (5jx3(.2y)2" - 

+ {l)x^{ -2yy^V (5)x^2y)'* + (^)(.2y)5 
= - lOxV + ItOx^y^ - SOxfy^ + ^Oxy'* - 32y^ 
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n 


n 

/r=0 


r 


P„(0) 




= 1, 


p„(l) 






P (2) 
n 






p M 

n 




for 



i,,,xi^..... . . x(x-l) ...^(x.-r.. 1) . 

1 • 2 r. 



.2. 



n by Number 15(a) ^ and thus 



satisfies our requirements. 

Pjn.i),= ("J^) .-'(";^) ...... . r^y 

n+1 
* r5 



Solut^Lons Exercises A3-2b 



"Write the 'following sums in tele^oping form, i.^-j in the form 
n ^ 

E{)i(k) -'u(k'- l) )| and evaluate 



' (a> ^k(Tc 1) - (e) 

k=l ■ k=l 

' n ■ ' n 



(c) 2^2k(?^ 2-/^ * ^• 



k=l k=l 

? ' ._ ^_ ' ' * ; ' ' n 

/;.(d) ^ k(k -f- i)(k 2) ; (h) ^ 

ki=l , ^k=l 



k 

r 
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■ k=l . , 

3< 



'(b) k(2k - X) = 2k(k + 1*) - 3k. Using (a) and 3k = |{k(k + l) - (k -l)k), 

2n (n + l)(n + 2) 3n(n + l) 
the sum is - — 2 ' 

- : • f , 

. (c) 2kC2lc + 1) = l^k(k + 1) - 2k.- Using (a) and (b), the sum is. 

iiSi!L±-iKlL^l n(n + 1). 

3 . , . . ' 

Ca) Here, u(k) .= k(k ^ l)(k 2)(k ^ 3) . and the sum is 
n(n + iKn + 2)(n + 3) . ' ■ ' ' 

(e) k^- k(k + l)(k + 2)' - 3k(k +' l) - k. Whence . • 

, , Wk ^ lUk .+ 2)(k + 3) 3k(k + 'iXk + 2) _ k(k + l) . 



/ and the sum is 

nfn 4-.l)(n ^ 2)(n ^ 3) . + V 2)- - ll^i^Ui 



(f) Here, u(k) = - ^(^ , i)'; . 

(g) ' Here, u(k) = (k + l)'. and the sum is (n + l) - 1. 



k+1 k ' ]_ ^ 

(h) Here, -u(k) ='^TT' r -"l ' ' ^ ^\ ... 

- ■ . - ■ .... - .. . • . 

2. Using ^ {u(k) - u(k -"1)) = u(n) - u(0):_ establish a short dictionary 

I -(a) (a + kd)(a + (k + l)d) ... (a + (k + p)d) - '^ 





The reciprocal of (a). , 


, (c) 


k 

r - ^ 


(d) 


kr^. ' " . 


(e) 


v2 k ■ ' \ 
k r , 1 


.(f) 


k'. - , ; 


(g) 


(kl)^ 




arctaii k ' , 




• k s,kn'k - |- \ 
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(a.) (P + l)d2(a + kd)(a + (k + l)d)'.., (a + (k + p - l)d) 
• ' ksl'. ^ 

= (a + nd)(a +.(n + l)d)...(a + (n + p)d) - a(a +d) .. . (a + pd) . 

n 

. (b) (p + l)d2^,{(a + (k"- l)d)(a + kd)...(a + (k + p)d)r^ ^ 
k=l • , • 



xJa(.a + d)...(a.+ pd))"^ - {(a + nd)(a + (n + l)d) . . .(a + (k +'p)d) )" 
n 

(c) .(r « l)]^r^-l'^. 1. 



k=l 



(d) (r-X)^kr^-l+2^rk-l^^n 



or 



k=l 



k=l 



(r - l)r",- r" + 1 
(r - 1)2 





k=l k=l , 

(N«(w use (c) and (d).) , - 

n 

(f) ^ (k - l)!(k - 1) = nl - 1. 
k=l ^ « 

n • ' 

(g) - l)f(k - l)\f = . 1 



k=l 



arctan 



-•»= arctan n 



^1 



k - k 1 



(i) ^sin |) ^ k cos(k r i) = n sin n sin(k - 1 



k=l 



(Nov use Equation 8.) 
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' 1 



3.^Simplify.. 



Since 



£i n X sin ^ ^ ... ^ ,,„({o. ' 



n 

Zan 
cos(ak + b - |) = <ios(b + £2) '^"2: 



k=l 
n 

I 

'k=:l 



sin x(2k - l)- := sin xn sin yn 

sin X 

by letting a = -2x, b = | , and 
. COS xn sin yn 



^ COS x(2k - ij 



^in X " 



Whence, 



by lettirjg a = 2x, b = 0. . 
^^■sin x(2k. - 1) 

= tan xn. 

J 



\ 



k=l 



cos x(2k - 1) 




4. Another- toethod for summing E Pfk^ ^p" . 

■by. using a special case of Nmber 2a 1 Z ^ P°lynr^al) tfan be" obtained- 

; ' ^k(k - l)...Vk - ^ 1^ _ (n + l)(nUni 1^ (>. /ip'- 
■ . k=I .TTT ~ 

First, we show 'how to reoreslenf nn-»- r>»-i . , ( ' 

inthefoim ' ^ •'^^^'^^T"*; Polynomial P(k) of r-th Lgree 

(1) P(kV= a^ k . ^J^Ojj^^ ^ -a^kCk - l).;.(k . r-. l) 

If. k = 0,.then .,/p(0);. if.*^ then- a, /p(l)^- p(o). \r 
.,k=2, then a. = P(2) . 2 pfifTpfoT^ -t ^ ' 

thit ' ^ • ^-(1^ t P(0). In general. It can be sUh 

r 5 
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A3-2 



Ui), 



- ' . . ^ And (i^ ii 



.f (i) are'pllynomials of degree *"r ^nd (i) is satisfied 
Since both sides. of (i) ^^^^^l^ ^.^entity. 
for m = 0, 1, • 



How sum ^ I^(^) 



n ' - , "a^(n + l)(n) ' \ 

^ p(k) = hqii ^ — 2I 



(n + l)(n)rn-- l)...(n -. r D 



k=l 



Using Profeem U, find the following sums: 



k=l 



^2 = 



«0 ^ ^ 



a^kCk^- 1) 



' 2 2 

wher4. a. = 0^, a = 1 - 0 = 1> 

2? U X * 



( 



0' J. 

2^ - 2(1) + 0 2 >Thus, k^ = k + k(k - 1). and 
A 2 nin^ . (lL±ilL^^ 



k=l. 



2* 

kil 



k3 = a, +. ilk + 



a,k(k-i), a^kdZ-DU- a)^ ■ 

2 ^ — 1.;4. 



21 



= 1. aj = 2^ - 2(1) = 6, a^ 



3? 



where = 0 , ' 



= 33 - 3(8) + 3(1) = 6. Th<16, 



.3 _ |3k(k - 1) t k(k - l)(k . 2) (compare .with Number le) 



and 



2 ' 



3 



* n 

. ;p ^ v'2 ■ 
■ , ■ ^r>T a''(n * 1) . . 



aj^kCk - .l)(k - 2)U - 3) 



it! 



0, = 1, Eg = 2'*'- 2(1) = Ik,.. 



a- = 



3^ - 3(21 + 3(34= 36, 

a^=M. menace, ■ . ^ 

E"" _ (n f l)(n) , 7(n + l)(D)(n - l) /6(d + l)(n)(n - l)(n - 2) 
- 2 - 3 k 

(n + l)(n)(n ^ l)(m - 2)(n - 3) 
5 



k=l 



. (a) Establish Equation (ii) of Number 1+. 

« 

Since a^, a^^, , a^ are defined by the equation 

P(k) ^a^Cj) +a^(^) + ... +a^(J), 

') • ' ^ > 

w^ have the followiijg r- linear equations for th'e« a *s 



f2s 



P(0) 


/0\ 


p(l) 




P(2) 

• 








P(r)' 





Our proof is by mathematical induct ioil. Assumie that 



/■ 



' 5 



'4 
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n 

(A) 'a^ = P(n)(J)'.P(n.l)(J)+/:..+(-l)>(0)(;;) =:^(-l)Mn. 
. • k=0 /- 

is Valid for n = 0, 1/ 2, . . . , m - 1. We now vish to show 
that the expression for a^ is also* /alid for n = m. This is 
equivalent to showing * ^ 

m 

• ' ^ ■'^ 

'(ffr the values of g^* given above, n = 1, ?, m). This 

will involve nj^nipulations on double series. 

ir 

(by substituting for a^ in (A)). • * 

Now. let k = J - i. Then, 

'^j=0 J=0 ivO, 

Noting that (.^.) = (^) and interchanging order of '.summation 

get * * ii 

• j=0 ' 1=0' J=i 

i=0. j=i 

Sinpe = 



J=i 



J=i 



Now let J = i-.+ r, which reduces the last summation to 



) 



m-r 



0 if i V m 



r=0 



= 1 if = m 



(see Exercises A3-2a, No. 15b). 
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m 



Finally, ^^^(j) = P(m) vhich vas'to be shown. ' 



Since o\ir inductive hypothesis (A) is valid for n = 0, , it is 
valid for all n* 



Show that a is zero for m > r . 
m « 



Suppose we wanted the equation F(x) =^**a^(^) + a^ (^) + . . . + a (^) 

u o X o in 

'(where m is any number > r), to be gat^isfied. for x = 0^ 2, 

• m where F(x) .is some given 'function. By setting x = 0, 

1, 2, m in t\irn the ^ 's will have to satisfy 

^ F(l) =:ao(J) •*-a^(i), ' " ' ' 

F(m)=a,(5..a,(J)......aj;). . 

It follows (from algebra) that this system of (m +.1) linear' ' 
equations Vs^ (m + l) unkno^ms has a \inique solution for all F(x) - 
By our inductive argument ii! part (a), the solution is given as 

^ - F(n)(5.- F(n -^l)(5 + + (-1)"f(0)(^) ^ 

0 * 

for ^n = 0, i, 2, m. 

If we now choose F(x) to/be the polynomial P(x) of '4egree^ r 
in |)art (a), then P(x) is identical to - 

(fr(|an Problem U) . It then follows that ^ 

vanishes for x = 0, 1, 2^ m. -If a polynomial of degree 

m vanishes ^f or' 1 different values it must identically vanish. 
Therefore, 



' for all m > r . 
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Teachers Commentary 
Appendix k 
FURTHER TECHNIQUES OF INTEGRATIOrf 



AU-1. Substltuttbns of " Circular Functions , . 

An integral of - a rational combination of slnh x and co^h x^ can be 
transformed into an Integral of a rational function by a substitution 
exploiting the analogy ,bet\^een circular and hyperbolic J^ctions. However, 
it is simpler to recognize that the integrand is ^, rational function of e^ 
(See 'Exercises Al|-1, No. lo) . ^ ^ 

1 

^ The integration of ^ vhich occiirs in Example Al*-ld may be 

accomplished by the substitution u = sin 0,, as follows; 



r_da' r cos e r du 

J ^HTa = J : "2~ = ; — 2 

/ ^ ^ J 1 - u 

= argtanh sin 9 + 0 

^ 1 , 1 + S in a 
. = 2 1 - sin e 



Solutions Exercises Al*-1 
d ' — "■■ — — ^ 

Integrate the following functions**, the numbers a and b '^eing positive, 
P . ' * 'Set X = a>^os Q, 



(a) 



, X 



■I 



tan^ a d 



tan a + C. 




arccos — 
a 



72 2 
X y a X 



[(1 + .tan"^ a) - i]da 



ERLC 

i -. / / 1 i ! 



565 



82 




* Sfet X = tan t. 



I = 



I 



COS t 

sin t 



dt 



• ,3 sin^ t' 



+ C 



I' 



(Altenjatively, set u = to obtain I = - 5- VI- + u du. ) 

X. - . J , 

, V 2 /2~;^ 2^ 
(c) X /a - X . 



Set X = a sin t. 



•2t dt- 



(d) 



2/2 2 
X vx - a 



'^■Ln^ t cos^ t dt = y J sin^^.2t 
= ^ '(1 - cos Ut)dt = ^'(t -^1 sin kt). + C 
= ^ arcsin f + (^3 ^x ) vF77 •+^X3 . 

— . Set. X = a .cosh .u . 



du J:. 

r2— — 2 



tanh u + C 



cosh u" a 



2\ 



2 

a X 



(el 



pi.,-:- 

MM'"- 



4 



(x ^ a ). /x - b < ^ ; 

~ ;J5"^^2 2 



2 -2 2 
Set x^ - -b = :t''. 



arctan 



; a,rctan / + ' ■ . -W^^SiS^'-l;...! - 
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(f) 



1^ 



II..--- 



Set X = - sinh^-t* 

a 



, r . a dt \ ^ f 1 

a + sinh^ t J a^ +-(l 



(1 a )tanh t cosh^ t 



dt 



where s = tacnh t. 
• If a =5 1, then I = s + c = 



+ c- 



If'^'a = 6, then I = - i + C. 

If 0 < a < 1, then 
•1' 



. I 



arctan 



vr7 



S + C 



aA^ a 



^ arctan ^ 

a 



r l - a 
1 + a^i^ 



1^ ' 



+ C. 



I*' 



Ik 



f a > 1, then for ♦b = 



ds 



log 



b + s 



b - a 



+ C 



log 



ax 



2a- 



• 'bvi +'a^x^ - 



4 

ax - ax 



X + 2 



^ ' 2 /2 T ^ ^/2 2 

>Tn + X -/m + X /m + x : 



^ Minus sign: I 



Plus 'sign: 'l = Vm^ + j+ 2 arg^inh x + cj ^ 



X + 2 arcsin^x + C. 



^^'= t, 



4 J 



'l^)~t^ dt 



% 1 




I'' 



84 ^ ,. 



■(I 




^ (i) 



/2~! 2 
✓a X - X 



Set X « ^8in e.+ l). 



I = arcsin (2| - l) + C 



(Alternatively, set x = a^ sin^ to obtain I = 2\|f = 2 arcsin 
Thi8^i% s.uggested by the preliminary substitution x = t ,) 



V oc^ + ax + b . (x^ + 1) '+ ax %b - l) 
x^ + 1 X + L ' ^ 

I ^ X + I log (x^ + 1) + (b - 1) arctan x + C. 



(k) /a^x + X = /(x + ^) - • 



2 ^2 
Set X + Y 



^ r p ^ r ' * ' ' 

I = sinh^ z dz = ^ 1 (cosh 2z - l)dz 

2 - k 
+ %-)/a2x + x^ - ^ argcosh(2| + i) + C. 



2. Let R(5c,^) denote a rational function in x and y. Reduce the 
f5Uoving integrals ta integraj.s of ratioiial functions. 



( 



a) Jr(x , ^ax + b)dx,, a fo. Set j^TT « t. 
: i ■ J«||R(';^^/t)t dt. 



-n, - an integer, ad;' - be 0. ' 



= t. 



- J ^- (a - c1^)^ U - ) 
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3. Using the result of Number 



2, jfntegr^te 



4 



■/ax. -F !t^(-/ax + b)^ 

; ^' .a'' J ft + t^' . J 1 + 

^ = -p- [>^axj + "b - (1 •+ b) arc,tan v^ax' + b] + C. 
a 

^; - ^ . . ' 4 

Re^u^e to rational form, f ; ■ 

/I + X V 1-+ X 

Use the method of Nmber 2(b). 



. 1 



i--8r ^''^ \ 
^ ■ J (1 + t)(i + 1'^) 



•Express as elementary functions, 

'(a)' r - — ; 



(1 + t)(i + tT 



First note that 



(b) 



(c) 



• \ + 1 + Jx^ - 1 

, I = |{v4^-+,l - - 1) +|lo§t(x + (x+ /x^ - 1) |"f c. 

7^1:^= f ^^-^42^ ax = tan'^'x - -^-^6: ' 
J r+ sin X J ^^^2 ^ ^ ^ 



[ L c^s 2x =J;^^^ 



cos 2:4 



sin^ 2x 



dx 



'|'{cct2x-H-a^) + C. 



I 



sin 2x 

r 
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r 



.W r . ■ >t. ".m?; .then- 

= I logt K ^ H a^ctan t + C 



1 • '^XT 



17 log • ^ - J: + i arctan ^iXx + C . 



(e)' f-— li— • i' ■ ' -Set ^ = J ; then 



-J- 



du 



U /I + II • 

and the problem is reduced to (d). 

* ■ * 

6. (a)' The integral T'- "^^^^^ dx where P(x) is a polynomial of 

\ -J /ax^ + 2bx + c - ' ' . ' ' 

degree n and a j^-O'^can be reduc^ed'to a rational trigonometric 

form as described in thet^t. It can also be reduced ta the 

integration of ^ ; namely, for sonife poiynomial A of 

' . ' . v4x^ + 2bx + c ^ , ' . . 

M degree n - '1 and constant k^' . . , 

D^{Q(x)>4:i^ + 2bx + c}> ^. 
Jax + 2bx + c . ' • i/ax^ + 2bx* + c 

Shov hov to f in^ Q and k , ^ ' ' . / 

3ince »► . 

B (^(x)/ax2 . 2bx . ,) = e«-(x.)(ax^ ^ 2bx . c) . Q(x)(ax b) . • 

* * /ax + 2bx + c 
the. polynomial Q and 'the constant k* must satisfy 

(1) * P(x) = Q(x)(a?c + b)'+ Q«(x)(ax^ + 2bx + c) +*k- 
The 9<^ktant and the coefficients of Q(:f) can be foupd from 



thb Q9efficients of P(:x)A'aS follows. Set p(x) = ^ P/""^ 



and Q(x) = ) 'q^ " ' . Equate coefficients of like povers on 

^ ^ - ^ . . •v=0 / ' . ^ ' ^ 

th'e right and left in* (l) beginning with the coefficientsfof "x^: 

to obtain 

y Thus tlve leading coefficient of Q(x) is determined ., /Next, \ 
^ P-L = (aq^ + bq^); + Ea(ri - 2)qj_ + 2b(n l)qQ], or ' / . 

a(n - l)q^ •= p^, - b(2n -*l)qQ. Simj-larly all succeediftg 
^coefficients are determined ,step-bjr-*step from the , preceding Ones: 
■ y a(n - v)q^ = - b(2n -, 2v - l)q^_^ - c(h - v + l)q^'_^, ' ; 

tefr y = 2y .-.j^n - 1. Finally, "for the constant -Ck, 
k =P0 -bqo - cq^.. 

(b) Using (a), integrate^ t - t + t ^ 

_ Set Q(t) = q^t** + q^t^ + q^t^ + -q^t + qj^ and P(t) - 1^ + t 



D( qlt)fT^) = — ^ [ -5qot5 _ kq^t^ + ( ^ ^ )t3 

A - 1^ \ , *' 

• Now sblve for the coefficients, in succession/o obtain • \ 

' ' ' 1 1 / ' 



Consequently, 



(c) Find the Untegpal ,of (b)^^)y using trigonometric substitutions, 
and compare the merits of the two methods r 



* Set t ^§\xi e . Then 

•1^1 (sin^ e - sin^ e ^ 1) sin 9 dO 

^ ' = J [/cos^ 0 - co^ 0 + 1] sin 0 dO 

= cos^ 0 + ~ cos3 e cos e + C 
.5 3 . • i 



V / ' = - ~- (3t^ " •+ 13) A -.t^'.+ c\ , ■ ^ 

• - . 15 

which iB the result obtained in (b). If even powers ai^peared in 
P(t) the work In (c) would be more complicated while the work in 
- {b).wbuld not Ghange. greatly'. Furthermore the method of (a) 

eliminates the >repetitive use -of; the binomial theorem when P is 
-of higlfdegre^ ^ . ' 



f ■ 



?• Integrate 



J 



Use X ^ 2 arctah t "to obtain 
• ' . I 



'If- 



log I tan || + C. 



(y.) ■ i — (w ^ method other than that of Example Ak-^ld)^ 

^ ' cos » V , • • ' 

Use ' X a^ 'arctan t to 'obtain , . ^ 



2 log' r 



1 +-tan ^1 



+ c. 



1 - tan 2 1 



^289 



M-2b T+ . 



/ • observe that 

part/ ve get ' " = arc.l„ ^ ^nd V = ^ • ' ' 



= 7arfcsin 



dx 



• TH"i<^ „o;ed that tKe di ^ ^ C . / . 

^/^rabliity Of* <^i-=U3sio:, i„ the text . 

/ ; :^^°sin X. "^"^ establishes the 



I = -X SSs^x ^ sinjx ' . ; 



(b) x .5^ 



log 'ax 



"■ER?C 



Set dv J»e"2Xd ■ 
■ *^ee ttaes . by pa^s 

^^^^ " = ax , dv = . 

. 3 ^ (log ax -|).^c. 

Alterfiatively, set" K „ ' ' ' 

°f ^^ampie ,^4.2,. "^e'the result 

^ ,291 • : ■■ ■■■ 



(e)' log bx ; 



2 . 
Set- u s log bx* " ' - j^'^J^ 

f . ' ' 

I = X log bx - 2 I liDg bx dx + C i 

= X log bx - 2x(log'bx - l) + C . ' « 

vhere the integration of Example 10-fe is use<a ^t ^ ,^ 
the end, ' i- * ' .* * 



{£) log^ X 



(g)' arccbs 7x 



Set u =^ log^ 



log-^^. Ajpply (e). 



I = x(log^ X - 3 iog^' x^*+ 6 log X -'6) + C,^ 
pet u = arccos 7x. Then ' * v * * 



X artfcos 7x - 



k9> 



+ c. 



(h) argsinh ax * ' Set u, = 'argsinh a»x. 



(jj afgteTnh 



I = X argsinh ax - iv4' +''a^x^ + 



• a 



(i) *ergtanAbx ► Set u = argtanh. bx. 



k-argtanh bx + i logd' ^ b^x^) + C. 



Set u = argtsaih -/bx , 
I* = X argtanh -/hS ^ ij^^ 



bx 



dx . 



X argtanh 



it 



dt ■ ■ 5\ ' . 

■■■ \. 

* where t = l/hxf From ^ o ~'^ -~'L ^ ■- 1, ' 
• Obtain ■. ' * 

I = (x - ^) argtanh + /f""'' ' 



(k) arctan 



,Set u s ai»ctan 

g^r- if- • 
, X arctan "^vx - -J • 



Set .X «• 2"^ , then ' 



if ^ r ,3 



df (where t = z ) 



-)dt. 



|(t 1 logll + t|) . 



Cohsequently, 



I = X arctan ^ 2~ - log{x^^^ + l) + 'C.' ^ 



3c arctan ^ 



Set u = arctan x , dv = x dx« 



i = arctan x 



=j 1 



*dx. 



2 V 



From 



X 



1^+ x". 



1 - 



1 + x" 



, obtain • 



I = |((^^*+ l)arctan x - xl+, c . 



arc cos — 

(m) ^ ^^ 

Vix + m ' 



. Set u = arccos — v ='2/x + m. 
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X 8in^* X o - cos 2x) 



IJ.X COS 



2x dx. 



Set USX, dv = coa 2x dx,- tlieh 



X X s in 2x '* . cos 2x . .p 



2 

X sin X 



♦ Set u = .X , V c 7CO8 X, 



I = -X cos X + 



cos X dx. 



Now set u s X, V = sin x. 



le^ 



i 



2x cos X dx =• 2x siB X r 2 [ sin x dx; 



whence. 



.^-^ I-= -(x + 2)cos X 2x sin X + C; 



X arcs in ax^ 



Set u =^arcsin ax, v = i 



I-r: — arcs in ax 



,3 ' \ 



X~~2 2 
/I - a X 



dx. 



Now set z 



-XT 



-2 



a X X = 2 — ^ 

. a ♦ 



. Then 



' dx = - 4 f (1 z^)d2; 



*a X 



whence 



, x- / A - a^x' . (A - a^x^)^ p 
I = ^ aycsin ax = + =: + ^ • 



3a- 
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(q) cos^ 2x 



Follov the method of Example* A J|-2g. 



^- Mor.^-s^iinply\ note that 



2 <\ u . 



• cos-^ 2x = (1 V sin 2x)cos 2x 



,,si n 2x ■ siri^2x 

"t: ^ — 



(r) sin^'x 



< 

Eit)ier follow the method of Example 
Al+-2g or use' ' . . • 



sin X 5: (1 cos x) 



sm X. 



^ (s) sin(log ax) Set u = sin(log ax). 

\ . - 

I = x'sin(log ax) r a cos'(log ax)dx.'. 



Similarly , 



whence, 
and 



j cosdog ax)^jt = X cos(log ax) + al; 

2 

I = X sindog ax) - ax cos(log ax) - a I 



X ^ 

^ {sindog ax) - a cos(log ax)) + C. 



' 1 + a 



(t) X tan X 



I = X tan 



"Set u "is X, V = tan x - x. 
X ^ x^ - J (tan X - x)dx' 



=: X tan X + log c6s x - C. 
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(u) (ercsin x) * Substitute x =: sin t ito obtain 

r 2 ^ 

I .ss J t cost dt aqd intei 
u a (arcsin x) ' to obtain 



t cost dt aqd integrate- by parts twice* Alternatively, 



I B ^(arcsin x)^ " ^ ^ ■ arcsin x dx\ 



Repeat, to obtain 



f arcsin x dx = - 'x^ arcsin x + f dx. 

' 2 >^ 2 ^ 

• I = x( arcsin x) + 2 A - x aa^csin x - 2x + C. 

(v) $in ax cos bx, (a b ) . S6t -u = sin ax, v = 



b^ - 



- sin ax sin bx « , ^ ^ ^ 

I = ' — ^ r I cos ax sin bx dx. 



Now set 'u = cos ax, ' v - £osbx ^ » 

^ » . . D ' 

: r' 

I cos J 
Consequently, 



ax sin bx dx ='- cos- ax cos bx _ a ^ 

to ' p J 



1 sin ax sin bx ^ a ' * 

I = ^ ^ — : + cos ax cos b!)c + -g' I; 

' * ^ \ ^ Vb 

whence * * , ' 

= — r cos ax jcos^ bx + b sin ax sin bx] . 
b - a • t 

•■is 

More sinrply, noi?e that 

If * * 
sin ax cos bx = ^sin(a + b)x ■*? 9in(a - b)x] . 

^ . * , ' ^ /' 

Hence . * • / ' 

I ^ . l.fco^Ca + b)x t cos(a --b)x 1 , 
. 2L^+b ^a-b J 



. / 

/ 



A 
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2« Support the geometrical interpretation of integration by parts by showing 
* for u = f(x)^^and v = g(x) where f and g have inverses,, that 

•u S5 0(v) and v = ♦C^) where 0 and \|r are inverse functions, • 

' ^ Let F be the inverse of f , G the inverse -^f^ g •~TTle-funct"il)n8~ ^' 

^ . ^ . • fG : v,-4fG(v).= f(i) = u . 

7 ^ • ^ t = gP : u -^gF(uy = g(x) = V 'CVr 

are inverses . . ' , 

. 3. Veri^fy as "alleged after Example AU-2b ths^t the method of tlie exapiple does 

demonstrate the reducibflity of Jx^ f(x)dx to the integral of-a"^ 

'rational function if f is any inverse circular or hyperbolic function, 
01* if ' f is -the logarithmic function. - ^ ' . 

* ' * ' n+l • ■ ■ . 

Set u ,= f(x)^ V = ^^^i • I^et '^F be the inverse of F. Then 



n + 1 \ / 



^ If F • is a_ t|"igonometric qr hyperbolic function, "then 

^reducible to th^ fntegral of a rational functfion by Theorem Alr-lb or 
-Exercises Ak^l, Uumber 10. ^ 

If M = log x„ then F(u) = e^. Here, 



V du , . is 
Lb c 



(n+l)u ()n+l)u 

du = S -,+ c 

n+l 

^ ■ +C. 




Thus, explicttly, 

log X dx =f jj-pj- (log X - jj-T-j-) + C. 



J 
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k. Establish recurrence delations 'for each of the following (in* each case 
m and n are positive integers). * r 

*,(a)' I siix" X dx 



s,(a)* Jsin" 



Proceed as. in Example Ah'2g. btfierwise use- the result^'of the 
•example^: • . ^ * » ^ . 



» >jcoB^{:i ': ^)dx 

sin"^^ X cos X* r n - 1 



n n ^n-2- 



y s . . 

>^ iog'' X dx _ , Set u = log'' x^ V ='5— Y 



m+1 

X 



n,m m + 



1 X - — - i^^-L^^. 



m+1 

X ^ 
m + 1 • 

'• * . "■ 



, ' ^ ra+1 

/TYi • n ' ^n-1 . sin X - 

sin"" }c cos'' X dx . » ^Set u = cos- x, _ m + 1 

- • * ^ cos"'^x sin'^^x , n^ f ,^,^+2^ ^^^n-a^ - ^ ^ 

► ' 'v ^ut, since sin°''**^x = (l - cos? x)sin"' x, ^ . X 
. ^ / V n-1 , m+1 ^ 

, ♦ T C OS X sin X . n - 1 - I 1- 

' ** ' STTl : m*+ 1 ^ m,n-2 'ni,n^\ - ' 



whence, 



n-1 m+1 



J ops X sin X ^ n - 1 ^ " 
m.n ~ m + n • . m + n» m,n-2' 

*.Note l\at r is given by (a). ~ , . 

It J.S also possible to reduce first m then n. Instead of 
^ p:roceeding by the given >ethod, use 



sin"' X co/ x-% (-1)"' cos"' (x - |) sin"' (xT^) 



to obtain by^e preceding result 



' m-1 1 n+1 ' , ' . 

^ sin ♦ x^cos> x- ^ m-1 ^ 

^n,m " , m + n m + -n m-2,n' 
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,x arctan x dx Set u « arctan x, ■ ' , Then 

. n + 1 



J 1 + X • . 

But * , ^ ' ' 

/p.^ _x u X )x - X . 

. : ' 1 + X . 1 + x^ 

Insert this inMl)- to obtain i 

n + ^ n(n + 1) n +.1 _ « , 

where the integral' is given by "(l) in terms of I '. Prom'^this. 

■ '^n =' rrr; ^ - ■ 1^ - ^ . • ' 

•# * 

Alternatively^ reduce the integraT in (l) by (2) 



/^n+1 n 
dx = J' - 
1 + x^ n . n-1 



n n-2 n-k 



X . ^ _x 



' n n - 2 rr*^ • - ' 

If n is 'odd then the sxan tefminates^with - (-l) ^ j wher6 

r X* ' 1 ' 2 ' " '' 

^1 = ^3x' = - log(l + X )- If ^ is even then .jbhe sum ^ 

' J 1 ^Ix^,, ^ ^ • , ' 



teminates vith (-l).*^/^ where J..=. = arctan x^^-. - 

0 , ^ J 1 + x^ 



Now set, u = \-^^. sinh"''^'t .^^j^-- 

" Lnh"""^^ t 1 r- ^ nil J , ' • 
- ^TTTJ }^^'- 



n ^- . 

X argsinh x dx' ^ First substitute x = sinh t' to obtain 

t cosh t Qt . ' ' * ' ^ 



(1) I =-t 

. n 



- 582 .29.9 



Then l,roceed as in Example Al^.2g to obtain 

J = f sinh""^ t . , *' 

a+1 J -rf + 1 ■ dt 

= _sinh" t cQs^ t . J^) 



But, from (l) t 



in + 1)^ , (n ^ ;^)2 



A4-2 



• n-1 

T _ t sinh" ^ t 
n-1 



Combine these results to obtain 

•n n+l : p 

(n ^ 1)2 



1 
n-1 



^ ; t sinh"-^ t iL-^ T 



iiTi^^'" ■^JHTl) argsinh x-^^-A±2^ 



- • -Cn + 1)^ (n ..1)2 ^n*2- . 

Proceed as- in (d)"; 



f" ■ - 

J X argtanh 



X dx 



.n + l ^n+1 ' 



> vhere 



n+l 

' - J 



n-1 



n 



J- 



e dx 



I = 



X arcsin pc dx 
n-l 




Proceed as' in, .(e). 



n " n +.;L ^ VtT^^^^^^" ^ +.^">^ - xf ^ nCn"- ll ^ 

^ (n -V 1)^ % + l)\"-2- 



583300 



dx 



Set u = > 



cos X 
sin X 



• Then 



P sin' " X 



cosx ^ (^^2)1 S2S-JSdx. 
n-1 ^ 1 sin X 



2 , -Sln^x iti the last integral to obtain 



" ' 1 cos X ^ 



D - 2 



1 n-2 



r^dx 

J 



Set u = e , 



dv = -r dx. 



1 e 



n. = ■ n - 1 " n - 1 n-^* 



COS X dx 



Set u = x"", V =^ §in x. 



I =x" sin x - n fx"-^ sin x dx. 



Now set u = X 



n-1 



■ v = - cos X, 
n-1 



j-x-^s'inxdx.-x-^ oosx.(n*-l){^"' 



COS X dx. 



Consequently, 



I. .x^sinxt-nV-^'^ps^: 
" n 

" n-p ^ terminates vith ' I = sin x + C; 
•For n even, the expansion of terming 9 

- ' - - . T = X sin X + CQS X + C. 

^1 . , ' 



. . ,for n odd^, the exi)ansion-^nds vith 



X 



V 
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Al*-3* Int^ratlcy of Rational ^Junctions 

Tlie integr^ of a rational function is an element/ary function, but the 
computation of Auch an i^ntegral may involve considerable labor iei)^,nding on» 
the complexit/ of the function at hand. - ' ' ' 



Every nfclynomiaX with^t'eal coefficients has a unique fap'torization of the 
fofin given Zy, Equation but tp obtain this, fom^ope rnust^ first find the 

Izeros of The -polynoijlials which appear in exercises in various "textbooks 

are manumptured artif i^ally* f or purposes of illustration: they are either 
^given irfertBCtored foi/m, or have zeros' which catf be found easily. ,In problems 
arisi^rf^in applicatioi/s this is often not the_ case. 



,e:tiiethod of equated coeff icienl^s (Example Aii-3c) is, of course, 
^ appl jy^a/ble where th^ roots of Q are all real of multiplicity 4. (as in (7))^ 



t J In Exampld A^ifSd singe the integrand may be 'decompp^d^^into the sum of 
ratloxlal functions - , '— , — 

* - • X " 



x^ ' i^f + 1^ 



'we know that the integral 



3t' be of the form stated . 



/ 



' r dx 

Exa mpre TCA^"3a . Consider - 1 = ^ • 

> . , J x2(x - 1) 



Note that 



(1 -" x)il + X + X 



1) 



x3(x / 1) 



Thus we composed the integrand into the 
which may be integrated at sight 1- 



) -X- 



X - 1 3 

X 



stim of simpler rational f\inctions^ 



I = log |x-- l|^- Ibg |x| 7 + C. 



Example . TCAll '•3b , The integral X 



dejijomposing the integrand into, a^suin, oi^ derivatives of 'two known ^fvinct ions . 
We have 



2x 



? 2 

X +X + 1 X + X+1 



2 2 
\Th\s I = log ( X + X + l) arctan 



7 , . 

— — dx 'i?^ .comBHte^. by 

J x^ + X + 1 



= D log (x + X + l) - D( — arctan 

V3 



2x + I 



^^1 



2x + 1 



+ C. 
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Solution's E?cercises ^AU" 
1. /Integrate the following. . ^ 



Parts (a) to (k) are simple and an ad hoc aj^roach is prohahly sinrpler 
and quicker than a straight forward appli^ation^^of theory. 



/ \ X + 2 

(a) 



2 ^ 
X 3x + 1 



; Set X, + 3x -H^ = (x -'a){x - h) where. 

X f 2 ' (x - a) 2 +>a ^ 1 2 + a / • 1 :. _ 1 x 

(x a){x -h) ~ (x - a)(x - ~ x h r a^x 7 h " x - a' 

' ^ - 2 ^_ 1 _ 2 ? a 1 

"■b-ax-b^h-^ix-a' 

. where ^ ^ • 
. I = |(1 - ^)log|x + - f)l06|x + f C. 



(b) 



(x^ + 3x '- 10) 



By long division. 



2 - - 3.+ 2 

X +-3x - 10 X + 3x - 10 

« But :• 

19x - 30 19x -- 30 

x2 . 3x - 10<: ^5)(x -2) 

125 



7(>f - 2) 7(x + 5) 



Consequently, 
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I- = ^ - 3x + 1 log |x - 2| + ^ log |x + 5,1 + C. 
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+ 2ax 



X \+ 2ax 



+ b 



2 

X +\ax 



(x - k){,x 
If a k b 



, (b > |a|) 



X - 2a' + 



2" 

X + 2ax + b 



I M-Jix^ (V^^)log(x2 + 2ax + b2)4.2a^!^;rctan-^+c 



#7 



I (consider the cases a ^ b *and a = b) . ' » 



I = X + 



cxa + 6 ^ i I b^' + ab 4- p , , i ^ * 
. ^ log |x - a| + ^ ^ ^ ^ log |x " b| -+ C. 



a - b 



If a = bl 



2f 



I = Ix + (a + 2a)log(x - a) - ^ ^ P + c 



X. - a 



(x : a)(xi- b)(x-- c) ' '.^ ' ° -ii^tinct). 



2 ^2 ' , . ' 

- ^ '- '(a. b)(a -^c) 1°B 1^ - a| + :(b - a)(b -.c) ^^ " ^1 

■• " ' ' ' ' 2 

' ■ ^; (c - a)(c -b) 



x^ + 1 
x3-l 



= 1 + 



(x - l)(x2 + X + 1) " ^ 3(x-.- 1) ".3(^2 ^ ^ + 1) 



if =x + |log|x - ij -' ^logCx'^ +/X + 1) 7 arctan '^^ ^ + C 



2x + 1 



X - 2a 



x^*+ a^ +a)(x^ -ax + a^) 3a'^(x + a) 3a^(x^< ax + a^) 



li-~ iogfx+a| " ^ log(x^ - axta!) -s ^ arctan ^^^-^'+- C 
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(i) 



'1 



(J) 



(?e-e (1)) 



5 


■3 


k 






X - 








/. 

|x - l| + If log 


x| + C 




1 


1 




hix - 1) - !i( 


^^^^ ;,^(x2 + 1) * 




I = J log 


X " 

X + 


^ arctan x ■ 

/ 

/ 

/ 1 * 1 




X - i i 






X + 1 X - 


1 


H[x - 1) ■ Mx + 




I = i log 


X + 1 


+ i arctan x + 




1 


1 _ 


1 . 1 





+ 'x X j;i + X ) X X 1 + X . ^ 

JL. 

3x 



, I _ + + arctan x + C 

3 ( X 



X +' 1 +-1 

i 'h h 
. Since J « + 1 > 0 for all x, x +1 cannot have linear factors. 



Set 



k 2 * 2 

(x + l) = (x + ax + b)(x + cx + d). 



Equate coefficients of x"^ to obtain c = -a; of x,j to obtain* 
b=;d (a=0 is not possible), of x^ to obtain b « i 1-^ of jc^ 
to obtain a = i 2, hence only b = 1 is possible and 6 = 

(x^ + 1) == (x^ + x>^^+ 1)7 x^ - x>^ + l) 

Set^ 



1 ' ^ Ax + B 



X + 1 x"^ + x>^ + 1 . X - x>^ + 1 * ' 
Use the method of undetermined coefficients to obtain A = -C = , 

B = D = ^ ; whence, 
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Consequently, 



log 



;?£ + xVg + 1 



X - x-v^ + ,1 
- — {arctand + ,:s:>^ + ai:ctan(l - xV§) ) + C. 



1 . 

7TT 



x^ - 1 = (x3 - i)Cx3 + i) =^j:x - i)(x + 'r>fx?;+ X +'i)(x^- X + 1) 

1 



7-1 



X + 2 X -2 . 



T 1 1 X - 1 



^ 1 1 X 



^■^\-^arctan^x + i) 



X + X + 1 ^ 



arctan -r-(x - t) + C 



^As a special,, challenge you may wish to ask 



for I . r -^2- 
X l'+ :< 



which 



Leibniz failed to represent in elementary terms. For this, note^^tha^ 
• 1 + x^ = (1 + x^);(l " x^ + 3C^) 



(1 + x^)(l ' k/l ^ x^)(l + xt^ + x^). 



In this case, 
arctan 



4^3 X - xv^ + 1 



^ arctan (2x + 



+ ^ arctan (2x - + C, 
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2* Prove from Equation (3) that if Q(x) = (x '- aAj^)/x^- a^) ... (x - a^) , ; , 
where a^ < a^ < < a^, then* Q^c7 ^ decomposition into partial 
fraction^ of the form 



1 ^ , ^2 , , 



+ = + + 

X - a-, * X - a 



Ffbm Equation (3), 

1 ^ 1> / 1 \ .l \ ' 
• Q(x) a^ yx - a^ X a^ )(x - a^) . • (x - a^) * 

^^^^ Q(3n"=\p7^ ^"^""^ P,;Wd^are^each 

products of n - 1 linear factors. . R^eat the^^p'rocefes, reducing the 
numbers of -factors in each -denominator by 1 at each step. After n - 1 
Steps, cbllect terms. * • ' 

.3. • Prove if ' ' . ' ' ' ^ * 

a x^.5- a ,x^"-^ + ... + a^ = b x^ +-b \x^'*-^^ + b' - ' 

n ,,n-l ^ . 0 Q ^ n-1 ' 0 

... ♦ 
for alL but finitely , many nvmibers x , that the coeff i^cients of •.like 

powers on the right and left are equal; i.e., \ ~ \' '^^ " ^> - 



n. 



^ Consider P(x) = ^ (\ " Since P(x) =*0 for more than n. 

k=0 ^ ' ' , " • ' . 

numbers x it follows since a p|lynomial of degp,ee n can have fet most 

n roots, that all the coefficients a^ - b^^ of P must^yanish^ other- 

. wise a polynomial of degree less than or equal' to n would have*more 

than rootr. " * * 

\. Verify that ^ ^ * — dx,, b > 0, can be expressed as* the 

• J [(x t a)2 + b^] - ■ ' ■ - 

sum of terms of *th^ forms (lla, b, c). 

As in the text, substitute x = a + b tafi 0, 
^ ■ • ' I = £24_a arctan + .| log, [(x - a)^ + + C. ' 
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DeflnU^t Integrals ^ ' ' ^ , ^ 

t • • r ' • 



* Solutions Exercises k^-kk ^ 



\ r 1. ^ P . dx. 



I =1 0; . the integrand' is odd. , , . 



J 0 



2. 1 'x*^ e ^dx 



2 

Substitute u = 3x . 

^ '3 



» J 0 0 e 



3. J log^ X dx 



/ 



-Integrate by parts with dv = dx, u = log x, repeatedly, to obtain 

*l = 2(3.- e). • / ' ' 

k. 1 sin X dx . , ' 



k I sin^ 
J 0 



From Exercises Number ^(a). 

Since . Iq = I and ■ Ij = 1-/ .If m is even, I = \\\ ^ ' ^ 

2 ^> 1^ * $ * * * m - 1 



if m is odd, I = - — = — ^ 



mm*' > 
5. I sin X cos x dx^ (m , a^po'sitive integer). 

Jo ^ 



«/2 sir^ 2x , 
dx 



•'0 2" 



= -^.T sin"" Q d0 

;2r^J 0 - 



\ 
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where 9 = 2x. As'-in Numlfer'l^, ^ = ^ut here Iq = jt 



and = 2 



6. r"/'_^, a>b>0. 
J .Q + b COS X ^ - 



- ^ . ^ 1 ^ ^ ' 2'dt 

Set X = 2 arctan t; cos x = -^^^ — ^ , ax = p . 

1 + t - 1 + t 

I =: f ^ 2 St-- "7=== arctan. . 

J 0 (a + b) + (a - b.)t^ J^~^ . ^ ^ 



I sin X cos"" X dx . « 

r ^/^ 7 * > ? Ill 
/l = 1 gfn'x (1 - sin'»x)cos xdx=^-j5=];5. 

>2 



. J 1 X + x-"^' 

J 1 lf.+ X ■ 



Set t = X , Then 



9. I • /b - X dx = b 1 cos t df = J' b where t = b sin x . 
Jo Jo"' ' .. . 



10. r^'- o V . a>0,-, b>&. 



? 2 22 

a sin + b cos 0 



"2~ri2~r~T2~rr2 



7 -r. 



d0 



/I* a sill 0 + b"^ cos 0 • - 

5 

since • r — is odd. Set t = tan 0 to obtain 

a^ sin 0 + b cos 0 ^ 



-I- 

J -1 1 



dt 2 ^ a^^ 

— arctan t N 



1 

V 
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n.. Canparja . f{^)dx vith ■f(x)dx vhen f is even or. odd to derive 

.Jo. . J -a , ^ 

the results Jl) and (2) of the text by a method other than th|^j^'yo\^ 
employed for Exercises JJumber 

S\!ibstitute X = -t in I f (x)dx to obtain - \ 

/ 

)dx. 



H^jice, 



f)[x)ax = ' f(.x)c 

Jo ' J- -a : 



J f(x)dx = J' f^)dx^ j"^ f(x)dx 

j 0< if f i/ odd, 

I e-T f(x)dx^ if f is even, 

Jo . 



4 



.13. Prove if f is integrable and periodic of period^ p, ^ then for ^Ol a 
and b ' .* 

r a+P - f b+p 

. f(x)dx =*• * f(x)dx. • ' - . 

, • . - ^ J a J b ^ . 

' > ' *. \ * 

Follow the geometrical approach of the. text. , Set k = 1 + ^ ^ jj* 

^.Then b < a +,kp < b + p. Consequently. r 
, • ^ 

/ * r b+p . r a+kp r b+p 

I = .f(x)dx = f(x)dx + f(x)dx. ^ 

J b ' J 1) - J a+kp 

/ Woy-in^he- int e g r a l- from — b- -to - -a -;^+kp^^ maK)e the substitution* 
/ u = X --(k - l)p; in .the inte^al from a ^ kp t^ ^b*+-p, 
. u s X kp. Then " ' , ' , ^ . 



/ 



f ^ ^b-(k-l)p 

1=1 ' f(u + kp)du +. 1 * f(u + *(k. - l)p)du 

J V(k-l)p ' ,Ja 



a+p 



* * by Theorem Al^-2b. 



f a+p /-D-u-iJP . 

= I f(u)du + . 'f(u) 

J b-(k-l)p , ; ' 

, = f(u)du, 
J *a ^ 



^ 593 q-J n 



13- *Prove that if n > 2 then 

.500 < 



1/2- __it_ ^ ,52^, ^ 

- ^ 



If 0 < t < 1, then 0 < < t^ < 1 and 0 < 1 - t^ < 1 - < 1. 



A 



Xo , Jo- ^—ji J 0 



< arcsin | < | < -52^. 



. .Prove that 

J -TT 1 +• COS ^ X 



dx = It . 



X , ' , , X sin X 
-V Since ^ is odd; — , even, 

/I + cos ^ . 1 + ,cos X 

>. ^ * , # 

X sin .X 



. J 0 1 + cos.j^x « Jo 

A 0 1 + 



■37- dX- 

^02- sin X * 
" ' sin x> ,^ .iS^ ' ^, 



cos X y 



Hence , 



-2/ 8 



arctan cos x 



15. Shov — • • ^-p^ . . . (2n - l)(2n + 1) = 2n + 1 L(?n)! J- 

. First, observe that 2 '6-'"_(2n) = 2"(n!); then that. 



, - ' n ' f'n • -1 ^ 1 • 2'' 3 . U '.^ . .v(2n) 2nf 
1.3-5-7-;(2n -1) = g . U . fe ..^(sn)^ - . "^^IT' 



V 
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l6t Determine thelmlue exact to three cLeclnial places of 



f eln(« log x) 

J 1 , - ^ 

Set^fe = It' log i. 

• , ^ Jo 

vhere I sin 0^ de = 0 : 
• J 0 



36. lit 



sin e de 



cos^ Q 



jt/lO 

0 



7 



is used. Then 

' a 



' .vhere ' 0 < € <^J5) Since jr^, < 10^ the error term may be 
^ neglected to the desired acciiracy. , Hen^e, to the nearest thousandth, 



17> Evaluate 1 



t + 



2 - cos 2t 



dt. 



Observe "thai? 



— — % — — • is bd3: hence 
2 - cos 2t • ^ - ' 

, '^'"M-^A^ - cos 2t 



2 - 

2 . ^ 2 



S^t ji =:*tan t, 60s ^t ^ " '^^"p ^ - = }^ \ , dt = 



du 



2. 

1 + tan t 1^+ u 



ri ' • ■ ' ^ 

I = X I 5- = — arotan u/3 

^ . J d'^l + 3u ' 2V3 



^ 1 + u 
0" 6vf 



/ 
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Teacher's Commentary . - 

Appen(kx 5 ' 
AREA AND INTHSRAL* 

Soltitlons Exercises A^-l ^ ' . / ' 

^F^^H^rom Property 3 th^t>^ a region R is the union of n non- 
overlapping regions then ^ « ' - 

a(R) =q{\) -^CiiR^) + +o^(Rn^-^. 

♦ / • . ' 

We have ' ... ^ 

' , • \ 

a{K^-U Rg U U ... U R^) =i a(R^) + a{^^ U U .•...'U;R^) ' 



= a(R^) +a(R2) +^a{R^ U .... UR^^) 

- = aC\] + aCRg) + aCR^) + a(R^. \ 

,The argument may loe formalized by the use of mathematical induction, * 

Show that Property 2 is actually a consequence of Property 3 giv^n that 
arfea is nonnegative. Incorporate the notion of complementary regions. 

Let S be a subregion of T and let R * be the conjplementary region ' . 
S in T; i.e,, R the rs^ion which does not overlap S .and for which 

R Us = T. (We deliberately omit the question of existence of R.) " 

Since a(R) > 0 and . ' ^ ' - ^ - * * 

a(R) + a(s) = a(T) «^ • - 

we have the delired restilt * " * 

a(S) = a(T) - a(Rl <a(^).''^ 



Wis ■ 



ta)- Wsing the given properties of ^rea obtain the area of a triangle by' 
^ elementaiy. geometrical arguments • ' 



.^Let MBC be the triangle and let BC be the longest-side. We 
inscribe MBG in a rectangle with onfe side on and suppose 

I) , : ^^ii^ A : 1 £ the foot of the per- • 

' p6ndi~cular from ^"A to 

BC lies on BC at 
' (gee PlggreV) 




From elementary geometry we have MFC congruent to—^SCEA^ and 
MFB to ABEA. It follows that the area of the triangle ABC is 
/ half the area of the rectangle BCED and hence eqti6tlHo half the— 
.m'oduct of the base BC and the altitude AP^. - --^^ 

In this '"proof" it is assumed f^om elementary geometry :J^t con- / 
.gruent regions have equal area. 

(b) Do." the same for a trapezoid. 





(i) If the Bi^BB of the trapezoid 
* are pai»allel>^the trapezoid is 
a parallelogram and has the 
4^ same area as a rectangle of ' < 
the same base and ,altitude« 



(ii) If the' sides are not parallel, extend "them until they meet* ^ ^ 

' ' The area is then -the difference 
between the area of AEAB / and 
^ . ' , ^CD. -In either case we get . 

N * the usual formula. 



Ad 



. E 
A 

/ ^ 

J 



^ ' A 




^ B 



a: 
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'>\rri:^S2SXf Property k.la replaced by , . / 
' ^ ^ ^ • ' w 

- » " ' PiTOp^'rby U : The area of a unit square is one^ 

Property 5 Congruent regions have the same area, 

-2 — .show that the ai^ea of a .square vhose side is of length a is 



'!I?he proof is giVen first for rational a then f oi^ arbitrary real a . 
• . 1 . 

^If a = for a natural njimber n, then from the observation that the 

^It square c«m be subdivided into n^ squares of sfdelength - it 
^ ' /• , n * 

• ' \ 

— ^ap.ows fron;i Property 3 and new Eroperties 4 and 5 that the^ area of the 



square is . If a 



m * '2' 

— , then the square may be subdivided J-nto m 



congruent squares of sidelength ~ and from the preceding result, the 

2 ' * 

area is 2L. . If«»now a is any real nvunber^ take m = (jf^J* ^Then 
n 

m<an<^i+l. It follows that the given square contains a square of 

sidel^ngth ~ and is contained in a square of sidelengtK — • Con- 
» n • , ^ n 

sequently, for the area A of ' the given square, by Property 2,^ 



2 - ^ ^ 2^ . 



.n 



n 



\ 



Consequently, fdr all natural nvunbers n*, 

(an - 1)% . . (an + l)^ 



or 



h^ce 



2 2a_,1^.^2_^2a^;l' 
n • n 



, . 2|' 2a + 1 



from which the result follows. 
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Uding Number ^, show that the area of a rectangle of height ^h and* 
width w Is hw. , . '1 / • 



Form the square of side h *^ w, \ If .A is thejarea 6f the^ given 



W/ 

i 



rec;bangle, then from 1^he figure a'nd 
f rom N\imber U (h+w)r=2R + h +w , 
It fo;,lows that R =/hw. 




' SoltlClons Exercises A3 -2 ' 

(Requires Secti6n A3-2(ii)\for parts^.(d) and (e).) Use the si&nation 
method to find the area of the 'standard region defined by 
(a) .,„f !x-*c, 0<;jc<b,'c>0*' 

*lJse a subdivision of -^he'int^erval into n equal parts. Define 
<^(S)/ q;(t), and a(^) as in the t'ext, using the respective 
minimum and ^maximiurr Values 'of f in each subinterval.* In this case 
the'maximip on any "Interval is equal to the minimum, so that 

(S) =a(T) = Y^ c . ^ = bc. . ' 

k=l ■ 



a 



(b) f : X -4CX, 0 < X <^b, c > 0. 

9 

\^ Here- • ■ 



2 



. / k-1 ' ^ k=l 

^ • cb^ n(n - 1) 

"22 * 
n 



and . 



k=i ° 

Prom „a(S) <Ct(R) < a(T) it follows 'that 

5^ ^ryfR^ cb_ cb 
for each natural number n. Consequently, 




(c) f ::x-»x +'2^, 0<x<b. 
Here * % 



..^ n p n 

(t? ^ n^ ^'2b^ n(n 



and 



3 . 2n 



a(s)"=a(T).-^-'^ 



As in Part (b), from a(S) < a(R) < a(T) obtain 



a(R) = ^ + b^. 



« 

(d) f *: X -^sin(ax + b) ^ 0 < < c; a, b, c such that 
sin(ax + b) > 0 on' [0,c]. 



The interval [0,c] may be subdivi<3ied into tvo subintervals where 
f is strongly monotone. For simplicity, assume f is 'increasing 
on [O^c]. Then • ' 



a(a?) =; J] J sin ^ b): 
k=l * 



^In A3-2(ii), Equation (6), take ^ for and b 




erJc 



60^18 



■ - - f 
' '* 



Then 



A5-2 



k=l. 




c\sin(^+ b +i^)8in 



ac 



2n' 



Consequent-ly, from the continuity of cos and lim ^ 



x-0 



lim a(T) = i sin(f.'+ b)sin ^ ^ ,QQs^a#i>^ b) cos b ^ 



;A Sipiilar ^^S^fnM'^elds tfee same limit \or a(S)', By the 
Squeeze Theorem', it follows -That a(B) ' is\this commpn limit. 



(e). f :.'x -♦cos^.x, 0 < x § c, * * ^ 

Use cos^ X - COS 2x + 1 _ ^^^^^^^ Part\(d) with. 

cos 2x =i siii(2x + |). 



a(R) = + I 



'2.*^ Determine the area of the standard region f ; x -> vSc on [0,l]. 

(The summation encountered will ,be similat to the one encountered in 
this section.) ' \ 



.In order to 'avoid a $um which invoj-ves 'square roots of naliurai numbers, 
it is^ most convenieht to subdivide the interval tO,l] in the following 
way: 

r 

X = (-) = 1 , 

- n ■ - 
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For this subdivision \- 



^k'^ / ^n' n 



Since t : X is increasing oh fb,L3 

and the upper sxm has the form 

' '' . ; 

a(T) =5^,f(\)C^i, - Vi^ ' 



1 ^ ' 

J^' k(2k - 1) * 

k=:l 

^ ' n 



° ^ .k=l k=l 
' n^h '^'^ 3 2 



3 2n 



We have also 



a(s) =a(T) = 



It ''follows that the area is 'y. 
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is , together with the bapic properties, of 



, Obtain the fesult of Exercise -2 using only the fact tfet the area under 
f : X -♦x'^ on [o;il is 
area^ without resort to summation )iechniques« 

By Property 3; the area of the 
st'andard; region tinder the graph/ 
of \^-J^ on [0,1] i (the^ 
sliaded region) plus 'the area 
-the standard region \i;ider the 
graph y = X on [0,1] 
(unshaded region) is 1* 




Show how the upper restimating sums for t/x are related t^rm-by-term to 

^ ' 2 / ' 2 . 

the lower estimating sums for *x ; .(HintT Sketch a graph of y = x • 

^Use this graph and the y-axis to represent the standard' region defd^ed 

' by. Vx*) V 



Observe f rcmi the figure that a term 
from the upper sum (area of the • 
unshaded rectahgle) for f : x -♦x 
of the form \^(\ - 
corresponds to a term of the lower 
sxJn (area of th^ shaded rectangle) 
for g : y of the form 



where y^^.^ \ • PurthermoVe, the 
sum of^the two, is x^^y^^ - ?hc^j7k-l'^ 
Adding the upper sum for f to the 
lower sum for g', /*we have 




(x^y^ - x^y^) + .(xgVg 

\ 



. + (x y 
^ n'^n 



If S.avT+^+...-«-V^, showlSfchat 
♦ 3 n . 3 



Divide [0,l] into n equal subintervals'. An upper bound- for tUe area 

-a(R) of the standard region f : x ^ -/x on -[0,1] is 

« n" r>,>. 

" . ._»., r- nr . 1 -i . 



k=a. /n- 



3 ,^ ^ 



love? Ijound is 



.. n - ^ f 

a(s) = y 'JIZI,.' i.^(s^.- 
k=l . /n^ 



Since 

' ' .\ , ' ' aCS) <a(R) <a(T) 
by Property 2, and a(R) = ^ ^ by. Number the resvilt follows immediately 



\ . 



\ ■ 



TO. A5-3. Inteigration b£ Summation Techniques 



Once the student learns the Fundamental Theorem he may come to believe 
that the original conception of int^ral as the limit of a sum -is not useful for 
analysis or computation. , In this section it is shown th^t fhe fomal integrals 
of polynomials and of the circular functions sin and cos can be obtained 
^.^rectly from the definition by slimmation techniques. This is somethin^of a 
tour-de-forc^i but many students find the approafch illuminating. Of course, 
.summation remains valuable as a method of getting numerical estimates. 

^ ^ • 

Solutions Exercises \A5-^ . 



1./ Show simply, withdUt repeating the argument \of t^he text, that the lover ^ 



suto'OV^r 



^> ^ "^^k-l^'^Vl ^ "^^^ aso\as the limit«(70. 
k=l ' \ ' 



1 r+1 

^ Since L = U - h^"*""^ n^ = U - h(b - a)**, lim L « lim U = |-r-=- 



2. Employ Equatit^n (8) of Section A3-2(ii) to obtaik j sin x dx for 

^ 0 <a <| . V 
*^ 

Replace a by h = - in Equation (8) of Section A3-2(iHs ^and note t hat^ 
^ n i ' 

^„ ilL±2^- 3in f =. cos I / cos (n * |)h 



to obtain 



sin kh ^ 

k=:l • ' 



cos ^ - cos(n + ^)h 
^ 2 Sin I ^ 



Since sin x is 'increasing on' [0,a] the upper and lower sums 
for a subdivision of the interval into n equal. parts are given by 



ERIC 



♦ • .323 



p h sin kh and L = ^ h sin (k ~ l)h. 



k=l • k=l 



Note that L = U • h sin a. Insert n = ah in the formula ^or 



n 



sin kh- to obtain for the upper sum, • * 



= — [cos ^ h - cos (a + i h)].-, 

sin i h . 2 



Use the continuity of the cosine and * * ^ 



h~0 sin. I h 



to obtain 



.. whence ^ 

r 



lim U = 1 - cos a = lim L; 
h-0 h^O 



a 

J sin X dx = 1 - cos a. 



♦ c 
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^ ' _ ' Solutions Exercises kj^k ^ 

!♦* Byusipg upper and'iower sum estimates evaluate the Integral f>t each 

function' f over the- Indicated lntervai**\/^ ; ' , " \ 

(a) fix) = 2 _ - . . 0 < . 

(c) ..f(x)-| .... ./,^-5<x<3 ■ — 

(d) --f(x) = 5 --x-^ — 3^x>< 5 ^ 



^ * IiTeaclTof the following we^ u^se^jFdl vis lo^^^^ n equal 'parts. 



(a) Sitice f is -mpnQtorie: decreaslpg, -we-^fe 



Tc=l 
n 

k=l 



2 >^ 

n 



k=^l' 



k==l 



3 2n g^2 - 



Since U=Ii+i-| + :^---^/the Integral is f 
n 3 2n ^ 2 3 



6n" 



(b) Take 



wh^i'e 



n 

U = J] (1 + kh)h. 



k=l 



(x^ = 1 + kh) I 



tERiC 



u = 



Theil, since nh ='l.5> 



k - 



k--=l 



k=l 



U = 1.5 + 



(1.5)^(1 + ^) 



It follows that the integral is 

1.5 + ^ = 2.625. 

/ . .^•6C9 325 



(c) 'Wff take for both upper 'and lower sums 

'2 

k=l 



U S" L = ^ ^ h 



V 



(d) ' We take for lower 



sum 



L = 2} f5 ^ (3 + kh)]h 
• k=il 

aim' take U = L + 2h where h ^ = | 

n \ ^ 

L = h ^ (2 - kh) 
^ " , k=^l 

n ' ' n ' 



^"^^ Z^' 



k=r k=l 
= 2nh 



h^h(n + l) • 
2 



. Hi + 



2-^ 
n 



It follows that *the irttegral is . 2. 



7 



2. (a) Find the minimum and the maximum values of f(x) + 2x^^x^^ on 
; the interval [O/l], and iise them to find two numbers, respectively 



below and above the value of I ' f(x) d:^. 

^ . Jo 



f*(x) = 2 - gx is zero, when x = 1. , 
f(0) = 2 and f(l) = J*: 

Max: f(x) =3, Min: f{x) =2 for. x in [0,1]/ • 
*Hence U = 3 . 1 = 3 and L « 2 / 1 2. . ' ' 
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^"^'•^ (b) C&eck yoxxr result by evaluating the integral. 



UsS^the suxmnajiions of Exercises A5-2, Number 1 and observe that 
upper and lowfer sums for are tliS negatives of. lower and i^er 



2 

f- , Bums^ respectively, for -x- 



J f(x)dx-=^2 + 1 .- I = 3'- I 



.W ' 1 ^ f(x)dx-=-2 + 1 . i = 3 - ± , • 

. a value between ' 2 ' and 3 . 



^ 3» -Find upper and lower sums differijig by less than \1, for the area under 
* f(x)=^ on the interval [l,2]. " . 



Take a ^subdiT/ision of [l>2] into n equal subintervals and use the 
and I 

r 



*1 

maxiigum> a^ minimum.^ of as bounds in the subinterval, we -have 



. ' li - L = (1 - 1)^' = ^ 

: ' o 2 n gn * 

11* 

It is sufficient to take ^ < or n > 5 • 

Taking n '= 6 we obtain 4 • - . 

••rt M ^6^6^ 6^6 X. 1'1_^1_^1_^ >.l" 
T 6^'6_^'6^.6^^vl 1.1.1. .1 

(A decimal representation of the answer is not requilred.) 



h. Evaluate .each of the following integrals, using upper and lower sum 



t, estimates 
, J ^ |xl 

1: 



dx 



dx 



(c)'| x^dx 



'J. 
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Iti'each of the follbving use a subdivision into 2n . equal parts, and 
set h g- ^^2n ^^^^^ ^ and b are the lover and upper ends of 
integration Respectively, and separate the sums for positive and 
negative values of x. * ^ . 

(a) 'Separate the upper sums into tvo sums over the intervals [-1,0] and 



n 


n 


- ^ {kh)\ 
k=l. 


i=l 


n 




= ^ (kh)\ 


I' 


k=l 


k=0 


= (nh)\ 





(from h-.^4). • 



.Then * . ' 

} 

The integral i& zero. 



(b) Separate the upper sums* into sx^ over the interv^s [-2,6], . [0,2] . 
^ - n ^ 

|kh|h + Vkhjh 



' k=<L ^ k=l 
n 

= 2 ^ (kh)h 

k=l ^ 
n 

= 2h^ ) k 



k=l 



^ = h^n{n"=ri) ^ (vhere hn = 2) 

= U +• 2h ' 

and ' / 

L = U - 2h - 2h a U - 2h. . " 

ii The value of the integral is i^. 
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\ (c) By the method of the preceding exercise we find 



' and since, h = - • from Section 6-2 'we have 
- ^ n ' ' 



^ 2 
L=:U-2h=U--. 



- 2 

The integral is - . 



rl 1 . 

'5. Approximate I p Riemann sums. 

J 0 1 + X. ^ ' 

Given a subdivision a - • • • ^^n^ • ^^'"^^ . 



n . 



k=i r ' 



vhere x^_^^ 5 5 \ « If we choose an equ§l subdivision and take 
1^ = we obtain the following approximations: 



= 1 = 0.50 



n = 2 

" k 



9. 9 

(Exact value is | = O.785 •.•). 
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A function f defined on the interval [a,b] is said to he a sten- 
function on [a,b] if for some partition o ^' [x^,x^, . . . ,x^) STthe 
interval, f(x) is constant on each open subinterval ^{x^ k « 1 

is defined'^by Is a step function 6n [-1,11, where agn-cc 



Find 



sgn X a 



( -.l , X < 0 

{ 0 , X a 0 



sgn X dx. 



a 

If [a,b] does not include the origir^ there are two cases. , ^ * 

(i) ar>0. Since sgn x = 1 on [a,-b], the Integ^^l has I 
the value b - a. , 

(II) h<0. Since' sgn X = -1 on [a,h] the integral has. 
^ the value -(h - a). 

(III) .^ If [a,b] includes the origin, a < 0 < h. We take a 

subdivision and upper and lower sums and obtain the 
integral I for each case as follows. ' ' * 

a = 0, ■ a = {0,e,t), . . ' 

' U = L = t - e/ 

' I = -b ^ ■ . 
a < 0 < a = (a).€,€,b), where ^-0 < € < min ^a,b), . 
-''u==b + a + 2€^ 

L=b + a-2€ 
' 3: = b + a 
b = 0, a « {a,-€,0) 

*Uaa + €L=»a 

I = a • - ' • ■ . , 

These results can be summarized by the simple formula* 
ft 

■ I ' sgn X dx = |b| - |a|. ' " . 

' ■ ^ J a ' ■ ' 



J 
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7.' Evaluate eacHpf the following integrals: The flection [x] is defined 
in Appendix 1. * - ' ' . , 



* / 



(a) 
(b) 



I ^[[Sx + 1^1 dx (c) 

foil*;- 



Each of the.glyen integrands is an increasing step -function and hence is 
integrable either by, the monotone property or by Number 6« In. the 
notation of the solution of Number 6a, the integral of a step-function is 

as can be deduced direc-fly from t^e given upper and lower estima*tes. 
Apply t^is, resTilt as follovs. 

.(a) j" ^Isx + U Jdx = jl + 2 + 3 + ... + 12) . I = 26 _ 

(b) j ^qH'^'' = (0 + 1) . i| + 2 . 2 = 8 • , 

(c) j* ^ >^l[xj Ax =. {^'+ ^ + ^ + -1 

f " = 2 + 3^/2 + -/E' ^ 

f 5.n- -n . 



I ^|[^l-d^=l.X.8.i.3-|.f 



8. Show that y f(x)dx = o; ' . . ^ 

a , . ^ 

The integral can 'be calculated by subdividing the interval [a, a], and 
calculating the appropriate Riemann sums. But all subintervals of [a, a] 
are of length zero, and any element of the^Riemann sum, 

f(x^),[a - a] = 0, ^ 
Alternately, the Fundamental Theorem of Calculus states that ' 



1 



where F»(x) = f(x) . 



a 

f(x)dx = F(a) - F(a) = 0 , 

a 



, 1.615 \ 



X ' 



\IC . 331 i 



\ • Solnitions Exeycises A^-^ 

!• ~ Exhibit the details of the proof of Part (l) vhen a < 0." 

If <^f(3c) <Mj^ on txj^':.^^Xj^] aftd a <.0, then multiply byv.a 
obtain 

QMj^ < (Xf(x) <(X\' 



I 



n n ' , . 

Frcsa a ^ " ^-i^ — ^ " \-l^ obtain the lower sum 

k=i ■ " ^ . k=l ' ^ 

cSj and upper sum crtJ for f over [a,b3« If U - L < e, then 



Obseorve th^ of is th*en integrable by Theorem A5-Ua*'^ If I is the 
integral olf f and J that of of over [a,b], then 

0 <U - I < €, 0 < J - QU < |a|€, 

from which it follows that 

|j - Oil = |(j - cp) +'a(u - 1)1 " . * » 

< |j - c4J| + I'al • |U - ij 

This result holds for all positive f, hence J = al. 

2. (a) If tjxe graph of f is symmetric with respect to "the, origin, then 

- - - - ^- - ^ ._ . . . ^ [-a,^], - 



f is odd. Prove that if f i^ odd and integrable on 
then ' ' , , 

i 

f(x)dx = 0. 



J -a - 



(b) If\the graph of f is symmetric with respect to the y-axis, then 
\ f is even. Prove for an even function f which is integrable^ on 
[-a, a] that ^ 

1 f(x)dx 2 1 ' f(x)ax. ' ^ I 

' J-a Jo * 

Interpret this result geometrically. " ' 



a 



Take a sul)division of the' Inte^r^ral into. 2n equal parts and set h = 
Take* the Riemann sum 



n 



. R = + J] f(lj^)h. , ^ 

k=l k=l. " 

where * (k - l)h < Ij^ <kh, (k = 1, . . n) . , ' 

(a) If f - is odd, f(-x) = -f (x) , and. 

k^ - k=l • * ^ * ^ 

Since the limit of the Riemann sums is the same independently of the 
method of subdivision and the choice of |^ it follows that -the * 
. integral is 0. ' . •* / 

. i ■ ■ . ' 

(h)' If f is even^ fW) ^ f (x) , and R = 2 ^^l^^ ^^^^^ 
' ^/ ' ' k=i ^ . (< 

' sm is the Riemann sum for f over the half interval "[Ca] , .and 

.th^ result follows on |aking the limit. Geometrical interpretatiwi: 

The area, of a standard region is e$aal to that of its mirror liifege. 

Parts (a) and (h) can also he done hy charing upper and lower sums 

on the half -intervals.' ^ 

Prove Theorem A5-5c as a consequence^ of Lemmas A5-5a and A5-^. Conversely, 
derive the Leromas as corollaries of Theorem A5r5c. ' »^ 
* * 

Proof of Theorem .A5-5C* - • ' 

iet f and g he integrahle over [a,h]. From Lemmas A5-5a and A5-5b 
applied in sudcession ^ 

/•h * /f^ N ' 

^ a I f(^)dx + p I g(3s)dx * K o*(x)dx ^ J ' P B>i^)^^' 



rh ^ 
J a I 



, Proof 'of Le&iaa A5-5a; Take p s=-.0 in Theorem A5-5^< . i - ' 1> 

Proof' of Lemma A5T5h* Take a ='-p = 1 ' in Theorem A5-5a* 



Prove: If f and g are integrable where g : x -» |f (x) | on* [a,bL 
then ^ ' 



I j%(x)dx| < 



|fU)ldx. 



For all x/ in [a,"b]- 



vhence I5y Theorem A5-5a 



|f(x)| <-f(x) < tf(x)|, 

4 ■ 



or 



'1^- -|f(x)|dx < f(x)dx < |f(x)| 

/ 



|f(x)|dx< f f(x)dx<T |f(x).|dx 
J a Ja J a 



or 



We observe that 



! I f ^ 
J f(x)dx < I jf(xy|dx. ■■ 

1! 



) |dx represents the sum of the areas of the 



regions hounded by the graph of f, ^ the x-axis, and the yerticfil lines 
X = a, -X = b. ♦ ' ' 
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Compute the valUes of the given integrals using Theorem A5-5c 

3 r 

(a) I g (3x^ - 5x#'l)cbc • / ■ • 



i 

I (3x - 5x + l)cix = 3 x''dx-5| xdx+| 
J2 J2 J2 ; ]\ 



From Examples A5-5a, h, c, and* 



r 



f.b fb fa 

I f(x)dx = j f(x)dx - A f(x)dx 
J a Jo Jo 



it follows that the integral is 



3(4-^)-^(4rf)^(3-.)=T|. , 



f2 

(b) I (x - l-^(x+ 2)dx 

'•Jo-. 



((x - l)(x + 2)dx = I I 
0 Jo 



(x^ + X - 2)dx .. 



p3 2^ ' 
^^|--2(2), 



2 

" 3 

'(c) I ^ + 2j(x . 3)dx 



3 2 

(x - X - 6)d:f 



I ^ (x + 2)(x - 3)dx = I 



^ 1 
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6, (a) Find the area of the regio^^belov the parabola y = x - 3 apove 
the X-axis and between the lines x = -3, x = 3. 



\ 




y = X - 3 



Area » 2 



lix^ - 3)dx 
J ^ 



(b) Find the area of th^ region between the graph of 
2 

f J X -^x - X - 6, the X-axis, and the lines x « -2, x = 3. 
First draw a rough sljetch of f and indicate (by shading) the* 
regioj^whose area- is to be computed/ ' 




X . 6 



Area = - I (x x -oo)dx 
(See Uo. 7c.) / ' ~ . 



r ' , 

Find all values of a fo;^^.^hich 



I.--; 



J 



(x + X )dx = 0. 



' 3 • 2» ■ ' 

The' number a imist satisfy ^ + |- = o. ,' /nils equation has two 



solution's 



a « - 6nd a 0. 



520 



a36' 



\ 



^ 8. Compute 

V . 



f(x)dx vhere 



f(x) = |. 



2 - , 0 < X < 1 
5 - Ivx 1 <x S'^' 



i: 



(2 .-x^)dx+ | (5 - '^x)dx 



.^(2..i) + [10 - 1^(4 - |)1 



f 

Ir' 

IS*?' 
IE-*' 



1^' /, 



It' 



9. Verify that the foUpwing property ^ 



J-^ f(c - x)clx.= J 



holds for. f : X 



f(x)dx» 



. li^yowjanswer. 




; = X, particularly, - • . ' ' ' 
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f 



(c . x)dx =.c(b . a) - |(b2 . a^), s 



1^- 



f S"^ 
J c.b> 



^ f2bc . 2fec + 



= c(b - a) - . 



10. If a" function f -I's periodic uUi, 

8h6w that . . periodic with period x and integrable ^or alf x, 

(n>4nteger).. Interpret geometricily. ^ ' . , 



f(x)dx = 



n /• 



Ir . 



,Now consider the subdivision of l^he" in;erval [a . i), , 
n> e,ual parts by .eans of the partition (u i ' ,1 V ^ ° 
= a + (k . x)\ + ~ and torn the Riemahn sum 



m 



i=l 



n 



Zf (a + i>^)h. . 

i=l 



Si^ce the Riemann sums R fk - i ' ' \ ' 
[= - (k ,- 1)N , a * 1^ ] ^^^^ ^^^^^^ f 
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11% Evaluate (without^ulsing'the Fundamental Theorem. of Calculus)'. 

flOOit 
(1 + sin 2x)dx 
0 . . 

Note: This exercise uses Exercises A5-*2, No. l(d) which requires Section 
A3-2(ii). 



, Since the integrand is periodic with period jr, it follows frdm Number 
* 10 tha-t. 



■i; 



(l + sin 2:r)dx 



3x = 100 I 

Jo 



(1 +*sin 2x)dx: ."^ 



From Exercises A5-2, Number l(d) 



■ f: 



/• o J 1 - COS 2jr ^ 
sin 2x dx =i = 0. 



Answer: lOOn. 



0 



12. Prove that if f is integrable oti (a,b] and if f (x) >*0 ^for all x 
in ta,b], then \ . • 

"b . 

f(x)dx > 0. 

a 



For every partition of [a,b] , L = 0 is^ lower sum. Since 

the integral is.^n upper bound for all lower smfis, the result follows. 

The result is also an immediai^e consequence of Theorem A^r^a, 

13 • Prove that if f and g are integrable over [a,b], then 

/ ' • IT {g(x) - f(x)}dx| < lg(x)ldx+'l ff(x)!dx. 



-From Nunjber h 



I 



b : 1 M - 

[g(x) - f(x)]dx < * |g(x) - f(x)|dx. 
a ' J a 



But (ig-Cx) - f(x)| < |g(x)| + |f(x)|. It follows from Theorem^ A5-5a and 
A5-5b that • ' ' ' ^ 

*^|b |b |b lE^ 



b fb fb 

|g(x) - f(x);|^ <' , |g(x)|dx + |f(x)|dx. 
a J a ^ J a 



1U» Let f and g be integrable and suppose, tl:^t:~*f(x) < g(x) on {a,b]/ 
(a) If the ^iueqviality f(!fe) + € <g(x),, for some €"> 0, holds on 
any subinterval of [&,b], prove the strong ineqviality 



fb V fb 
I ' f(x)dx.< I g(x)dx. 
Ja JV.^ . . 



Let [u,v] be a subinterval ' of Ca^b] in which f(x) + e < g(x). 
*We have g(x) - 'f Cx), > € and by Theorem A5-5a 



^'lr/\ /\i ■ / v 

i-j..^ ^1 e dxx e (v - u). 



Since^£(x). A f(x) > 0 on the rest of the interval we' have 
[g^x)' - f(:^]dx = -| [g(x) - f(x)]dx + I [g(x) - f(x)ldx 

+ I [g(-x} -.f(x)]dx 



j^g^x)' - f(J^]dx = -|\g(x) - f(x)]dx + I 

i 



y 

_ V 

^ ^ - > 0 + € (y - u) + 0 



whence 

, ,/b * "fb 

f(x)dx > € (v - Ai) > 0 



a 

fr6pi which the conclusion follows. 

\ ^ ' ^ ^ ^ ' ' ' ' " * 

(b) 'If f ai)d are continuous at,^ x = u fn [a,b] and f(u) < g(u) 
prove tlmt strong inequality holds as above. ^ ^ 

From the conditions of the p^foblem, ^ , . 

g(ti)*-)f(u) € > 0. " ' ^ ^ 

Also, continuity of f and g implies that there is some neighbor- 
hood of JA ^in which ^ ♦/ ' . 

' \ ' • |f(x) - f(u)i <f ' • , 

; and ' |g(x) . g(u)|^.< f . ' 

' Combining,, we ^obtain ' 

' ' ' gW,,-fW >f ' ' " 

in some neighborWK>d ofv u. The result follows from part (a) . 
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15» If functions f and I g are integrable, and f (x) < h(x) < g(x) on . * 
' • does it folloy that ' . ' / ' 

. ^ I f(x)dx'< I 'h(x)dx < J s(y^7 * / 

' Illustrate by an example. 

^Hol ^The function li may not bp integrable/ For example, take f(x) = -1 
6(xX = 1, ' . . * 



■t:: 



X rational 

h(x) ; ' 

X . irrational . 



On every interval ^ffiax{h(x) ) = ,1, min{h{jj£H = -1, hence for every upper 
sum, U > (b - a) , and for every lower sum, L < -(b' - aT» Thus h is 
not integrable by Theorem ^5-^- ' ^ 



•l6^ ,(a) Prove the M^n Value Theorem of integral calculus: If f is 

continuous and integrable on [a,b], then there exists a value u 
in the open interval (a,b) .such* that • - " . 

"b 

f(x),dx = f(u)(b '-a). 

a 



?rv? 

i: 



By the Extreme Value Theorem f (x) takes on a 'maximum value l\ 
and a minimum value m in [a,b]. Since 

m < f(x) < M 
on [a,b]' we have from Theorem A5-5a 



C\ (b ^ fb 

I m dx < I f(x)dx <J I M 



dx- 



' * whence 

fb 



n < r — ' — I 
- b - a I 



f (x)dx < M. 



5ince f(x) takes on every value between m and M (Intermediate 
Value ^Theorem, thereVis-a value u -in [a,b3 for which 



a 
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{h)[ Show that the'^^value f{u) - in (a) satisfies 



+ f . + ... + f 

0 1 n 



n + 1 



where h 



f(u) = lim 
h~0 

= ana f, = f(a V kh) Tot' k = 0, I, 2, 



n. ' Thus f(u) can be interpreted as an extension of the idea of 
mean or arithmetic average to the values of a function on an interval 



The expression for the integral as a limit of Riemann-sums is 



I 



n 



n 



f(x)dx = lira V 
a h-0 ^ 



k=l 



lim (n + a)h 
h~0 



k=rO 



n + 1 
n 



= lira (b - a + h) 
. h-0 



E h 

k=0 



n + 1 



= lim (b - a + h) lira 
' h-»0' h~0 



E 4 

k=0 



n + 1 



from which the result follows (provided 

n ' 



lim 
h~0 



k=0 . 



n + 1 



exists.) Existence is a consequence of , the faqt that if lim pq 

^ ^ h~0 

Exists and lim p exists but lim p ^ 0 then lim q Exists and . 
V * h^O h*-0 



lim q = 
h~0 ' 



lim pq 

h^O 

lim p \ 
h~0 



, .(The point neefl not be brought up unless the dssue of existence Is 
raised in class.) ' 
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17. If 



n + I n 



a ^ a r 

a-,x- + a^x + ... + a ,x + a - 
0.1 . n-1 . 



has at l,b6st one real root in (0,l). 



Zn— k wB 
a^^x . By the Mean Value Trieorem (No/l6a) there is a^ 



I k=0 

point U in (0,l) for which, 



f(u) ^ 

Jo 



f(x)dx 



n+1 n 
a-oc a.x ax 

n + 1 n 1^ 



a^ 



n + 1 n> 1 



^ 



l8. - (a) Prpve that if f(x) is integrahle on [a^h], -hhent |f(x)| is^^ 
imiegira"ble on [ja,i)]. ' • ' V ^* * ' 

For j each po^tive € ,-tniere*'>exlat a pai^iti6n ' " - 

a = [x^fX^fXy • ^x^}f^ an upper sum U, ^ and a lower sum L over 

^0 for which ' ' , ' * " ^ 

^ ^ J - ^ ' * ^ • t. ' * * ' 

: .... . .. , (M^^-n^)(x^.x^,^i;<,, • . 

Where \ < f(x)^^ Mj^ on shall describe upper ^atjd 

0 ^ lower "bounds .Mj^ . and m^^ for ''|f(x)| on each interval^ 
^ : ' '[xlj^^^,:^^]. If mj^^O^ then |f (x)|.^=:'f (x) and we take 

\ Mj^ = Mj^ and " \** '"\-l^\^* <' 0, then / ' « 

|.f(x) I = -t(x) and v§ take M^^^ = -m^^ and m^^ , = -M^^j ' whence * ^ 



If M,> 



> d and 



ERIC 



< 0 we consider t\^o^^s^s: 
• • » ^ 




(i)' l\l i^*^* Taking Mj^".= Mj^ and nij^ | = 0, . «e havf 

' " i . ^ 

- Ui'^ ' Inij^l > \- > Taking Mj^* = ^mj, and =0, we hav4 

♦ In every case ' ^ 

U*-L*^U-L<c 

.where U - and L are the upper and lover sums for 
"^"^'^ |f(x)| . constructed by use of the bpunds and m^^ . 



Alternate Soluirion 



^Define f and f by 

' . (f(x) , if f(x) ^ 0, 
. , f^(x) = 4 ^ f '(x) 

(O ' if f(x) < 0, 



*-f(x) , if.^) ^0, 
0 , if f(x) > 0. 



• 11* + -** * + 

Since |f j = f + f ^ it is necessary only to shov that f . and. 

f" are integrable iri order to prove that |f | is integrable. Now, 

. for each po^sitive e,. 'there exist a partjition a> an upper sum* U, 

and a lower stun L cfor f over q ' such that, in the no^^fctton, of 

' " the Jext, f ' t 



On eaph sul&interval C^-.i'^^^ choose uppVr,' Snd "lower ^ ^dunds^^M 
and m^ for f"^ .as follows.^ If f(x) >0 f or ^t least one point 
± in [•xj^^^,Xj^] ^take '= 1*^ and n^"^ = m^^;' if f(x),<-0. 

every^ere on the > interval, take M^^ = m^^ =0. In either Case 

» * 

' Similarly, for f" the corresponding upper and lower boundls satisfy 

.\ - \ " . _L 



t It follows, for the corresponding upper and low6r sums that 
Conseguehtiy^ > f\ and, t" are integrable and so also is \t\. 
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suppose 



is rational- ^ ^ 



....... [ft -bl. then 



, iff + g - 1'* ■ ^^^^ 

^^rsm Leinma A^-^*^' 
W result f oUovB from 

.Ug. and-. 1^2. . . , . - ; - - 

\ -.^ J. T < and - ^2 ^ V 

■ • ' "l-"^ ' . \, 0, for g, 

(,or example, ."l ,^,,,e the Vjounds pounds. 

- expreUns^or on^c. interval ^^^^^^^ 

-for g. set *-;^^|'t\axlV>V^' ' ^ 



• ; . . - ^ ^''l -/L ) + (u . T ^ *o .Obtain 

' ^'O'" Vhlch the com '"2- V<2€ 

"ne conclusion fr.n " . 

^ Obtain th. °''^°^ovB. 
tfte result for, 

^-^.since ' ""^^^^ ---that / ^ 

l^uaberai', - this p^,. , '^"^^'^^ = --xf..,,,^; 

^ -a , , , ° ^-onst^te 

fa) Prove f!.*'^*'°«n^ed and in^ ■ 
i-tegrab^^-^egr^^^^^^^^ 



Observe t^at it is ' 
« positive. ' ^"^^iclent ,to prove the ' 

mI^) " ^' e and V' ri, . 

choose the ^ ' " L" < e 

: • • ' sums for ^ 

""*'=^uf«uo....^..,; 

: ' e Is Integrable. ^ 

630 ' ... 



(b) If g is bounded away from zero, then - is integrable over '[a,b]. 

For the proof, it is sufficient to prove ^ is integrable and^hen 
to apply Part (^). Now suppose |g(x) | > c >'0. ' Let U and L, 
be upper and il.ower"' sums fOr g over ,a such tha«t U - L < and 
let Mj^, denote upper and lower bounds for g on the subinterval 

Ij^^ Choose upper and lower bounds M^^^ and . ni^* for 

' 1 ^ ^' 1 " 

- as follows . If \ > c or M^^ < -c , then take * = — and . 

*1 ^ ^^"'^^"^^ 

\ =i:^.. 'Inthiscase, M^^ ' - = .^—Tl < " . if 

nij^ < -c and \ > c, then take i\* = - ^ and \ =^ ' In 

\ \ ° • ° •' • ' 

this case use 1 < — and 1 < to obtain 

— c — c , 

^''-J^ ll^^^^^k , 

" \ "c'^c'-~ — 2- 2 — • corresponding 

upper and lower sums U and L , then 
^ c c - 



If f and g are bounded and integrable, then j (af(x) + Pg(x)) dx 



|^(af(x) + pg(x))^ 



exists and is greater, tlian or equal to, 0 for ali constant' a and p. 
^Show from this that 

fb p fb p cCh- ' )2 . 

. ^' f (x)^dx . g(x)''dx > f (x)g(^)dx [ 

* J a'^ J a ■ ' J a ' ) 

with equality if and only if? (for f and. g^^continuous) . f eg on. 
[a,b] for sOTiQ^ constant e, 



Consider the inequality ^ ' 

,:(f(x) + tg(x)),dx =4 <3x + 2t f(x)g(x)dx + t^ I g(x)^dx 

a ' ^ i a^' ^ J a Ja . 



An inequality ''Of the form At + 2Bt > C > 0- holds for all t if anQ 
2 

only if B - AC < 0, but that is precisely ^'niakowsky • s inequality 
in this case. \ - " ^ 
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If f = eg then equality obviously holds. If eqxiality holds 
B - AC = 0,^ then for spme choice of t, "say |t = -c ^ 



^ 5 9' , 1 

[f(x) - cg(x)rdx = Ov 



Now f - eg 'must be identically zero, for J,f I t^iere were any point where 

f{x^)-cg{x^) ^ 0, then [fU^) - cgCx^)! >| o' and from the continuity 

,of f and g there would be an 'interval confining ^ where the 

integrand has a positive lower bound, in that case the integral would 

i ^ 
have to be positive, not zero as^ required. Consequently, f = eg is 

the only possibility* (No-^e that thi proof requires the continuity of 

f and g at ' only one point • ) 



If f is integrable and its graph is convex on the interval 
[0,al. show that 



y f(x)dx > a f(|), 

Jo 



f 

Interpret geometrically. 



Ihe '^grapli of f lies above its tangent at ; . _ 

. ' ■ ^ ^ f(x) >f(|) + f(|)(x - |) 

♦ • ' 

(if f is not differentiable there still,;e!!asts a "line of support" at 
§ and f'(§) would be replaced by the slope m of a line of support). 
Then , ' , > » - , 



^ f(x)dx [f(|) + f'(|)(x - f)]dx " 



For f positive*, the geometrical intepretation is that the area of the 
standard region under the graph of., f , is greater than the area under 
the tangent taken at fhe midpoint of the base interval. 





WShiw^'that.-.. 



n ■ 



-(No, -22), 



Set f(x) = .VxT 



= Vx in the Bunlakowsky inequality 



2 

a , 



~ 25, - Show that 



(a) 



.Take f(x) = 1;, g(x) = A + .in the Buniakowsky inequality to 
obtain the upper estimate. For the low^r estimate,' use 

I. 1^ + dx = I A + dx + I A + x^'dx 
■ J O / ^ Jtf Ji/2 •• 

> I 1 dx + 



(b) Show that 



-f 1/2 fl . 

j./"^Ji/2^"' 



/ For the i^pper estimate/ use 
dx.. l"l/2 



\ Jo. - 

For tl^e loye^ .estJjnaAe.use^ the Buniakowsky,. inequality; . 

' ^ »• ' * 

,. . I A + x3 dx-.f ^ > 1 ^ 



hence, from Part (a), 
2 



I: 



dx 



> 1. 
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26.^,.Find a continuously differentiable function F in [0,l] such that. 
■ ' "(a) P(0) = 6, F(l) = a, 



•(b) 
(c) 



F(x) dx = 



0 

F'(x) dx is a raininium* 

0 ' ' 



feke f(x) = 1 an^Vg(x) = F«(x) in the Buniakowsky inequality (No..225: 



p I'^dx j"^ F«(x)^ dx > j 



F«(x)dx 



> fF(l) - F(0)5^ 

Equality holds when g cf for constant c. Thus -F*(jc) = c, hence 
F(x) 3 cx + d. From condition (a), F(x) = ax; condition (b) is 
au"J;oinati chilly satisfied arid is therefore redundant. Condition (c) is 
satisfied since equality is aehieved in the inequality above. * 



0 
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Teacher ' s - Commentary 

• Appendix 6 
INEQUALrriES AND LIMITS 



' ♦ TC. A6-1, --.Absolute Value and Inequality ^ - 

k: ■ ^ — 

I, . - section Al-J^X^'ootnote"), we define |a| as /a . This definition 

has ."t^ie virtue of etnphasizing the positivity of the square ;»dbt. It also 

\' helps jbo prevent the error of' writing va = a in case a < 0, This 



• error leads to the amusing "proof : ^ 



thus 



a = >^ = A-if = -1 
1 = -Irf^ 



mi 



We note that ^he form ♦lends itself, more oonveniently, to mathematical 

maniptilation^ 



J ' Solutions Exercises A6-1 

1. Find the absolute value of the following numbers. 



(\) -1.75 

' (c) ^ sih(- {)' 



: -(d) co8(-|) 



1.75 

\ 

! 2 



2. . (a) For what reall. n\ambers x 'does 



-X? 



X < 0 

(b) Fbr'what real- h\mibers x does |l. - x| s^x - 1?< 

\ 

' ' X >1 * 
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•?^Q>/^ » i 'Solve the equations: 



2 or X = i*. 



X = -'^ or X = -1, 



(d) |x + l| = |x . 3| 



Either x +.2 > 0 or x + 2 < 0, 
then X + 2 = X or -(x + 2) = x^^ 
Thus there are no solutions. 



The only solution is x 



i: 



'(e) |2x + 5| + |5x + 2| = 0 
(f) |2)c + 3| = [5 - xl 



There are no solutions. 



X = -8 or X 



* (g) 2|3x + |x"- 2| = 1+ |3 +x| There are no solutions. , 

^Jf. 'For,vhat values of x is each of the folloving true? (Express your 
' "answer in terms of inequg^lities satisfied by ' x.) ^ , 



(a) 

(c) 
'-(d). 
* (e) 

;(g) 

■ (i) 
. (J) 
(k) 



■|x| < 0 
|x| / X 

\A < '3 

.|x.r/6|.5 1, 

|x . 3| > . 
|2x - 3| |< 1 ' 

|x. - a| < a _ , 

|x^ -3| <1 ■ ' 
|(x - 2)(x - 3)1 > 2 
|x 1 l| > I X - 3| 
|x - 5| 



•x = 0 ^ ■ ' 

X < 0 ■ 

-3 < X < 3' 

X < 1 or p 
1 <r'x < 2 
jo < X < 2a ^^^^^ 

<*x < 2 or -2 < x < -^2 
X < 1 or X > ^ 



X > 2 



+ 1 = |x ^ 



1 

2 
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^4 







|x l| + fx - 2| = 1 


1 < X < 2 




» , J- ♦ 




|x - a.jO' 0 




r • 

1 


i 

r '* ' 




|x - a| < 5 


a * 8 < X < a 


+ 8 : / 


\ '1 . 




9 < Jx - a| < 6 


a - 8 < X < a 


or a < X < a + 8 


v ' , 
p . 

I' 


(P) 


|x -l|< 2\ and |x+ l| <| * 


-1 < X < i ^ 


•J 


i 


(q) 


|x^ l| < 2 and l2x- l| <| 


- J<x <f 


* 




(r) 


|x+ y| = |x|+ |y|, for all y 


X = 0 0 


* 


• 


(s) 


|sin x| = 0 


X = n n, n, 


an integer 




(t) 


Isin x| > 


1^ + n n < X 


<-I^ + n n ^ 




.(u) 
(v) 


|X - i| < 1 
' x' 


^ 1 ' 

X < - or 





5* Sketch the graphs of the following equations: 
* Ca) . |x - l| + |y|.= 1 

For X > 1, y > 0, then 
pc-l + y = X or x+y = 2, 
« line AB» • 



* A. ^ 



For X > 1, y < 0, then 

X -.1 - y = 1 . or X -_y =f 2,> 

Tine BC. 

For X < 1, yv < 0, then 
-X 1 - y = 1 or 

^t.^y =1 '^f • line CD. ^ _ ^ 

For X < 1, y > 0, then 
-X + 1 + y = 1, or 
y = x^ ^ line DA. ^ 



9 


y 
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(0 
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ta) ■ ' 
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y. 
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1^ Resolves into k parts: 

f ' ) 
X = ±" 1 and y = ± 1 \ 

vhere |x| < 1 and |y| ^ 1 



' (b 









N 
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\ 
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\^ 


/ 
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\ 














✓ 
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t 1 































(c) y = ix - l| + |x - 3| 

For X < 1, then y = -2x + |f I 
For 1 < X < V, then = 2, 
For X > 3 , then y/^ 2x - 1* , 

( 



(c) 

























-8- 










































































— ^ 
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> 








> 


3 



(d) y = |x - l| + |x - 3| + 2|x 

'For X then y = >te + ,12 . , . 

For 1 < X < 3 , then y =' -2x + 10 

> For, 3 < X < then y = . 

For ^ < x^ then ^ = lix - 12.. 



(d) 



^8 
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0 








1^ 











^ 0 — ^ a < B + b 

^ "-^ ab < b(a + b) 



^ ab ^ ^ . 

a + b a + b > 0, 



(b)-^ 0.03, shov that for positive nu^bei^^ a .nd b, the condition 
6 < miii{a,b) is satisfied by 5 = ' 



a + b 



a = b, 5\ = 

) 



For a b , the result foU^s from-part (a). For 

) . 

7. -Ta*) Show for positive a. b that £_L1 <- r vv 

S-Ll < max(a,br + maxU. hV 

> , , ,' « ' ' 

(b; Prow for all a,b that ? • , 

. max{a,b) = | (a + b + |a - b|J 
■ (c)^ ■ 'min{a,b) =*| (a + b - |a - 6() " ^ 



. .vL^' ^"""^''-^"ho^t loss of .generality, that'' a > b,"" 
, ^^hen max{a,b) = a = I (a +b + a - b), 

" - min{a,b} ■= b = |(a + b.-. (a-b)). ' 

8". * Show that ' , ' ... , 



„^ max{a,b) + ma^c (c,d} >max{a + c , b + d). 

• ^Prom-Numb^r 7(b> / ' - 

■ n-xfa,b) . max^,,d) = i{,a . b . c . d . |a -bl + |c". d|), * 

• ■ ^ max{a . c , b\ d) = i{a . b . c . d Ha "-^ c , (b .-d^|) ' .. 

;■ ■ ' '■ d + -((a - b) + (c . d)-|. 

The result follows at once*^' \ ' 

' ^ :/ ' 6^.0- 356 , 
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:|:-9. S*ow tUftl IT ab > 0, then ab > minta ,b ) J 




^i: if ^7 |a| Ibl >.(minHa|,;|b|))^=^ 

5"^ ' ^ ' * '''' X • ^ 

. 10, ^Shov that-^-f a« TnBDc{a,b,c}, then -a = min{-a;-b,-c) . 



I: 



■ t 

i 



If 

then 
So, 



A. is Tnax{a,b,c), a > b, a > c, 



-a <! -b and ' -a < -c»^. 
-a ='Tnir^-a,-b,-c}^ 



4 \ < * 

V /a. a x /a \ - * - , 

11; Denote min|~ ^ ^ • • • ^ F^J '^^"{b") similarly for 



max* 



If b^ >0, r = 1, 2, 



, n, prove that 
a, a^ + ... + a„ 



.ax a. a^ + . . . + a .a . 

^ . r '1 2 n r ^ r' 



"Denote niin<^| by ^ > 1 < k < n.^ and 
^ r * r ' k — - 



n. 



r 



Then, 

Or)' >'\^r-'^k\>^ ^* ^ Adding, • 

*■ • • 

Factoring' and dividing, ve^ obtain , ^ 

the same "Way^the remaining inequality may be obtained. 



+ b, a . 
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l< - 2 t 2 < 1 --for n = i; 2, 3, 



^Jse the 'inequality obtained in ^Humber 11, with 
' ' . r 5F 1 » 



13. , (a) Prove directly from the' properties *of order for ^Cr ^ that 
if' -€ < X < £ then [x] < e . Conversely, if \yX^< € then 
-€ < X < e. • * ' . " 



Suppose -e < X < €. If 0 < x, jx| = x < 

If X < 0, |xj = -X. But, X implies -x < Sq^-* 



Conversely, suppose |x| < *If 0 £.x, -lx| = x, so 
0 < X < thus * < X < €. Similarly for x < 0,. 



(b) Prove that if x is aij element of 'an ordered field and if 
Jx| < for all positive values then x ='o. 

If X / 0, take i ^ |jc|*. "We then have the contradictory 
statements |x| = [x| and '|x| < |x|. 



14- (a) Prove that }'abL= [^| • |b)^ 



/ 

Just consider the three cases. 



ab > 0^ ab = 0^^ ab. < 0 



erJc 
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(b) Proves that 



Prom part (a) we have 



-and . 



Hence 



Therefore 



, b / Oj ■ 



|a(i)| = |a|. 



|1- =. 1. 



=. a 



1 

bT V 



15» Prove that^ '|x - y| '< [x^ + fy|. • 

In la + bl < Ia[ + I^I, set a « b = -y. • 



l6. Under what conditions dq the equality signs hold for 

|a| - l^lh< |a + b| < |a| + |b|?? 



Equality occurs only if a = b = 0/ 



17» If 0 <Cx'< 1, we can ;miltiply ,both sides of the inequality x ^C^l by* 

X to obtain x <x ^(and, similarly^,, ve * can shov that x^ < x ^ ^ 

' x^ <x^, and so on)# Use^this result io show that if 0 < |x| < 1/ . 
then |x^ + 2x| < 3|xl . . ^ ^ - * ' ' 

^ _ |x^ +'2x| < |x^| + ISxl'^ \xl + |2x| = 3jx1, 

(!x?| = \x\^ <1x| since 0 < |x| <l),. 



.l8.' prove the following inequalities 



(a) 



xj- ^ > 2, .X > 0. 



ERIC 



f 




^ Since (x - l)^ > O, we have 

' . ' ' x^' - 2x + i > 0 ' dr + i > 2x/ 

Since ^ > 0, we obtain x + i > 2. 
X . / « — 



(b) x + ^<-2, x.<a'* 



X 



2 ^ p ' 

(x +.1) > 0/ So X + 2x + 1 > 0,^ or x + 1 > -2x. 

Since, x < 0, ~ < 0; so ^x^ + l) < ^"2^) or x + ^ < -2. 



(cj |x +i| >.2, x ^. 

Prom (a) w^ have x + — > 2 for x > 0 

<s ♦ X - 

I ll ^ 

or l^c + -| > 2 for x > 0. 

From (b) we have --(x +^ ~) > 2 for x < 0 

or -(x + = |x + i| > 2 for x < 0. 

Thus » , |x + ^1 > 2 for X 0. 



19* Prove: x ^ x|x| for all real-x/ 



• 2 
If X >*0, X = |x|, and x = x|x|. 

2 ' 



If X < 0, '^x|x| < 0 < X 

20. Shov that <Lf " |x - a| < -IfJ- , then < |x| < - for all a ^ 0. 

Using the inequalities of 13(a), we obtain " _ > 

■'■ - /|x - a| <-i|l--*--l|J-<x - a <-l|i' 

'. '■ ..') ■ \ ' ' ' ' • 
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•21. ♦ Prove for p^itive a and b, where a ^ b,: that 

■ ■ . ■ MaTbT ^2 < ■ • 

• • .. o/ab 

1 * 

^ - ' % 

To avoid /" , let a = m^, b = n^, then we have to show that 

« or ^ < 1 < "> 

Both of these inequalities are^ equivai^t to (m ^ n)^ > o. 
?y vay of example ve shov one of the equivalences: 

' (m ^ n)^ > 0 — ^ + > 2mn 

2(ni^ + > (m + n)^ ' 
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' TC A6-2. Definition of J Uimit of a Function " ' 



'In some text^, the idea of limit often is expressed in vords like- these: 
"If, as X gets closer and closer to a, "the values of f(x),^ tend to the 
value L, then ve call L , the limit of f (x) as x approaches ' a.." The 
difficulty vil^h this formulation, apart from the vagueness tof the words, "get8_^ 
'closer and closer 'to," "tend tt.," is that 'it suggests, the W notion that if 



'xg. is closer to 



a than is x. 



then f{x^) is closer 1 0/ L than U 



f(x^), 



Example TC a6-2 . Consider^ 



f(x) 



■i: 



X sin - , X / 0 



x*=-0. 



We 



have lim f(x) = 0. Lef x^ = ^ and x^ = „(i t kn) ^ 
integer). """Ln jx^l < jfCx^)] :> |f(^x^)| since fU^) = I 4") 

and "f(x^) = 0. 

. The above description of limit gives no clear idea of 'Just how to verify 
that L is the limit of f as x ' approaches a in any particular case. 
We are compelled to give^ a definition which yields a clear-cut method of 
verification. 

^ ^ ■ S , " ■ 

' Quite early in our -discussion we refer to Appendix*l-lt for an- explanation 
of open and closed intervals. These ideas are essential to. the material in 
this a^id succeeding sections. .In the exercises; substantial use is made of^ 
id^as relaUi;g to the order properties of real fiumbers and absolute value: • 
the student is expected to apply basic inequality theorems. The' objective 
is to develop compUtetional facility with absolute value as a background for 
provi-hg facts about limits. As a lead into Sectibn 3-3 we feel that it would 
De informative 'for the student to be given some numerical val;aes for € and - 
be required to d^rmine ? 6 sufficient to control the error (see, for 
"tianiple. Exercises 3-2, No. ll). ' . " ' 
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Solutions Exercises A6*-2 



The theorems of Section a6-1 provide the. basis f6r the following 
'-^"guments^ In th^ general application of the transitive property we use the 
trong inequality .in the conclusion since a strong inequality appears at least 
nee in the chain of reasoning. We also mak^ extendeci use of the inequali- 
ties ^ */* 

* ||a| . |b|| <Ha+ b| < |a|f^- |b|. 
1. 'Shov that if^ 0 < |x - a| < 1, then ' |x + 2a| < r + 3|a|. 
If a < |x - a| < 1, then 

> b 

. ' * |x + 2a| = |(x - a) + 3a| 

< |x - a| + |3a| 
^ ■ ■ < |x - a|. + 3|a| • 

<l+3|a|. 



2. Show that if 0 < |x - a] < 1, then [x^. a3| < + 3|a'| +i) |x - a| . 
If 0;< |x - a| < 1, then , " • 

Ix^ - a^l = |(x - a)(x2 + ax + a^)! * 
" <k . . = |x - a| . I [(x - a) + a)-\+ af(x - a) + a) + a^| 
- = |x - a| . |(x - a^) + 3a(x - a) + 3a^| 

< |x - a| • [(x - a)^3|a| . |x'- a| + 3a^) 
^ : ■ . < 1 + 31'^! + 3a^. . ^ 

3. Show that if 0 < |x 2| < 1, *then t — ^H-r < 1. 
Hint;. If |x - k\ >1, then i.. \T < 



whence 

|-2| - |x - 2| < |x-- 1^1 < |x - 2| + \.2\. 



We have fx - h\ = | (x - 2).- 2| whence 
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.\.. 



X 



ifims, if 0 < |:? - 2| < V 

. — 2 - 1 < |x - l+l < 1 + 2 

1 < ,|x - 4| < 3 » 
1 



or 



< 1. 



Show that if |x - a| , thenr ^ < A . 

X a 

We have | x| = Kx - a) + a| , so that 

. lal - Ix - a| < Ixl < |x - a| + lal 



"StiXiBy if |x,-"a| < -l^, 



' a 



.or 



whence 



2 

3|a| 



from vhich the result follows. 



5. Show that if 0 < |x l| < 1," then |^^x + l| <-9 and ^yT^ 

If p<,|'x,- 1| < 1, ve^have _ 

\kx + 1| = |4(x - 1) + 5| - ' 
< l||x l| + 5 

r 

<k •• 1 + 5 
< 9. 



< 1. 



Also, if 0 < |x - l| < l,- we have 

'.:.|x +• 2| = |(x - 1) + 3|' 
>3-fx-l|- 
>3 - 1 



> 2 



vhence 
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P^1^^QVj4a,t 1^' |x. 21 <].| .then: |x /i| <k and |-^-|_.| < 1. 
If .'ix - 21 < 1, then 



C". - 

"V- 



Ix + l| •= 4(x.- 2) + 3| 
- < |x . 5| + 3 

Since + 2x'+ it = ((x - 2) + 2)^ + 2 ((x - 2) + 2) + V 
= (x - 2f +' 6(x 2) + 12 
|x2'+ ac + M > 12 I (x - + 6(i\- 2) I 
> 12 - [(x - 2f + 6|x\^2|l. 

Thus, *if . 0 < |x - 2| < 1, 

Ix^ + 2x+ J^l >*ll - (1 +-6) ; 

Finally, if 0 < |x - 2| < 1,, we hai^e 

■ ^ ^^<i<l. 

2 . ^. . 1. 1 5 . 



V 



|x' + 2x 



7. " Estimate how large x + 1 can Ije-come if x is restricted to the- open ' 
* interval -3 < x < a. • » - ^ ^ 



If -3 < X < 1 then 3 > -x > -1 whence 

■ ixr<3 



and 

so that 



<9, 



+ 1 < 10. 



8. Use inequality properties , to fiind a positive number M such that . 
0 < \x - l| < 3 ^'or all X and • ' , ' 

^-a) |x^ + 2x»f- k\ <H 

(sCb) |3x^ - 2x + 3| < M 

' We are required to Bul)mit any positive^niuriber M satisfying the given 
inequalities. It is not ne^sary to find the smallest possiljle nunibfer M , 
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The. problem is. included here to give the student preparatory experiences 
for Section aS|-3» Because of this, the strategy, is more vSluable' to the 
student than the actual solution. 



Ma) |x + 2x + 4| < M 

' For 0 < |x - l| < 3, 

+ 2x + 4| = I ((x - 1^+ l)2 + 2 ((x - 1) + l)^ + h\ 
= |(x . 1)^ +;Mx - 1) + 7| 



< (x - 1)^ + h\x. - l| + 7 

< 3^ + ^ ' 3 + 7 

< 28. 



We may t^ake M as any number, 
M' > 28. ^ 

M 2 

The graph y = |x + 2x + 4| 
shows that any number M > 28 
will serve, 

(b)"|3x^ - 2x + 3| < M 
If 0 < |x - i| ^ 3, then 




2x + 3| - i3((x - i) + l)^ - 2((x - 1) + l) + 3|. ^ 
*= |3(x - 1)2 + h{x - 1) + 4| • ■ 

< 3(x - 1)2-+ l*|x - l| -+ It 

< 3 . 3^ + 1* . 3 + 
• • < '*3. _ ' 

We take • M > 4.3 , 

_Kie'gl-aph of y = - - 2x +^| 
shows that any nvunber M -> 1*3 
•will do." . ' . . 
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(a) |how that If . 0 < |x - 3| < l and ,0 < |x - 3| < , then 

|x2. 91'= |(x. 3)((x- 3) + 6)1 
^ < |x - 3| • (|x - 3| + 6). . 
Thus, if 0 < |x - 3|'< 1 ..and 0 < |x - 3| < y > *" 
. fx^- 91 <fd + 6) . 



or ' 



(t) Show that ihe pair of inequalities 6 < £ and 6 < y (or 
'6 < mind, 4) ) is satisfied by 6 = ttt— • 



For- e > 0, 



€ ^ (7 + 7 ^ 7 + € ^ ' 7 
7 + e 7t^ 7 + e"7+G 



7 + e 



'< ly (since y-l-^ > 0 ); 



Also, for e > 0, 

Since ^ ^ ^ < min(l , y), the result follows. 

X k 



Find a nutnher M > 1 such that ^ 

0 < I'x - 2| < 1. (See No. 3 ahove.) 



< M for all X such that 



If 0 < |x - 2| < 1 then 



< 1 from Number 3 ^and' 



|x+>( = |(x- 2) + 6| 
< |x - 2| + 6 
• < 1 + 6 X 7, 



Thus, under thesfe conditions, 
% * X h 



< |x + U| < 7. 



' We tcike M" as any number, ,M ^ 7." 
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^ 11. ibfithe glv^n veO-uS o'f Sj' ^find a.numbeV e-^'spcli fliat lf«0<Jx-3|<6, , 
Is your choice of - 6 in (b) lewceptable as* an answer in (a)? E>cplain» 



Jx^ k9| = |x - 3| • i(x - 3) t 61 
J ■ <-\^-3\ • {|x-'3l +6) . 



^ < 5(6 + 6). . " - , * ^ 

(Ajb ther l^t line we used^ 0< |x - 3| <6 For convenience we 
, restrict 6 sa that 6 < ]j . Then, under this condition, |x - 9| < 76. 

(a) To insure^ehat - 91 < 0.1 we may take 6 = — = — . 



(b) To inside that - 9| < 0.01 we take 6 = ^^p. = * 
The choice, "6 = ^55 y is acceptable in (a), for if 0 < ^jx -'sl < 



1 

700 



then 



\x - 9\< < 76 < 0.01 < 0.1. 



12* For the followlhg* functions, f ihd the liniit L as x approaches a. 

For' each value of €, e^chibit a number o such thaf^ Jf(x) - L| < € 
. % whenever^ |:^-a|<6.-i" ^ 



^ 1 
^^2 



(a) f (x) - 3x r 2, 
e?,"(b) f (x) =1 mx + b, (mj^p). ' 
(c) f(x) = 1 + x^, a = 0. , 



m 



ERIC 



{^Y llm (3x - 2) 



1 

X-.2 



1 

2 • 



Wokhave . . • _ • 

• ■ ■ • ' ; K3x^- 2) - |3x. || 

. ^ - •" = 3ix-|f. ■ 
Vfejwish to find a 6 such that whenever |x - -if < 6 then 



|(3x- 2) = (. |)| <e. 



We take & = | • Then if* |x - If < 5, 

l(3x-|) -||- -3rx.:'|| 
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(b). f(x) 



lim f(x) = ma + b • 
* • xfa 

|(mx + b) - '(ma + b)| = |m(x - a)| 

= lm| |x - a|. 

We vish to find a 8 such that whenever a| < 6 then 



|m| . |x - a| < €. 

5 

We taXe s = . For this choice of 6, "wiieneverOx - a| < 6, 

* |(mx + b) - (ma + b)] = [mj • |x - a| 
^" ' < |m| . 5 



(c) f(x)<T^+ x"^, a =: 0. 



lim (1 + X ) = 1 , 

X-p .V 

1(1 + x^)"- 1| = x^. 



We wish to find a 8 > 0 such that |(l + x^) - < e whenever 
fx - 0| <^6. We take 8^ = -/e. For this choice of- 8, If lx - (?I 



,1(1 v x^y. X? 
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TC A6r-3 . ^ Epsllonlc Technique " . / 

/ ' • ' 

The importance of technical mastery is lost on some students, usually. 

among the brightest. It may be necessary to emphasize for them the connection 
bexveen mechanical skills and a conceptual grasp of the subject. Just as an 
acconjplished musician can perceive the essence of a composition without 
stumbling over individual notes, the accomplished user of mathematics must 
have 'enough mechanic.al facility ^to be above distraction by mechanical details. 

A great deal of j/eda^bgical consideration has gone into the 9oniposition 
of 'Section *a6-3' The student should develop an operationally satisfactory way 
of working with the Idea of limit. Memorization of Definition A6-2 is 
'certainly not sufficient. Nevertheless, definitions fere like the fixed 
stars. They give the student a firjn criterion for knowing where he is. • ' 

We wish to^culti^t^-the altitude of inquiry in which. the student asks 
himself the follorwing questions: 

1. 60 I have suitable approximaWons for L? (The ans^^r should be 
easy since the approximations are usually taken atf endpoints'or at 
interior points. of a defined interval.) ^ 

2. Do 1 have a candidate for L? If so-, what is it? . 
3- How shall I test the candidate to see if it is the limit? Can I ' 

keep the error within any given tolerance " € -by confining the poirits 
X to a syitable 5-neighborhoo*of a? . * 

It is-easy to show that if^ for an -arbitrary e >0„ there exists a 
control, 6 >rO, then any smaller positive ni^piber 8*^ will certainly suffice 
for*the same j .^^-Tor, let there exist a 6 > 0 such that |f(x),- l{ ^ e 
whenever 0 < |x - a] < 6 . Further, let 6* be anr-'humber , 0 < 6* < 6. 
It follow-6 a.t once-' that- for all suph that 0 < |x^- a| <*6* we .have 
0 <||x - ^1 < 6; whence, -for..all thjse x, '|f(x) - L| < ej. 

We aire not Concerned with the liirgest 6 that gives the desired degree'' 
of control over the error tolerancQ e; rather, we seek alny number \b which 
lent. The task is often sin 

2 -ess than^/1. This'restricti 
, n on the deleted ifiterval {x, : 0 < |x - a[ < 5 < 1}, 

... W noted in Section a6-3 (Steg 1. Simplification ) that frequentity we are 
able to f ind .a sinipl^* functior) g-.^ '^cb, c a positive constant. This ■ 



■is sufficient. The task is often sinplified if we agree to restrict 5 to 
numberyess than'. 1. This "restriction simply means that we are focusing our 



1^ 



is tke case because we are dealing primarily with functions .whiclf have con- 
tinuous derivatives on a full neighborhood of a. From the fact that f,. j-s' 
continuous, we have 

L = lim f(/)-= f(a)- ) 

FroiTthe fact thai f is continJi^ on a neighbol-hood we know that^ |f'(x)| 
is also continuous on any closed interval centered at a within the neighbor-, 
Ijpod (composition- of 'continuous functions Section 3-6) • Consequently , | f ' (x) | 
ha^ a iiaximum value oi^ the interval.' (Extreme Value Theorem, Section 3-7) " 
K be any value greater *han the maximum, so that |f'(5c)| < K on the • 
interv'al. 'How, assuming 0 < |x - aj < &^ where'this deleted_6-neighborhood 
. lies- within the interval there exist^ a value | " within the 6- neighborhood 
(iaw of the Mean, Chapter 3) such that • . 

.. ' , ' |f(x) - L| = |f(x) - f(a)j. 

jf'(&,)(x:- a)| . 
' = |f(l)l .. |x-- a| ' ■ , 

> ,<; K|x 1 al . • • _ , . 

The method of boundin^^the der^ominator in Example 5-3e is givfen because 
it is a routine procedure conforming to the letter of our general outline. 'A 
' short cut' is to anticipate the problem- of bounding x away from 0 at' line ■ 
(l)/we may recogni:^ at once that, since Jx - a| <'5, the distance from 
X to a is no larger than 6; we maj^ then keep x away from 0 by requir- 
ing 5 to be Oiss Ahan" the distance |a| of a from 0. To achieve this 



we may take 8 < 



- *2 



For- your reference' we' list the following generalities: 
-1. .»The definition of limit epploys only values of '.x' different from a. 
2. limit is a local property (sometimes called a property in the small) 
• /involving the behavior of a faction within any (deleted) neighborhood, 
appoint. " , 



♦ 3* The* existence of the limit of f at a point implies that f .is defined ' 
for some values of x in eveiy deleted' neighborhood of a; that is, 
f(5c) exists for soAe values of .-x arbitrarily near ,a. * ^ 

The limit is independent of the choice the delete.d neighborhood of 
5* Hhe assertion 'that the function f has the limit as x appro^hes a 
is not the same^ as saying f (a) = L, nor is it the same a^ saying that L 
is an upper (lover)' bound of *f(x). - ' 

b. The value of 5 depends'upon the value of € ^(e^eption: fCx)" = c, 
. * ^ c constant) , > 

; 

A careful distinction should be made between the analysis of a problem 
and its exposition. This is particularly necessary in the case of limit proofs. 
Steps 1 and 2 show how the solution is found: in Step 1 examine the problem 
and set up a simplified model; in Step 2 we 6n%l±ne our plan of attack or 
stre^gy. Step 3 is the actual proof where it is verified that the solution 
has been found. An attempt should be made to develop elegahce of style in 
presenting p^^ofs. 

^ ^ Solutions Exercises A6'-3 

-Tij'-the following epsilonic arguments the analysis (Steps 1 and 2 in the ^ 
patterff of the text) precedes the proof • We make liberal use of the 
inpquedities " * s . 

||a| - {bl| < |a-.b| < |a| Hb! \ . 

(Section A6-1), In the selection on 6 (in Numbers kh - kg) it is expedient 

0 

to restrict 5" by ^the. auxiliary conditions that 6 < 1. The proof (verifi- 
cation) is simplified by an applicatiSn of Exercise^ A6-3a,, IJumbei* 5(b). 

1. Prove lim (^ x - 3) = -1; obtain an upper, bound g(6) for the absolute 



error and find 5 in terms of e. 



^ In tl^s problem ve write out the steps detail. 

- ' / ^' 1 ' ' " ^ - I 

/ ^ . ' To prove tha-£^* lim (-j x - 5) = -1. ' ^ 

n^r each e > 0 obtain a 6. * " 

- Show: if 0< fx - lt| then x - 3) - (-l)| < e. 

• , ^ep 1. 

j (a) . |"(|x - 3) - (-i)l = l|x'--2| 



* * * * * ■ 

(b) If 0 < |x-.4i*< 5, • . . 

3) - (:i)i =i ix. i^r-^- 

(c) .T^e g(8) = I 8. . ' , ^ : 

Step 2. To make g(6)<€, set 6 = 2€ . ' .J 

Step 3. If 6 ='2€ aad 0 < |x - %\ <.6, then 
\, , '|(|x-_3)^- (-1)1 =|-|x-M 

. ^ . • . <| (2€) . 

< € . 



2. Give arguments that prove 

(aj lim c = c, c any constant. ' ' ^ 



{\)\ jc = a. 



X'-'a ; 



'(c) lim Kx = ka, k any constant. 

• (Use the results of. Example 3- 3a of the text for parts b and c.) 



(a) lim c = c, c constant, 
'l^tatement of problem: 



4^ 



For each € > 0 we obtain a 6 > 0 such that if 0 < |x^- af < 6, 
then I c * c I < ' - ^ C 

Since |c -„c|,= *0 is less than € >0 for all 6 .we arbitrarily 
take any positive number for 6, say ^5 = 1. 



Then for 6 = 1,, whenever 0< |x - a| <*6, jwe have fc - c| < €, 
(b)' lim X = a. ' 



X'-a 



Prom Jbcanipld A6-3a^we Have 



lim (mx +b) = ma + b, m^O, ' 
X-a 



» whence for m = 1 , * b =r 0 , 



(c) lim kx = ka, k constant.-' , ' ' 

* x-a ' , « ' / 

If k ^ 0, the result is a direct consequence of Example 3-3a> if 
' k = 0, the result follows from part (a). ^ 



Invoke the definition directly to prove the existence of/ the limits to , 
Problem 2* ' 



(a) See answer to Number 2Ca). , 

(b) lim X = a " ' ^ / 
x«^a ' * " ^ 

We follow the pattern of Exauiple A6-3a ia Step 1. Then take g(6) =6 

To make g(6) < € we take 6 = € . 

Thus^ ^i^ 6=€ and 0<|x-a|<5, then |x - a| < 6 < € . 



(c). lim kx = ka, k constant. 



x~a 



We follow the pattern of ibcample A6-3a through Step 2 and take 



6 = -r^, where m k. 



For 6 = and 0 < |x - a| < 6, 

Ikx .'ka| = [kj |x - ap 
< tk|6 



In each of the fqllowlng ^ess the limit, tod then prove that your guess 
is correct: give e&i expression for g(6) atnd fihd 6 in terds of 6^ 

2 



^(a) lim , 
x-0 1 + x^ 



(e). .lim- 



- k 



x-3 

(c) lim 
x~a 



x3 



x~2 - 8 • 

x~0 I 



3x " 1 . 



(d) lim 



- a 



X + 1 



' C^) lim 



l^x"^ - 3x - 1 



x-1 X +1 



,,,We omit repetitious material. Kie " statejoegt of the probl^ follows the 
pattern in the text. ' 



X + 2 



7 
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< X 



< 6 



(since 1 + x > X) ) 
if o'.< |x| <b. 



Take g(6) =.6^ and set 6 = vie. . 
Verification ; 

If 6 = and 0 < |xf < 6, then 



- 1 



1 •+ X- 



< 6 < €. 



11.4^=9. ^ 
x~3 ■ 3 P * 

x^(x - 3) 



X - 3 



= - 9| :for^^ xY-3 
= |x - 3| . |(x - 3) +.6| 
'.< |x - 3| -^Ix - 3| + 6) 
< 6(6 + 6), 



(At the last line ve used 0< |x - 3| <6.). 



For convenience we restrict 6 by requiring that 5 < 1. Under 
this condition if 0 < |x - 3| < 6 



x^(x - 3) 



X - 3 



- 9 



< 76. 



Take g(6) = 76." Obtain a 6 -satisfying the' two conditions 6 ; 
and 5 < Y > simultaneously. One way to .do this is to take 6 - 
(Exercises A6-2, No. 9(b)). • ' ■ 



Verificajlion r If 6 = J^rj and 0 < - 3|. < 6 



Ax - 3) 



X - 3 



i< 76. . 
^i-<^-7^ 




.7 .t e 



<1). 
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(c) Urn '' - ^ 



We have 



3 

x"^ - a" 



3a" 
3 



X - a 



2*2 - / 

X + ax + a for "x f o.,, whence 



x^ - a^ ^2 

- 3a 

X - a ^ 



|x^+ ax - 2a^| 



= I ((x ^ a) + aj^+ 8((x - a) + aj -2a^| 

= |(x^ af + 3a(x - a)| ' 

" ' ' - = - al . i(x 'i a) + 3ai 
* c ^ \ 

< \x - a| ;,(|x - a| + 3la() 
•<6(8 + 3i^!) 

(At the last line ve used 0 < |x -.a| <6 .) ^ 



For convenience ve restrict 5 by requiring 6 < 1, Under this 
conditidn if 0 < a| <6, 

3' 3 



X - a 



3a^ 



<6(1 + 3tai). 



We chopse 6 to satisfy the conditions 5 < 1 -and 6 < ^ ^ j 
b < tninfl , 2. +^ 3 [ a | ^ * ^ convenient way to satisfy these ^ 
conditions is to take 6 = i + 3[1| + g - (Exercises A6-1, No, 6(b)). 



* 5 



Verification: 



1 + 3|a| + € 
-^^^ - 3a^ 



X - a 



,and 0 < |x - a| < 5,, -theti 



= |x - a| . |(x_^ - a) + 3a| 
(<fix - a] . (|x - ji + -Slai) 
<8(l/3iai), ' 



J' 



^ 1 + 3|a| + e 



< e 



■ 1-^,3 
1 + 



+ -e 
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2>1) 



(d) -iim-|— r = 1- 

<8(S + 1) 

-by' rearing 6<.l. under this' 
For convenience ve- restrict S ^.y.requ 

; condition if- ' Ix - il < S 



j jcjtl . i| < S (S + l) 
< 25. 



y4 " 

^ 'fi < - simiSte^eously ve - 
take (for convenience/ ^ r 2 + 1 * ^ 

Verification: ^ ' 

;7-7rSl. and |x- li.<8> 
ir 6 - 2 + e 



_x + 1 ^ ij < 2S 
x2 + 1 



< 2 • "2 + € 
<-2 

< € 



IT 




11 .ll^iii- . IP • 

31 ' + 2X + ^ ^\ 



.^^ + x + 2_ 
3(x2 + 2x + 
1 l/v - 



3 + 2x + l^ 



(xM 2) 



6a 



?77 



H °<'«^enlence we restrict s ' 



\ 



Ho. 6) 



■ • <i 5(1.3) ' ^ . ' 

i^e wish to obtain a valn^ ^ * 

to set -Ly. . One vay to satisfy the conditions is" 

.-3-. - FTl? (Exercises A6-1, nc 6(b)). 



8 = 



yerlficatlnn - 



1 + r € 




If* s ' 3€ i 
* ^-'^Tsi and 0< |x..2( <5^ 

•x37i"f| 2| . (IxTsf +^3) 

3 \+ 3f€ 



< ^ 



(f) lim " 3x^ 2 ^ . 1 
x-0 X + 2 • 



(since - ,, ^ t v 



X + 2 p^l 



gx-^. - 5x^ 
2(x 4. 2j 



. Fjor convenience we' rectrict R " ' 
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Thus if *5 <-r- -and e < |x| < 6, ve have 

3 



X + 2 





2x^ - 5x 1 




2(x + 2)1 



<|-|2x3 -5x1 



4 



|x| . |2x2 -5| 



<.|x|-Mx2.|) 



< B . (1 + |) 

< U5 



-(since 'I B < 1^5). 

To satisfy- the ^ two 'conditions 6 < 1 and 6 < l.'^f simultaneously,/' 
we take, for con^enfence, 6 W^t— ^ — . - ^ 



Verification ; ' ' ' . 

Set 6 5: in the statement, of the problem, as in (a) - (e);; / 

In the last step we have, \mder the condltion^ thatT 0 < |x - o| < s!/ . 



3^ ^ . 1) 



X + 2 



< U5 



It,;- ) 



< u 



{&) lim 
V^c^l 



Ux"^ - 3x -^1 



X + 2 



0. 



kYi - 3x 



. X + 2 



■|(x - iKu^ + 1)1 



. . ' ' ■ ^ ?|x - i| iMx - a> . 

We rlest^iot 6' so that 8 < 1. ynd^r. this restriction^ if^ 
P <i|x l| < 6, we have . ' 



hyj - 3x 1 



X + 2 



< ix - '1| . |l|(x ^ 1) + 5| v4lixe^iaJs.A6>2) 

< -Jx --il. . (l^|x■- i| ^ ,5) '••)|]SV ^ 



< 95. 
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We require that 8 < inin{l , |) . This condition is satisfied if we 



take 5 = 



9 + € 



, Verification 



If 5 —1— and 0 < |x - ll <-6 , then 
9 + € 



|Ux^ 3x ^ 1. 



X + 2 



V 



■ < |(x - l)(lix + 

ii • 1| + 5r 



< 1^ 

< 98 

< 9 

< € 



' 9 + e 



(since ^ 
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4 : ^-f'^ i4 



^eorems become tools to the student only in so far. as he \mder stands 
the hypotheses arfd appreciates conclusions that derive therefrom. Graphical 
considerations are usually helpful in visualizing abstreust properties and 
proofs j[ln particxilar, Theorems AS-ka, h, c, f). proofs of the th^rems should ' 
he made plausible^ but meoorizatloq of formal proofs is inconsistent with the 
philosophy of*this course. * • ' , • 

The statement lim f (x) '= L ,sin5)ly meanii that L satisfies the conditions 
* * ' ^ x-a . . 

of Definition A6-2. It is conceivable that another number might satisfy the 

same conditions. / Then the statements lim^(x) = L and lim f (x) woiuUl ^ 

x-a^ x-a 
both be true. If this coxild happen, then lim f(x) could have no meaning by 

x^a 

itself. Consequently, each limit theorem would need to be appropriately inter- 
preted; for example. Theorem A6-i*c would be stated; / 

'I 



THEOREM AS'kc. If lim f(x) = L and lim 



g(x) 



then, L + M 



x^a 



x^a 



is a limit of g : g at x = a. 



tfhis interpretation is unnecessary, since lim f(x& if it exists, is 
xinique.'"- . 1 



J?HEOiaBM . If L and M 'are limits of f at a, that is, if 

*lim f(^) = L and lim f(x) = M, then L « M. 
x-a x-a 



L - M 



Proof . Suppose L > M , take e = — ^ — > ^ then there are 



and > 0 such that 



-e < L - f(x) < e 
\i ^ -e < f(x)/- M < e 

Hence^both inequalities hold for 

' ' . 0 < |x - i| < min{ 5^,82}, 

Thus 0 <L^ ^< 2£.*^ ImpossJLble^ ^ 



'for 0 < |x - a| <b^. 



for 0 < |x - |a| < Sg. 



Sometimes assumptions are left tacit. For exaagjle, in the proof of 
!Eheorem A6-iic, is, of coursej^ subject to th^otiditions Imposed upoti e, 

that is,, €* > 0. . , ^ 

*In Theorem A6-J*c, pthere Is a tolerance, e, for th^sum (f' + g)' and 
*tol«rance^, and. el, for *the. addends ( f and g,, r^ect^vely). It is 

sufficient that these tftierances satisfy the coniSition ^2 ^ ^' 

conveni^iice (and for def initeness) ve take ""^2 I ' 

'cbiFfcrol 5^ maintains the tolerance = ^ f f and control ^ 6^ main- , 
tains ^2 = I ^'or^g/ It follows that & <jnin{5^,^2) j^ill'maintain the 



toleraiice ^ for f and also for g. 



^Ve can obtain a slightly different proof of Theorem A6Ad by utilizing 
Lemma A6-i+ in the folloving vay. By hypothesis*, corresponding to any positive 
e_, e. we can find 6,, 5^ such that ^ \ \ \ 

' |f(x) - X| <-€ whenever 0 < Ix - a|*'< 6^, - ^ ' ^ 

|g'(x) - M| <''€2 vhenever , 0 < Ix - a| < 6^,^^ ' . ' ' 

' ■ ^ • • >' - 

and by Lemma ko-h there is a & such 'that ^ t ^ 

* * * V . * - 

|g(x)| < I |m| whenever 0 < |x -^aj < 6^ 

Since f(x}g(x) - LM = ^f(x) - l)g(x) + L(giisa - M), if Jf(x) L| < - 
\g{iCl . M| < e^j ^^^^ ' * ^ - 

|f(x)g<x) . LM| < |f(x) - L| • |g(x)|+ |L| .Jg(x)^ Ml- 
In order to remain within the t^erance e we take = eg arid ■ 



IThen to cover 'the case where M = L = 0 we take 
4 . . . v> 



Let 6^ and 5" be^propriate eontrol^s for this choice of * .and 



> and 5 be^p 

i^Ttake O 



an/,take 



/ - 



5 = min{5j^,62,fe*) • ' ■ 



3 

I 



' For this choice of 6 and for ' ' . * ' 



0< |x - a| < 6 



^ we have * • ' . , ' , 



. ' • |f(x)g(x)'-. m\ < \€ix)'. L| . \gix\\ +^\ y |g(x) - M[ 

- < ^ - - . 

Sum notation may be used to* express a Ifneat combination 

1=1 ^ . > . 

ana state the corollary to Theorem A6-4c, - '/ 



n ^ n 
2] V. (x) = c. limf^(x) 
-•1=1, • • i^ 



n 

i=l ^ 

\ > ^ 

Mathematical Induction (Appendix 3) is required for the proof of the J 
corollaries to Theorems A6-i4-c and A6-l^d, respectively. If the student works 
through these proofs he will gain a deeper understanding of the fundamental . 
, results aijd^^^appre elation of the power of mathematical inductipn. 



In I^mma.A^r^ we h^ve a: &-nftlghborhood of^^ a 'Wherein 'g(5c) 

is closer to M than to zfero." This means: fbr all x lr{ the 6-nelghbor-^ 
hood and in th? domain ^of .g, g(x) Is closer to M than \^ zero. 
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SQU^'F THEOREM (Proof) * ,flet I be the- deleted neighborhood^ of 



a vhere ; 



h(xO.<f(x).<g(x). 



^.,For every. § > 0, I contaiins a deleted r)-neighborhood of a 
vherein |h(x) - m|' < and |g(x) - M| < €. Equivalently, ' 
■we have 

' . ^ ^ M - € < h(x), g(x) < M +.€ . • 

whenever - 0 < |x - al vif 5. It follovs that , 



or 



|f.(x) - M| < € "^-'^ 



whenever 0 < ^x - a| < 6; 



Solutions Exei'cises A6^k ' * s ! 

/ ^ ' ; . y 

1. Jhrove the corollary to Theorem A6-kc» The limit of a linear otjmblnation of 
fijhctions 4-s the same linear combination of the limits of the functions; 
i'.e., if -lim f^tx) = L^, i = 1, 2, n, then 

., n ■ ' . . , 

. *• . ■ ■ i=i ^ ' . . ■> • 

= ^2 °i^i (seeA6-2). 







Proof. We us© the First R^iiiciple of Mathematical Induction' (Appendix 3-1), 
and take 'for A the assertion " ^ 



n n 

""^X^Vi^^) =5J°i^i 



For n = 1 we* have as assertion A^, 



. I x-a 



which is true by Theorem A6*4b. 
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. ''I '-t^e fov n-=-k ansl-seeX to prove that -i^^^ is true, 
nov.assame A^^. true 191 n 1^ > . _ 

OBi-Wre.induc-eion tiypo^l^'^sis, 



How 



(X)' 



1 l..Vo.f.(x) . lira.c^,, ,^^^(x)(Theore.A6-l.c) 

k 



i=l 



^ ^^^^^ ^K^i 'Vx^^^ 



(Theorem A6-Ub) 



71=1 
k+1 



A is true..' There^iorej 
, aad assertion , A^^-^ T^ruc 



' holds 'for every natural number n . 

4 ' ' ' . ■ \i ^ 'Theorenv A6-lid. For any polynomial function p, 
5; Prove the coiiollary ^ .Theorenv 

K , * • " lim p(x) = p(a) , 



/ 



. n n 



We-takV'for the assertion that lim ^ ar" 

n ' x~a 

For *n assertion i§ 





•W.^Tp^est^Wh the corollary, Ve use the nrst Principle^ 
-matical Induction to.prove fix^t that ^ ' ' ' 

'liaturaO. W^er. 



^/ 3 B 5 



lim X = a 



Which is true (Exe?cis;,s A6.3, No". 2(b) ) ' , ^ - ' ' " 

V 

tp, prove A^^^ true, ftae ^induction. 



We novasstune true and tiy t 
1 hypothesis is 



lim x^' = a^. • 



x-a 



[low 



lim x^.-'^ = ^ 
X'-a ' ^ - ^ 



x-a 



x-.a 



H-lli.x (l.eore..A6. 



k 

a . a 



(L and 



= a 



k+1 



indue ti oriN^iypothe si s ) 



^ tlM Vl -tnie and 



lim X = a?, n* any natural number.^ 



x-a 



To ci>ii5>lete the proof / let 



p(x) = + n ^ 1 ..2 




lim p(x) ^ lim 



x-a 



n 

l^=i>^' 

i=0 . 



i=0 

i V 



n 

Elim c. 



i=0 

^=i ii"" 
i^. 

n 



'i^ (Corollary to Theorem A6-^kc) 



x*~a 



(Theorem^ A6-ifd) 



i=0 
P(a)-, 
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Prove the^c&!*oilaries-to^Lemma k6'k\ > ^ ' ^ ^ 

Corollary 1. If lim g(3c) =' M tod M ^ 0, ^ then there exists a 



neighbo^ood of a where |^| > |g(x)| > |-|t for x%.in the domain 



of g , 



Proof s Since g has limit M at a, * :there is a 5-neighborhood of" 
a in wh:jjCh g(x) is closer to M than to .zero. We consider two 
cas0s; M^> 0 and M < 0.' 

Case 1. If > Q, we have g(x) > 0 by Lemma A6'h, and ♦ 
f >;(x)>|>0 or If I >|g(x)| HfiVo. . 

Case 2. If ' M < Oj,- we havf -M > 0 and lim »(^(x)) = -M > 0. 
Thus, -g(x) > 0 by Lemma and ^^^>^(xX >'-y > 0- This 

inequality is equivalent to |--|^| > |-g(x)| > ^t-^-K > 0 

|-^| > > Igl > which' is^ the sam? as the ij^eqUality obtained 

in Case 1. . 



(b) Corollary 2* A limit of a function whose values are nohnegative is 
nonnegative. ' ' \ ' 



Propf , Let g(x) > 0 and let lim g(x) ^ M. We want to^show that 

r ; * X'-a / / 

M >k)« To do this we show that the assumption M < 9/ leads to a 

;ont!radiction. 



contir 



'If $ < 0, then -Mja.0 §jid 



^ lim (-g{x)\ = -M- 
• ' x~a A / 



therefore, 




-g(x) > 0/' 



(Lemma A6-1i-) 



contradicting the hypotheazs that g(x) > 0. Thus, M > 0 
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V 



Prove the' corollaries to Theorem ^i\6-iie 

'(a) Corollary 1. If liin f(x)^ L aj}d lim ^(\) = M where/ U ^ 0, 



y . then lim 4^ ^ ^ 
^ • g(x) M 



Proof,. Since M ^ 0; by Theorem S.^^ve, ve.'have^ 

1. i 1 • 



lim 
x~a 



'From Theorem A6-kd, we have 



= (lim fix)] . flim • 



lim 



, ♦ M 

L 

" M * 



r 



(b) Corollary 2« ' <Ef aiid a are -polynomials ^ ^and if q(a) / 0^ 'then 
* . ^ ' ' lin pU) 

rpof > Bi* ^the corollary to THeorem A6-iid, ^ 
lim p(x) p(a) and ' lim q(x/ = q(^.). , 



X'-a 

Since q(a> 0,^ , 



x-a 



- . P(^) * P(a? / i ' ^ . V 

itxT qtaj (Gorolldry 1 to Theorpp A^6-Ue). 



Find the.folioi;ln£ limilc/ £^lving ait each, step the'theorem on dimits which 
justifies it; • . . ' , ' • 



(aj^ lim (2 ^ x) = lim i -f lim x 
. • . * ' .x^3 x~3 



. ^ + 3 
.'1 . 



, Theorem A^-iic 



Theorem A6-iia* 
Example A6''Ja 




(b)' liA (5X - 2) = lim 5x + lim (-2) " Theorem k6-kc 



^^JJ^^(.g) ^ Theorem A6-Ub 

,n ^ / Example A6-3a 

o- Theorem A6^ka 



fc) *lim C-, II - b/|x| ) , .where a and" b are constants**' , 

x-0 ^- 1^1 ^ / • ^ r . \' 

lltf / i ^i - b/n^D = -lim vrrra-.^ 1^"^ (-b/ITf) Theorem A6^1*c 

Xr-O^^-^ • x-0,-^- «-x-0 ' ' . ^ , 

' -V- • * . ^ ' 

= a lim \ - b lim /Jxf Theor.em A6n4b 
x-0 . • x-0 

^ . ' '•=:a.l^b\o- Ib^mple A6-j3b 

* ' • * Theorem A6-'4p 

• ^ Example A6--3c ' 
= a, ' ' ' 

\ ' ' ' ^ ^ 

(d) IJm (x"^ + ax + a ,x a^), where a ' is constant. j « 

x-a \ ' 

, • lim (x^ + ax^ M- a^x + a^') a^ + a . a^ •+ a^ . a + a^ Corollary to 

x-a • ^ * Theorem A6-^d 



Fiijd the following limits, giving at each step the theorem which justifies 

it. ■ :. ^ , ' . , 

/ X 1* (X - l)(x^ +-X + 1) 



, 2 

= lim (iS^) . lip (2?_LJi_Li:) Theorem A6-lij} 

■ x~l ? - ^ • x~l ^ '-^ ^ " ■ 



= 1 



* * Corollary' 2 to 
2 , " . Theorem A6-Ue 

2 \i . * • Corollary to • 

, " Theorem A6-i*d 
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'•(b). lim^ 



^ n 

7, Find lim - 
•x" - i n. 

X 



X - 1 



-9' 



(x - 3)(x+ 3)' 



27 x~3 {x . -^YCx + 3x + 9) 



lim Cf^)-.. llm( - , ^ ^' 3 ) 
x~3 ^. x*^ + 3x + 9 



2 .' 
9 ' 



Theorem A6-W 

Corollary 2. to 
Theorem A6-ke 
"Corollary to • 
Theorem A6-l»d 



r^-j , for n a positive integer. Verify first that " 
+ X + + X + 1 (x 5/ 1), ^ 



The verification of the division is ^one. "by simple algebraic methods. 



Now let p( 
1 



J \ ' n-1* n-2 N 
.:c) = X + X + . . . +^x +.1, 



limp{x) = p(l) 
x-1 

= n. 



Corollary to 
^ Theorem AS.-^d 



I^'^e.nnine kether the following limits exist and, if they do ebcist, find 
their veaujbs. • ^ * ' ^ ' 



(a) lim 4 









' lim 




x^l 


: ? •« 


(b) Iffc 




x*»'a 




Let 










5 - -M 


<• 


-V 













X.1 f :^ ^ • ' 



a - X 



does not* -exist. 
= lim — which does not exist. 



x~l 1 '- -/x I 

;(x" - a"), n a positive integer, a* constant. 

"lim p(x) = p(af) ' i 

X'-a ^ . * 

= a - a 

= 0. / , 

) 



1 / 
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(c) lim^^EIjLl 



A6-k. 



X + 1 



+ 1) 

does not exist. 



x<«-l 



2 and lim U 4 'l) ^ o, hence lim ^"^^ 1 
• • j,^.^ X + 1 



■ + 2)(x - 1) 



(d)^ lim ---- , u - ^;(/x -.3 

x~l x'^' + X - 2 • - ;c^i + 2)(x - Ij 



= lim 



5^-1 (x + + i)(^ . 1) 

X - 2 



J. 

(e) 1^1^= li^^ 



= lim 



'x^l (x + 2)(y^ + 1) 



X'vl 



1 - X 



X'vl, 1 + 



1 

2 • 



9. Usiiig the algebra of limits ^hov that lim ^(^) " ^'(a) ' - ' 

..s ' \ ^ ' x.a ^ --a only 



if 1.'^ ^(^) -'f^a) - l/v ■ 
'x^a 1^ - a] 



First 



we not^^^ 
also, that |g(x 
Let 



that lim g(x) oS. and onl, if h,. J,;;), ^ 

■gW||. ■ 



•• and . 



Then, 



, X - a ' ^> 

^ _ f(x)- f(a) - T/v - .V 
T R^^l : 



|A| =-|Bf 



Part I. „. .,p,,„ ,,,, Ml . o' t,... 

lim,A=xo'^o^ lim ^l^SljlJla^. ^ ' 
x-a x-a ' ^ - ^ 



; , 2. Assume lim ^(^) - ^^(a) . _ - 

x^k ' ^ " implies, that lim A = 0 and, 

thus ^ ' X'^^ ^ 



.lim-|B] =0 and lim B = €U 
x«va ' • ^ 



X'va 
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^' ' * T \p<«fl each of the folloving 

10; Assume lim sin x = 0 and- lim cos x = 1- ^pd each or t 

■ . .4-1 „Hvim, at each step the trieoJem on limits 

Units, if the limit exists, giying at eacn s^p ; . 

which justifies it. - \ • 



Theorem 



. (li. sin^x . lim Sin x) . ( lim sin :c\ ^eorem A6.Ud 



0. 



-sinx 

• - (b) ♦ lim tan lim 
x^O • x^O 

sin X 

, ^-.lim cos X 
x^O 

4 



(c) lim sin 2x == "lim (2 sin x cos x) 

lim sin X cos x 



^ . = 2 ( X cos X J 

( lim sin xV- (lim cos x) 
\x.O ./ \x.O - / 



= 2 
= 0. 



Corollary 1 to 
Theorem A6-Ue 



Theorem A6-Ub 
Theorem A6-Ud 



sin X * cos^x 
sin X' 



/ -lim'lg^'- lim -cos^x 



(e) lim 



1. 

1 - cos X 



1 - COS 



COS 



lim — 3 • = 



sin X • 1 + cos 



=' lim 
• x^O 

= 0 • 



' 2 
sin X 

sin X 



i.o. 



lim 
x^O 



1 + cos X 



njieqrem A$-^ 

• ^ * 
Theorem A6-^ • 

Theorem a6-W 
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.2.2 
co s 2x V cos X - sin X 

cos X + sin X " ^^^^ cos x + sin x 



, . V ^ . COS X + bin X 

lim (cos X - sxrt-x) . '-^^^-oTT-TTuni • 
x-0 " ^ x^O 

' . ^ theorem a6-M 

lim sin xl • 1 * Th^Crem A6-i+c ' 



[lim cos X - lim sin x 



1. . 

11. Prove the corollai'ies to Theorem A6-iif. ^ * / . 

(a) Corollary h C Sandvich Theorem ^/. If h(x)..;- f (x) ^ s(x) in' some^ 

'deleted neighborhood of ^, and if -lim hU) = K 'aiid Un-gCx\ = M, 

/ ^ - • x<va " •^'-a \ 

then, if ' Irm^f(x) exists, K< lim f(x) < M. ' . ^ 

* ^ X'-a ^ , ^ x<va ' » 

f ' Pooof. Since f(x^>' <'g(x) in a deleted neighborhood of a, we 

have, by Theorem A6-^f, tl:^t • 

lim fCx) <»lim^glx)/ 
f x-a ' ' . . — 

Again,- since h(x^ < f(xV in a^d^leted. neighl^orhood^o^ a, "jp^have, 
by Theorenv A6-i+f , that > , ' _ 

^ ^, lim h(x) < lim fU). ^ . • 

X'-a ' x^a . ^ , ' f 

Thus, . ^ » y 

lim h(x) < lim,f(x) < lim g(x) 
X'va x^a ^ X'-a » 



K < lim f(x) < R. 
X'-a 



(b) Cot^llary 2 ( Squeeze - Theorem ) . (Hint: BroVe ' lim f(»x) exists.) 



x»^a 



Because the proof of the Squeeze Theorem does, npt follow immediately 
from Theorem A6-i4'f It Is-givenj in Section 'TCA6-ii immiediately preceding 
Solutions* Exercises A6-k, * , ^ • , 
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^ m m 

12. Format integr^.values' of m and n does lim — exist? Find 

- ^-c. x-^-a ^ n 

^ the litoit'for these cases. ' , ^ x + a 



gart 1. For a = 0: 



' (i) ,if m > n, 



Ui) if m ='n, 



•lim — = lim X =0; 
x^O x" x~0 



lim - 



lim 1=1^, 



(iii) if m < n, 
'Part 2. For ^ 0: 

■ lim {yP + a^l 



lim — does not exist. 
x*vO X 



2a^ ,,p even 



0 , p odd'. 
^ (i) . Thus/ for a ^ 0 and n even^ 



lim 



m . m 
X + a X'v-a 



T . / m m\ 
Ixm (x + a ) 



n n 
Xr»-a x + a 



lim (x^ + a^) 



x*v^a 



2a ^ m-n 

— r = a , m even 



2a^^ 



-~ =0 . m ' odd . 



' ^ . • • , - III . in 

(ii) For a / 0 , n qdd, m even, "lim^^^^-^ — ^ does not e^ist. 
' • ' ' X'v-a X + a ' , . 



678 3a4 



1^ 



(iii) For a ^ 0, n odd, m odd, ^ ^ ^ 

iim^U:^^ . lim (xf a)(x - ax --h -H a ) 

x..a + a"" x..a (x + a)(x^-^ - ax^-2.+ ... + a^^V) 

ma 



« * ' na • 



^ * ' * • m m-n ^ y 



13. Ij'ove that if lim f(x) = 0 and g(x) . is btainded in a neighborhood of 
* > ' x^a- . - . . 

X = a,, "^then" lim^(x) 1 g{x) = 0.' • ^ - * 

' 'Proof. Si^ce .g(x) is bounded ther^xists a positive number M* such 

thKt * J? ' ' . " ' : 

' * * , ^ -M < g.(x) .< M 

in a neighborhood x = a. Consequently, 

. • ' • "1^^ -H./|f'(x)|.< f(x)g(x) <^M . |f(x)|. . , 

/ ^ . , / / • - 

i*in a ne^jghborhood of x = a. V - ' 

- By- -the Squeeze Theorem, ^ ' - ' ^ ^ v . 

' . ' - ' ^ 

** ' * . ^ lim,f(x) . g^J = 0. n . ^ 

V ' ^ • * x*^a •» 

I ' f fv^ ' * ' 

lU/' (a) Verify that if 'lim -pf exists afid if lith g(x) = 0, then 

x-a ^^^^ *' x-a ' 



lijn^itx) «-.6. 
x^a 



vc ><^. ^ ^ or 



. 0 ='lim f(x). , ' Theorem A6-Ud 



Ah) Give examples of functions f and g for which l£m f (x) ~ 0' and 
lim g(x) = 0 yet the limit of their quotient does not exist. 

, - If f (x) « and g(x) = x^, m < n^ does not hbve a limit 

at 0. Of 6ourse, many other exan?)les exist. 

15. Prove thaf if ■>lim g(x) = 0 and lim f(x) does not exi^t, then the limit 

'x^a ; x-^a 

^ of the'" quotient |^ does not exist. ^ - 

.If -^^"^llfj ^es exist and lim g(x) = 0, then lim f(x) '= 0 hy 

x*»a X'-a 
- by^ Number' li*(a). Contradiction. 

16. ^The right-hand limit at. a point p(p , f(p)) of a function is the limit^ 
* of the function at the poitrt^^P for a' right-hand domain (p, p + 6). 

Similarly, ^or the left-hand limit, the 'domain ig rest^icteft to ,(p - 6, p)* 
We denote them symbolically by lim^fCxT^^and^J^^f (x) , respectively. ' 

3c^P -x-^p^^ '-^^^^ 

In par^iculai^, lim [x] = 2, lim -fx] = 1. Determine the indl^a^^d'^ — - 

, x^^ ' X--2' • ^' : 

limits, if they exist, of the following: 

(a) lim-^i^. • ' • • - ; 

\ 

For ' X V (2 , 2 + 6) , %a < 6 < 1, ' _ 

- - (Kl - 2)([x] + 2) 



« 0 1^ = 0. ♦ 
Thus * - • ^ ' 

lim 1 = lim 0 = 0. 

x^2^^x'r - If x*i2+ ^' 

(b) lim.-^i^i^ ■ ' *k 

x~2 X - If 

For X i (2 - 5 , 2), 0.< 6 < 1, 



[x]2 . U= (.i)(3)'= .3. 



4o 



x~2' X - It x~2",x - If 



does not exist. 



(c) Urn (x - -2 +''|2 - 3c] - [x]) 
x~3+ ^ • 

For' X e'(3,^ + &)', 0 < 8 < 1, 



lim 
x^3' 



• ' [2 - 3^ -2 and. [x] = 3. 
(x'- 2 + .[2 - x] -^[x]) -'lim (x..' 2 - 2 - 3) 



-'(a) iinjx r 2 + [2 - x] - [x]). 
x>-3" 

For x. € (3 - 5, 3)% 0 < & < 1, 

[2 - x] = -1 and [x] - 2. 

Thus^ 

' . litn (x - 5 [2 - x] -"^ [x]-) = lim^(x - 2 - 1 - 2) 
x^3" Xrv3" 



(e) lim 



« ^ 

lo+(^ [x] ■ X a])/ 



a > 0, b > 0 . 



Since b > 0, we can vrite — nf+ r, where n < — is a non- 

; X ^» ' — X • 

negative integer- and *0 < r <,1. 1\ms 

X pb 
a^ |_x_^ 



> ... 



n + r 



, '^^hence 



. bn 

d{n + r) 



As X ,r^0 , mcreasps^ witheut bound and - 0 . Since a > 0, 
-1 = 0 for 0< X < a.'' Thus, 



1. h \i 

.0+ V* 



lim 

X 



b 


X 




V 


- lim- — 


X 


X 




/ "x^O^ ^ 


x_ 


x^0+ ^ 


a 



"a 

b 
a 



r -• lim 0 
X-0+ 
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k6-k 



a > 0 , ^ > 0 , 



.The first term is similar to the first term in '(e) except that 
a negative integer. Since a > 0, [aj"^""^ ° 
however, |^|'' inci;eases without bovmd as x ~ O' . ^Thus ^ ■ 



• limf^ [il -^\^] do'es'm 



not .exist. 




lim ■ 



lim. 



lim 



• Vx A / Vx + 2 • 



= IXm ^ ' (VTTVS +^2) 
^ x~0**" Vx ' ' ' , 



/ - 



ERLC 



L-Teaeher's Contaeat'ary 

Apgenaix 7 
I' CONTINDITY THEOREM 



TC A7-1. 



■^^^^^^^^^^Slkl^^mher System' Tht.'<,° 

n Sni&n.^ M Separation Avi^^ 



/ 



The- completeness of the rent ' *' ' ^ - ' 

S.p»ra«o„ A,l«. .„i 1" IV ? =°'^='™"<=»o' t»e 

disjoin.; e,«., 7 " * •«> B „<^ 

^ I • >^ <0) , B-= {x : X >o') 



. 0- is the unique separation number. Observe th t.^' = 

- used in the Reparation .axi.. does not T 1 ^ "-Pf-tes" 

- ■^•'•The_,,parationnu..er s "".''^^ ^ - not in' either . 

- , ^ ' ^-^'^^^ ^°th.sets, or neithe; 

The completeness of' thp -f-ioi^ ^ . 

«ao^ rr -ij-r : 

upon th, Sei,™tio„ = ™- ievelop.ent 

B0« Pr.„c.pu.„. ... S p. \ r 

, ^ '° »" ""^hever is Mst oonvenlent.' , ' 

«i have 4pro.ch,a the r,.i' „«i„3 axic«tlc.llv. , ^ " 

the rational numbers'" Thi. u terms of a more basic set, say 

.c.„n. . ^~.i7j^,.f.:^' r ^,'^3. 



I 



683 



399 



Prov^ Corollary 
upper bound of the 
^Cr t.A such that \ ' 




Solutions Exercises ATil 



. IP If M is the least 

> M - e. 

a > M - £ . The^ M« . M c 

M as tKe leasl upper bound, 
radicting M as 



Suppose there is ri 

'boiind for A, 'cprfv- - \ , 

' \ J i T„ 'fl cpt of numbers 

- . " bhW We Least- Upper Bound Pr:^nciple, A set oi n 

Prove corollary 2 the Least pp ^^^^^ _ \ 

' vhich is baunded Ijelow has a gr ^ . , 

* " '] V, .let -A "be aTeT^hich is bounded belov and 
.let B be the set oA lover bounds The^grea't.st lover 

^■^"^r"'rintri=.M :he:e . ..^e...s,^,.r..^ 
■ bound- oi A i$ ,S^en tj.v ^ . ^ 

of A. ' , 

"'\. of positive rational numbers a. satisfying. 

^ , Prove if a « ail J f ^ 

+v,»n o' ■ contradicting. »•< P ■ 
K a-= (then O P , . > q have a > 

a>p,. then since a>0 and P >. 0, ve h _ 
•Thes^,«ontradi=t4s force the conclusion •« < 

' w = .for the sets, A and B» muU 

(fe) Shov that a separation number s^ f or . . ^ \ 

satisfy = 2; ■ i.e.,_s = ^. \ 

is a separation number for A and B ar^ s ^ 
Tr-V:V/;>0, -n, ^.|<s but y2.|.B,.^ 
• •tV(^-«^)^-^^^4^- .is contra,iction,indicate^ 
. V- , _ 7? - 'e can also be 

7p + e is 'not a s eparation, number . s - V::: 
• .^ ^^ ^ . s _ 72 as the separation number. 

>hovn to fail,.. leaving only 



68ii 



'400 



(c) Prove that ^ 'is irrational. 

•Assume | is a rational soljftion in lowest terms of = 2. 

2 2 /2 / 

Then, p = 2q implies A) i/ even and thus p 2r , wHere ^r 
• ' ^ ^. 2/ 2/ 

is^an integer. Nov hr 2q7 itoplies q is even which * contradicts . 

*our original assunqption that ^ is in lowest terms. ^^Hence ^ \ is 

irrational. 

. t ^. ' • ^ " 

(a) Prove for every real number ^, that there is an integer n greater 
than a (Principle of Archimedes). 

Recall that by definition each integer n has a succeeding integer 
n + 1. Suppose there were no integer gr,eater than*, a.* Then, since 
the. ijpitegers would hav^ an upper bound a, they would have a least 
oippeif bound M. The number M - ^ would not be an upper bound 

since M is least. Conse^quently there is an integer n > M - ^ . 

y^en n+'l>M + i>M, contrary to the deftnitiqji of least upper 
' bound. . " ^ 



__DOL__PrQyfi„ihaSb given any € > 0 there is an integer 'n such that 

"'''0<i<€. 

n 

^ ' oil 1 

Part (a) proved^ that there is ;an ir^Jeger n >^ . Hence c > ^ > 0 



(a) We define the infinite decimal 

' Cq. c^c^c^ ; » 

where c^ is an integer,, and c^ , 'c^ , c^ , >,,are digits as 

.the number r where 

: . 0 10 ^^2 ^^n - 0 10 ^^2 ^^n 

Show that the preceding inequality -does/ in fact, define a unique 
real number. 
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Define two setsy" hhe set of all. a^, and the set of all/ 
b J so that * . ' * . , 

- \ ' ' * ' c, - c • , . 

* 1 ' n ' * 

n 0 IQ - • 

,Wfe have a < r <,b for all n. ^Then r is a separation number 
^ n -~ n • * » 

for A, and -B. Given any ^ €'^> 0, then - ~ ~ ^ 

* * ' / . * 10 / » 

n sufficiently larger By Lemma A7-l,^ »r is the' unique Reparation 

npmber for A 'and B. ' ^ \ * 

Given a, real number * r we Refine its decibol r^resentaiion- 
recursively in terms of the integer pa^ fimction [x] as folloys: 

= [r ] 



0 



c 

n 



"Shov that the inequality' in part (a) is satisfied for /this choice of 

0 . Show also t^h6t decimals consisting entirely of 9»s from some 

n - f 

point on are avoided. (Thus, we obtain 2 « 2.000 but not 
2 = 1..999 ...) ' . i 

Since x - 1 < [x] < 

(1) •lo"(r<-Co-:..-^)-r<c„\.. - ." 

or equivsiLently . ' • ■ 

c ' 

(2) ... +-\<r <Co+ V- • ' . 

y 10 ^ 

(Note ^ the strong inequality on the right.) . * ' * ' 

'Next, we establish for n ^ 1 .that ' c^ is a digit by ^ ^ 
mathematical indication. 

For c-^, we have from (l) that 10(r - c^) - IV: c^ < 10(r, - Cq) 
where- - ' ' 0 < (r r <A*'r' 
^ Hence, ' ^ -1 < c^ < 10 , 
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or. Since < c u an intk^X 0, 0 < ^ " < o „ ' ' - • ' 

° is a di«it 0 ^ . ^ o ■- - - ^ ^1 -5 9 . Now suppose that- ' 

fro. (1) -tJ r - " - 5a, .e s.e ^ 

, . Now^ replacing n by .n . 1 ^^'have . ' 

. Using the inequality (3) in (l*M:obtain ' " 



fro. Which we conclude that cj^^ , , . 1 

":n::i:::rr ^ -";%-^----il.than 



p.f y U.e., that the last.decini^l place where a o ^ 



Take d = 9 , for n r^ r. • ■ • . 

q ^ \o^,Q>p. For any index rt^* i-u^^ i 

P -d \ He between the number! , ■ 



and - ■ \^ . 1 




sine. ..e .ppe. 

X, Since (2) is equivalent to the definition of ^ 
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If-.' 
ll";. 



lit 
Im - 



If 



V •• ' • ' .^c'" i.ssald'^toba.peric^icif for-s^me ^ . 

6:. V infinite decimal . ^^^^^Z '"''^ , _ v«ve c = c fo*r all- 
. - " +v,^ ^leriod bf the decimal, we have, in- 

fixed value P, th£2erioa.oi is-^he smallest ppsitiye . 

Thus . , ' ; ■ ' , 

12 =* .31*090909 ^" ■•- 

. ■ is It is convenient to indicate a cycle of P digits 



Let 
Then 




vhere 



„4 s- 105.(0 . Va ••■V- ■ ■ - ; 

4.^^ ^ ^ Whence ve have^ i , ^ 
vith common ratio r • - I - 



•r , = 



_ Mc^ - i)r + P ' 
" 10*^(10^ - 1) 



r ' . ' nrP - iVr + 6 and 10^(lCr - l) 

vhichis.a rational .number, sinc^ (10- ^)r. P 

'are integers. , 1 



(b) Prove that every rational number has. a periodic decimal represent^ation. 
, (A "terminating" decimal in which each place beyond a certain point is 
.zero is considered as ,a special case of periodic decimals.) if * 



^e^resents a rfitijpnal number given in* lowest terms, find the 

largest possible period of th^ infinite decimal representation of 
r in terms- of- 'the denominator t» - ^ 

From (a) and*(by we' conclude tha-^ a, decimal which is not periodic * 
represents an irrational number, and conversely. 

We first submit a specific case which coni^ins the germ of the proof: 
we discuss -the. National number • 





■ 8 


, ' 1 






X* 




= ; ^ 




1 

7 " 


10^ T '. 




/ 7 ~ 


10^ 1' 






2 

- 7-^ 


j.(4- 

10^ 7 ' 






' 6 

'A 


10^ 1' 






7 " 


10^ 7^- 


10^-^ 




. " IL 


10^7 - 





. '^mpai^e.this procedure ^ith' the "long division" process: 

^ 711.000000 ' " 

30 

^ " . 28 

20 . 

14 ' . • 

. . .,/ . .: : •', 

50 

1 . 

Note that we stop with a remainder 1 since it occured before. We 
wotad get a repetition of the same digits if we were to continue- 
: the division* process: w * 

' 8 ' 

-^^ J = 1.142857142857 
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In genera:^ we shall always get A remainder which is repeated since 
there are only a finite numbers of different possible rem^der% 
The ^rguhent given here is based on the division .algor^^^hich, 
must eventtstUy repeat "ilself because remainders must recur. 

Let ^r = -2 where .a and are relatively prime dnd t > 0. 

T 

'the decimal expansion of r as** given by the method .of Number 5 ye 

Represent ,in the form 2^^\ where m has no factors of 2 or 
^ 5."* Set q a max{h^-b}, ;t = lo\ and rewrite in the .form- . 



Observe that m ' and s are relatively prime. 
If m = 1 we have exactly 



10? " °° 



V2 



so^that c = 0 for n> (i and the period is 1. 
n . * 



If m take 



X:, = 10 



q+k 



(cq : c^c^ -v Cq4) 

From (2) in the -solution of Number 5, we have 



' » lO^s 



whence 



0 < 10 s - 'iriX^ < m. 



Consequently, on dividing 10 s. by m we/obtain the. quotient \^ 
a^d the remainder r^^ ^ ^ ^ since m and 

lO^s are relatively priSil ,^hus r^^, & remainder on division 
byV m can only /be one df thp Integer 1, 2, m - 1. it 

follows that l;east,tvi of the m tubers r^,, for k = 1, 2, 
V/ muit be the sa^e; say 'rV= r^ with j > i. Prom this 
we now^rove^'that the decimal expanpon for r is periodic with the 
period p'x= 3 - i> namely )^ 
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We show first thsit r^^ = ^j^+p- Observe that, 



= lO^'^^'*'-^ (r - c^^ . c,c^ ... c ' 
q+k+1 ll ^. ^ 0 X 2 . .q+K^ J 

Cq^JgDiiiihg fche last two results, we obtain a representation for 
r, in terms, of r alone*. It-.follows from r =^r that < 
r^^^ = ^J+J.' ' ^i+2 ~ ^^^^ periodic with period 

p. Since c^^^^^ is-a function '.of r^ we, see thfiit'the decimat ' 
also is per-iodic with period p'. ?. 



(c) Prove for every positive prime^a other than 2 and 5 that there- 
exists- «n integer, all of ^who^ digits are ones, fbc^ gA 'ch a is a 
*• factor; i.e., - a Is^ a factor of-^*'soiae number of the^om 

lo". + •lO^"-'- + 10^"^ +\.. +M0 + 1. 
Let a be the given prime. We can write (from part Ca)) 

1 (iqP - i)r + p " V 
- .. ° io"3(ioP'- !)■ • ■ 



a((ioP - i)r ^ 3) = loHicP - i) 



• Since a is neither 2 nor 5 it follows that a is a factor of 



L 

. iqP - 1 = 9(i(J^"^'+ ibP;^ + . . . V io 4- i) 



If. oc f 3, then must be a factor of the expression in pareiL-'v 
thesis. If .a 3, then a is a factor of 10 + 10 + 1. Irr 
either case, the result is proved. 



1 
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7. *(a) Consider a polynomial with integer .coefficients: 

Prove that if ^ is -a rational root of this polynomial given in 
•lowest terns, then "p^ is a factor of a^ and q is a factor of 



n 



If i^s 'a root Qf the polynomial) then 



•/ 



n 



n-1 



v a 2- + a ^ 2 — - ^ . . . + a. ,2. + a - p, 

n n n-1 n-1* 1 Iq 0^ 

^' 4/hence, on mxiltiplying W ^ , 

' n n-1 n-1 ' n _ 

• a^p + a^^.i ^ q + ... + ^2?^ + = 0. 

^ S ' n ' ■ ' 

It follows that p is a factor of^ a^q and q J.s a factor of 

a p""". Since . p and q .have no factors in canmon, we conc^^ude that 
• "^p is a factor of a^ ' and q k factor of a^. 

(b) Show that + X + 1 has no rational root. ^ ^ 

By the preceding resiilt the only conceivable rational roots are 1 
; * and -1 and neither is a root. 

(c) Prove that if Vn is National then it is integral. ^ 

A rational root ^ of - n = 0 fnu5t be an integer d^isor of c ^ 

q 

n,^ since q = ^1. 



9 
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Prove t>xat ^3 - ^ is irrational.; 
Set a q ^ - v'f.^ Squaring ve obtain. • 

vhence 

, (a^ . 5) = > 



andf 

(a^ - 5)^ = 2U 



or 1. p '- 

a - lOa^ +1 = 0. 



only conceivable rational roots of this equation Sre t 1- and 
neither is a root.. 

Alternatively . Assume - = r.( rational); Ijhen, , 

, r^ - 2t^ + 2 = 3. ■ . ' 
Since -4his duplies that is rational, ^3 - ^ ^is. irrational , 



^ A > 
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Solutions Exercises A7-2 . 

(sini , i >0 ' ^ 
I^et f(x) f(x) = < 

(. 0 , *x = 0 

Show that f satisfies the conclusion of Theroem 8-2a on any interval 
10, bj but f is not continuous at x = 0. * 



g(y) =^ sin y is a periodic function of period 2jr^ . so it will take on ' 
all of the values -1 < g(y) < i on any interval rw < y < (n»+ 2)5t/ 
Certainly it will take on all of these values on the set of all, y such 

' b 

we like on this set. 



that y > ^ . In fact, each value of g(y) is repeated as many times as 



What we have said implies that f(x) = sin J .'will take on all the*" values 
-1 ^f(x) < 1 on the interval [0)bj^, and, in fact, f(x). oscillates ✓ 
b&tweeo -1 a;id +1 an unlimited number 6f times in any 'interval , [0,b], 
no matter how small. 

This is a statement both tl)at -f ' satisfies the conclusl^on of Theore/ / 
8-2a, and that f is not continuous at x = 0. / 

For: Theorem 8-2a states that f , under certain conditions, will ^assume 
all values between 0 and f(b);on [0,b]. We have seen that f in ^ 
fact asslmies all values between -1 and +1, , 

Continuity of f at 0 .implies that for any € > 0, i>e tan* find a 
6 > 0 such that for any x: . 0 < |x| < 6, \f{x) - f(0) | < €• But we 
have seen that no matter how small we make 6, we can find values, of 
X, 0 < [x| < 6, so that f(x) takes on all values -1 < f(x^) < i, 
and |f(x) - f(0)| takes on ^il values between and i.* inclusive. 
We need only choose € < 1, and the condition for continuity is 
violated ♦ 




f(x) = sin i 



Prove that if f is qontinued and has an inverse on [a.b] and 
f{a) < f(b) then f l^s strictly increasing, 

"f has an inverse f" means thai t'^y^) is'uniquely deteml-ned, 
Foraally, if y^ ^ y^, then f(yQ) ^ f(y^). ^ 

Suppose ,f is not strictly increasing that is, for some pair of x x 
in [a,b] °' 1 

Xq <'x^, f(x^) < f(xQ). 

\ . • ■ ■ ' ■ 

We will show that there is an x^ in [a.'b] such that x^^x', 

fCxg) = f(xQ), which contradicts the assumption that f has an inverse. 

Consider the interval [x^,b]. ' ' , - ' . 

f(x^) < f(xQ) = c < f(b). 

By laeorem 8-2a,-there is a value x„ in [x, ,b] such that 



Ceii^inly Xg is. in [a,b}, > x^. 

Similarly, we could show there is an x iu x^ in '[a,x^] such^ 
f(x3) =f(x3^).- -3.30 



that 
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Prove tliat, if f is contlnudis Tn- ta,bl-^aelirthe ima£e 'ofl [a,bl ' is a 
closed interval. " ' : ' " ' ' ^ " . 

From Theorem 8-2b/there are Wpoints-x^^ «ith a<XQ,<b 

and a < < ^ such^that • • 

f(xj < f(x) < f(xj) for all x, a < ^- 



The image .of f, then, is clearly a subset of the closed ixX^^t^^^ 
[f (x ) ,f (x. ) 1- and includes-J^e ;endmiSiSi_Theo.rem*8-2a this us- €at . 
the?mageof f includes al^-the^lntsjn. U(xQ,f{x^)]: (If we choose 

any ;alue y, f(xo) < y < f(x;L)'* ^ ^f'"* ^2' 

and. X, such that f(x ')- = y.) " -f^- 



f(xi) 




Prove that if f is continuous in [a,bl and all values of t are in 
• [a^l Sen there is an X on [a,b] for vhich f(x) = x. 

We couid i*erpret this'problem as proving that the graph of the function 
" f : *x -*f(x) intersects the graph of the function g : x -♦x 




Note that this is a^alogC^ to the 
I^eorem 8.2a, the.lin^e i^i^ersected 
f(b). 



Cobs 



situation in Theorem 8r.2a. In 
y = d, d between f(a) 





1 1 


\ 


• 

• 


• 


1 ^1 \ t 














* 






V 


a-b ■ 

9 


• 







and' 



Cobsider the function 

/ . g(x) = f(x) . X. • ■ ' 

This is Clearly a Lnti«uous function, since it l. .v, ... 

r rr- - - -3. to'..::; r-T ;:r°^ ""^^^ 

in [a^b]. - " ^ some x 

A) - , ^ suppose g(x) >'o for all x in ia,b3. 'V 
Then g(b) =f(b)--b >o, which is to say ffb/^'v v. 
-the assumption that the i.,e o. J ^ en j!a ,n ['a,:r' ' 
f2) . Suppose g(x) <o for all x in [a,b]/ 

Similarly, this^leads to the contradiction f(a) < a. 

/3) , Suppose^g(x) Hakes on both positive and 

negative values in [a,b]. 
Choose c, d so th^T^^TSi < n ^ Za\ v 



697 



f f 
Suppose 



f(x) 



0 , ,x = 0 



R ov, nn the interval ['0,11 ? 

d4Ws'(8) hold for, f on [0,1^ 
'] • ^ nf Theorem 8-2t, Since itviis not. • 

f J does not .satisfy the hypotl^eses of Theore 

Lli -"4. V - 0 (See Problem 1.) , ' 

.Winuous at X - ^; ^ ^^i^e 
••' Tl ffxl = - can te made as large a 

'.(.8) does not hold on [0,1 J- x , 

■ V- .V sufficiently close to x - 

Is the continuity oi ^ 
U Yes. consider the =X..Ple of E.erolse 5. . . 

f. o„ . a.eonun«o.s .ncUo. .>.se ao».. U • — ' ' 

,es. consider x^t^xl on [0,ll, or x^tnxl. 
8. ^«u..ers -6 and T amount tOt^esam. question, 

fi true if ve drop the hypothesis of 
. «o. -N..-^ 6 " xrfontinuity necessary for .o^^ed- 

continuity? vhile »r^ 7 asks, 

ness? ^ real numters te 

+.nt function yhose domain is the sex 
9. can a nonconstant funcxio 

bounded? , 

2 

point of an interval La,toJ 

, .[a such ihat f is increasing^ 

■ in la,tJ. Caii w . , 

is not increasing in- (a,P)- 
* • 
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frrr - . • ' •« ^ A7-2 

■ \ • • •, . . 

We are given that f is increasing in a neighbbrfiood of^ a if a,< b. 
•Therefore, for some h, f is increasing in (a - h, a + h). ,Hence, *f 
is increasing in (a, a + h) • But this means that a + h is in A,, 
while a is an upper bound of A. So a > b and^ f is increasing in 
(a',h)v 

11. A function has the property that for each point of an interval where^ it is 
defined, there is a neighborhood in which the function 1^ bouhded. 'Show 
that the function is bojmded over the whole interval. (This is an example 
where a iLocal property implies a global one. It is clear that the global 
•property here implies the local one.) ^ 

Let I be the interval for which f is locally bounded and' let a and . 
b be the respective left and righ-fe endpoints of I (no iraplioation that 
I is either open or closed). -Let A be the set of points consisting of 
the point a and those points a of I for which f(x) ^Is bounded on 
the Intei^al = ^ • ^ < '^^^e a = sup A. If a > a, .then 
^ * f cannot be bounded on I^. If a = b, then f . is bounded on, j;. 

If a < b, then f is bounded on a, neighborhood of a. It follows 
that f is bounded on the union of A and this neighborhood, contradict- 
ing that there is no interval I^^ with a >a for which f is bounded. 



1 



3. 



ERIC * ' . 



gblutlohs Exerelses AT-S 
Prove Corollary 2 to Lemma A7-3. * 

i 

Corollary 2. A polyncxaial of degree n can have no more than "n 
distinct real roots • 



2 n ; " 

Let p(x) = a^x + a^x + ... + a^x , ^ 0* The n-th derivative of 

(n) ^ ' 

p is given by p (x) = ^^*^^f a nonzero constant function. 

It follows by Corollary 1 to Lemma A7-3 tha-^ p^ ^ has at most one 
real root. Applying this argument recursively we obtain the desired 
-result* /. ' 1* \ 

Sketch the graphs of the functions in Example A7-3Q« 



(1) 




TOO 



Is the following converse of Rolle*s^eorem Urhe? If. -f- is"! continuous 
on the closed interval [p,q] and differentiable on the open^lntecyal^ 
(p.q), and if jthere is at least onfe point u in the open interval vhere/ 
f •(u) = 0, th^ there are two points fii and n where p < m < u^< n < q. 
stfeh that f(m) =f(n). ' *: ; • - ' ' ^ . 

r> :h 

Not true. Counterexample: y « x-' for any interval containing X a 0' In'" 
its interior. ^ ■ ' ' 

Does Rollers ^Theorem jiiStify the conclusion that = 0- for scxne values 

• ^ ^ ax , ^ 

of. X in the interval -1 < x < 1 ' for (y + l)^ = 'x^J?.~ " ' 



he conelusion:-of-'Rolle*s 



" 3(y - " ?P 



Theorem does not hold for the closed interval [-l,lj|^ "since- dopB— - 
not exist at x = 0. - - ^ ^ ~* 

(civen:^ f(x) = x(x - l)(x - 2)(x - 3)(x - U). Determine how many solu- 
tions 'f J(x) = 0 has and fin* intervals including each of these without 
calculating ' f*(x) . ' . * 

By Corollary 1 to Lemma A7-3, f*(x) = 0 has four solutions. There is one 
'solution in ea,ch of the open intervals (0,l), (1,2), (2,3), and (3, if") 
since the zeros' of f are 0, 1, 2, 3, 



Verify that Rollers Theorem (Lemma A7-^ holds for the given function in 
the given interval or give a reason why it does n6tf 
**, ' 

(a) f : X ~» x^ + Ux^ - 7x - 10, [-1,2] 

v. 



2 ^ 

(b) f : X -^^-V^ , [-1,1] 



X 



(a) ^ ' f(x) = x^+ ifx^^ - 7x'- It) 

f»(x) = 3x^ + 8x - 7 
f(-l) = f(2)'= 0 

One of the zeros of f«, ^ , is in the interval ' (-1,2)- 
Thus, .Rollers Theorem holds. « 
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(b) ^ : Sc 



The function is^ not continuous at x = 0 and Ijence the theorem does 
not apply. ' *^ ' . 



J J. Prove that the -equation 



f(x) 



+ px + q ;= 0 



cannot have more than two real solutions for an even integer, "ti^ nor more 
»4>han three real solutionfe ^r an odd n. Use Rollers Theorem. 



r 



. f (x) = x" + px + jq 
(x) 



nx + p = *o 



J 



If n is even, f'^is of odd degree and f»(x) = 0 has on? and only 
one solution. It follows from Corollary I to Lemma A7-3''that f cannot 
■haV^ more than two real solutions ^n this case. Similarly, ff n is* 
odd,. f» is of even-degree and ^'(x) = 0 has no more than two solu- 
tions. In this case f(x) =0 has no more than three Veal gfelutions. 

A function g. has a con^nuous second derivative on the closed interval 
[a,b].' The equation g(x) = 0 has three different solutions in the open 
'interval Ca,b). Show that the equation g"(x) = 0 has at least one 
solution i,n the open Interval (a^b)*". 




By Corollary 1 to Lemma A7-3,^ g* has at least tw6 zeros in the open 
interval - (a,b) and hence the derivative of g», ^ which is g", . must 
have at least one' zero in the interval (a^b). 

Show that the conclusion of the Mean Value Theorem does not follow for 
tan X in the interval I.5 < x < 1.6 ^and explain why. 



The theorem does not apply. ^ The function f is not continuous on. the « 
opbn. ititerverl fl.~5,1.6)'.. (Note th^t 1.5 < | < 1.6 and H^f is not ' 

defined at | .) tan (I.5) > 0, tan (I.6) < 0. '"Therefore, if the J4ean 
Value Theorem held in the interval [1.5, 1,6], there would exist a u 
in •fl.5,,l-6r such that f^(u) <'0. 
postive. 



But D tan x = sec x, which is 



■■■I 



10* For each of the following fun/tlons show that the Mean Value Theorem fal,ls 
^ to hold on the intdrvaV E-a,A] ^f a > 0. Explain whj^ the theorem 
fails* - I 

(a) f::x^-.|xl 

f(-a) = f(a) = a. Ye^ f\(x) is either ^+1 or -1 and never zero, 
so the Mean Valup The6rem fails to hold. (f»(0) does -not exits.) 



(b) f : X 

^ . If the Mean Value 'pieorem holds for "-f on the interval [-a,a]; 

then for some u in (-a,\), f«(u) ^ . But f.'(x) = -— and 

/ a ' X 

so is never positive, (f is not continuous at x = 0.) . , 

' / ^ 

that the equatioft x' 

the opeii Interval (]i,2) . 



11. 



Show that the equatio^ x^ + x^ - x r 2 = 0 has exactly one solution Hn 



= ^ + xf - X / s and f«(x) = ^x^ + 3x^-1. Since f(l), < 0 and 
f(2) > 0 the function f has a zero in the interval (l,2), by ^he 
Intermediate Value /Theorem and since f«(x) > 0 for x > 1, the func- 
tion f .^has only jbne zero in the 'interval. 

Show that x^ = :</ sin X + cos x for exactly two real values of x. ' . 



13. 



. Let f (x) = X ■/ X sin X - cos X. Then 

f«(x) = 2x - X cos X 

= x(2 - cos x) . • » . % >v 

f«(x) = 0 if /and only if x = O '^and hence f has no more than two 
zeros. Sin^cJ ffo) = -1 and fM = f(-:t) = it^ ^ 1 we conclude that 
there are zeJos* in thfe open intervals (-Jt/o) and (0,Tr), by the • 
Intermediate Value Theorem. * . - ' ^ - ^ 

Find a number that can be chosen as the number c in the Mean Value 
Theorem for, the given function and interval . 



(a) 



cos X, 0 £ X £ ^ 



c = arcsin (-) 
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(b) f : X -♦x^,' -1 < X < 1 



> ' c = 



-4 or -f 

3 ' '3 



(c) f ! X - 2x^ + 1, -1 < X < 0 



2 - 

3 



(d) f : X cos X + sin x*, 0 < x < 2it 



c = 



J or 



14, J3brive each of the ^following inegyialities by applying the Mean Value 
Theorem. ' • 

(a) |sin X - sin y| < |x - y| ^ ^ 

• If f(x) = sin X, then f is continuous and differentiable for all 
X* By the Melin ^alue' Theorem, for .an^ x y, 

w/ere x < u < y, 



sin X - sin y _ 
. X -^y 



cos u, 



and hence * . 



or 



.sin X ' sin y. ^ i ^ 
' X - y • " 



, |sin X - sin y| < |x - y|. 



(b) 



1 +.? 



: < arctan x < x if x > 0, 




K g(x) arctan. x; g 'is continuous for 'x > 0 and dif f efentlable 
for all ^x > 0- By t)ie Mean Value Theorem, 

arc tan x - arctan 0 ^ _1 ^ where 0 < u < x. 

2 ^ * * 



. X 



Since 



we have 



80 that 



,1,+ u 



1 <-^<i. 



2 " 2 



1 "^^ arctan x > , 



1 + X 



— — - < arctan x < x, x > 0. 



1 + X 
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^jL5.» Use the Mean Value Theorem to ^approximate ^vTToO?.'-^^ — 

\ Here f(x) = ?Vx and we can%hoose p = 1, q 8 fornrtiraeriTial' simpli- 

city. If we approximate* f(x) by the linear functioli' '"g ^whSse grap^ 
- ■ the chona 'joining the points (l,l), and (8,2), i- — ' 

^ ^ g(x)^ 1 + |(x - 1)\ :. • 

^ ^ Thus, an approximate value of ^A.OOB is given by . g(l.008) = 1.001. 

Since JsfjS^- fU)\ <2M^(x'- ^ where is anjipper39uad'-X>f.2 4'(x) 

* ' in [p«a], we have the error estimate • "^^ .^^ t^--^ 



in [p,q], we have the error estimate 

ll.OOl - ^>Oo5| < 2f*^>08) • max - • 

• • • • \ 

ll.OOl - ^iOo5| < 2(.008)(^) < .005l^ 
and ' « ■ • ■ 



0.9957 < ^>Oo5 < I.OO6I1. 

si {' \ . r ' ' 

' M To get a better approximation, we choose a number q cldser to .1. 

/ ( . 27 

I y 'A convenient ''value is , q = -rr- > Then 

i . , 3 



g(l.0Q8) =1+5^ (-008) a 1.0017. 



'* g(x) = 1 + (x - 1) = 1 + A . 1), 

e^Tid 

f 

'^Here * • " ^ 

/ J1.0017 - ^>^rT^| £ 2(.008) ^ 

.9963 ■< ^A.obB < 1.0071. - 

Combining this with the previous approximation, we have ^ 

.9963 < •^VlTooJ < 1.006it." ' 
' We can sharpen the upper bound /by choosing q very 'close to 1. ' 
Get arbitrarily close to ^/L.008. 
Alternatively, we can proceed as follows. E^m the Mean Value Thed^ 
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it 'follows, that 

• " • ^VIToog - 1 1 < c < 1.008, - 

^ -(here f(x) -.^VJ, q =, 1.OO8, p = l).' Then, since f'(c) is monotonic 

-in (1,1. 008]'^ we haVe " . ' 



or 



1.0017 < ^vltooS < 1.0027. ' 

» 16. Use the Mean Value Theorem to approximate cbs 63. 



o 



. . Choose 



aos q - cos p ^ .gin p < c .< q. 

- q - P ' 



p = 3 , q .= 3 + oSo 



h Note that p and 'q^ are in radians and 1° = 

cosC^ ^ 3^) - cos ^ . 
'' n 

, 180. . -• ' 

1 

^ sin 60^ < sin c < 1, 
^ ..l^<co^-6l - 2 <- 180 2 

1 n ^r.o ^ i - JL 



Since 



or 



' 1 Jt ^fiO ^ X 

° a>l,!n>l (n rational) . ' . ' - . - %fjij 

- I . . • » ■ ■ ■ ' 

Let f(x) = 'Vx. Thei? * * . ' ^ 

• . • • • 

llaLiiiM = f<'(u), p<u<q. 

V. fi', q r p : - • 

"*^Choose q.= a" +' e,-..p = a". Thus, 
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\ _ rz /— . I . • 



- € n • u ' • 

and if h > \, 

n/n . n/TJ ^ 
va + € < /a + € - a < — 



n ^ n • 
a < u < a + € 



n 
na 



Since 



n/ n 

^ ?f e €a 



n(a" + €) n(a" + e) ' 
^we obtain the desired inequalities. 

18» Using Number' 17; obtain the following approximations; 

(a)' 3^^^< ^^<3+^. 

If n,=: a = € = 3' in the result of Number I7, then 



If we set 'n = 5, a = 3, € =fl in the result' of Number 1?, we 
obtain the desired result. 

« • 

(c) Show that the approximation 

+ to 5^ 

is correct to at least five decimal places, 
f 

We^note .that, in general, if a < b < o, tb^-f^ the error' in taking 
~ — as an at)proximation to b is no greater than i{c - a)* 
• Letting a = 3 + 5^ , b = and c = 3 + ^ , 

• 'hjL. ' ;3 N„ (1220 - jgt5) 1 ^' 1 

• 2^W,.5[W^ 2(il05)(l220) " 2(8l)(l220) < lOOloOO : 
Therefore, 
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19. (a) 



Letv y ,«^mx . b Ije an equation of a straight line and 
Pix) - . a^x . ... . a^x'^ be an n-th degree polynomial (a / o) 

m)x . s/ ..... a/, a^ ^ o.. By Corolla^. 2 'to Lemma A7-3 
, (proved in solution NO. 1), g(.), a polynomial of n-th degree, has 
at most „ distinct real roots. Therefore, a straight line can ^ 
xntersect the graph of a polynomial function of n-th degree at most 
n times (unless, of course, g(x) is identically 0; i.e p is 
linear and ■ p(x) = mx + b) . «• , • 

Obtain the corresponding result for rational functions 

/ 

'tn'^'V^f^ ' ^^°f^*egree t > 0 and g of degree 

_ s>0, g(x)/o. When R(x) - p(x)., where p is a polynomial 

function of degree n, then .p(x) • g(x) - f(x) = o. Let 
<3(x) =t(x) . g(-x) - f(x). Then, the degree of q is at most 

"""^^^^^ii^' "h^^^ f is of degree t>0 and g is of 
.degree s > 0,. can intersect the graph of a, polynomial of degree n 
in at most maxft, s . aj points'. Since n = l for the linear ' 
. function p, we conclude that the graph of a straight line can meet 
, - /he graph of R in^t most maxft, s V i) pomts. (Again, if R 

is linear there is an exceptional case.) ^ 
(c) Could ainx or cos x be rational functions? Justify your answer. ' 

-^o By the results of (b), if sih x were a ratiLal. functio;, then ' 
the equation sin x = 0 would have a finite number of .solutions " 
The same, remark applies to cos x. 

suppose fKp)<m<f.(q).' Set e = minfm - f • (p),- f ,(q) - m). 'There 
T! ir'T, ^^''"^'"^ 0 < 5 < q - p .or Which, Simultaneously, ' > 
.'(P)! < e and ,£(.L-k^ . , , ^ ' = 
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For the function ^ 

.e i. ti.ea »n«\.ti»ti.= Jpre.=ai.« coMUlon... « ,oUo...ttot« 
g(p) < m < g(q - • 
-The function b(x) is continuous on th. closed interval - ^ . 

ana therefore satisfies the intennediate value property on that^ interval. 
There -must then exist a value r .in (p,q -^6) suc^ that 

_-^f..6V-f(r) 

By the Mean Value Thbore»-.e have for so.e value c, f(r . 6) -f(r) =6f.(c) 
,he°r:e r < c < r . 5. It follows that flc)=.m. « - - 

Alternate Solution : 
Let . • 

, V f(x^ - f(p) for X p, 

^p(^) = X - p 

rp(x) = f(p). . '^'^P- : ■ 

" fn o1 and by the Intermediate Value Theoremy takes 
r is continuous on Lp,qJ ana, 

V , i(^) - f(p) Similarly, let 
all values between f'(p) ana q--p 

' / s f(x^ - f(q) 'for X ^ -q, 

-J^) = X - q 

r (x) = f(q) - ' for X = q. . 

q 

f (q) - f(p)- and 

r is continuous.and" takes on all values betveen . ^ % . 

X) on [p,ql. -NOV by the Mean Value The6rem, there" exists a '.^ 
such that- f.(c^)=r^(x) and a ' c^ such that f.(c^) = r^(x) -rail. 
X ;n'[p,ql. Since r^(x) and r^(x) between them taKe .on all values, . 
.etveen f.(.) and f.(q), it follovs by the Mean Valu. Theorem that ' 
f.(x") takes on all^values betveen f(p) and f U) • 



P 

on 



r , 

q 



/ 
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21. Suppose 



v-r 



.f*(x)>m>0 and M > f^'{x) > 0 on [a;b] 
and that • * ^ 

/ • ^ ^ — ^ • f{r) = 0 where r s [a,b]/ ' 

^ Let ^ [a,b],vand put ' ^ 



(a) Show that 



= ^1 ■ 
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fer the Mean Value Theorem, there is a | between 



that 



X • and r such 
J- m 



f{x^) - f{r) 



^1 



and, since f(x) is also continuous and differentiable, there is 
a between x^^ " and | such that 



Thus 



And 



f" I = ± 

1 -I 

. f(l) = f(x^)- (x^ - |)f"(|^). 

f(^) - f(r) = (x^ - r)f(l') 

• = (xj^.- r)[f(x^).. (x^ . |)f"(|^)], 

] . f(x ) - f(r) 



^1. - ^ ■ 



<Since 



and 



since f (r) =' o' 

- r) 

(^1 r r)(x^ - I) . 

- l| < |x^ ,- r|. 

<M • „ , , 
|f(x)|>m 

Ik --rl <|v • , 
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Solutlbns Exercises . A7-l^ 



•Vhen x>a then f(a) is a^fxi^L' ^Oi e a prooV 



a for. which ^ 
0 when x > a 
and f (x) < 0 



2. 



We consider the case for f (a) a minimum. The proof fnr H \ 

■ : t: ^"^vr " ^ -«.) 

X > a. It -follows that 

^ ■ , f',(u)(x '- a) > 0. " . 

We corfclude that f(x1 > ffa^ "fn-r on * . 

ThP.^f. all X .in the neighborhood of a. 

Therefore f(a)- is a minimum. 

^^t f be continuous on the closei? in+»v^,oi r ' 

on.the open interval (a b) ^ [^'^^ ^'^'^ differentiable 

where f.(u) = 0. ProvS'that ^^fU P^^'^* 

tltSef^'^ •^^~ba\%;:ti LTY^r^f.^^^ 

to the Sense of reversal. on ^La,tJ appropriate 



^. the .hypothesis, f^^o has only one solution, x = u'. The 
erivati, ..3t have constant sign in each .f the intervals 

(a,u), (u,b) .or we could 'f ind a-nother z^ro of the derivative by 
Exercises A7-3, Number 1?. Sihce f*(^\ ' . 

of u ■pi^-v, .tf s ' ^ ^^^^^ses sign in a neighborhood 

Of u, either f'U) > o for x < u, or f.(x).> o for x > u. We 

wi l consider .he case Where fU) > o for x < u and f.(.) < o for 

aign at u, f(u) is a maximuin in a neighborhood of u. By the Mean 
value ^eorem, for the interv.1 [a,u], 'ffa)' - f(u) = f.(v) a' u) or 
some V ^.3, in this case f.(v)(a - u) < o ' Ld 

clo ed i t . ' T T '"'''"^ "^^'^ "^"^ *° the 

c OS i terval [u b] we can show that f (b) < f (,u) . The only extr.ma 
on [a,b] are at the endpoints or at points where f.(x) - o Since w ^ 
-e eliminated the endpoints a, possible maxima, we c!ld 'th at 
is a global maximum of f on [a b]. 



) 
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^ ' xvo+ ffl^ - f(2) = h, and such that f"(x) 
Given a function f such that fU; .^^.^^gi 1< x < 3- What. can 
exists and ts PO-i^i^f.^^^lJ^^^^uf f(?5)r Provi yo^Ir statements, 
you conclude about f'(2.5)? ^^^^Jj^^/icoof. (Note: This statement 
stating whatever theorems you use in your p^^^^ 

of thrproblem differs from that In the text.; ^ 

f(l) = f(2) = - • • _ . continuous and differen- 

Since f" -exists on the interval ll,3J, . 
tialpn [1,33 and f also is ^continuous and differentiable on [1,31- 

BvRolle's Theorem, there .is a number u, 1 < u < 2, such that 
By RoJ-i-e s ineuicui, , n •?! f » is increasing 

f.(u)=0. Since f" (x) > 0 on the interval [1,3], , 
on 1,31 and hence, for u < x < 3, f'M > ^(u) = 0. Thus 
:V./> 0. Since f.(x)>0 for x in (u 3)> f is increasing 
in [u,3l,- since u < 2, it follovs that f(£^5) > = ^' y 

.et f be . differentiable function on (a b)^^ Suiof tS? "?(x) > 0 
^ rryi^re L^h^rererin^^^^^^^^^^^^ ^^^^ > °- 

.ef us assume first that f increasing. ' '"^^^^ 

orwHch f(x) - 0 then by Corollary 1 to Theorem A7-Ua it vould follov 
i: r is constant on that interval in contradiction to the assumption 
that f is strongly increasing. On the other hand, suppose that 

> 0 but that evexy interval contains points vhere .f (x) > 0. 
••^TaLaiy pair Of points x,, x, in (a,b) vith ^1 ^ ^ 

sho. f(xJ.<:fCx,). 'By hypothesis, tj.ere is a po nt u in .U,,x,) 

.lere f.(u) > 0. Since f.(u)= Um^ " ^^^^^ 

{.k that for. soWe sufficiently sn^US-neighborhood- of u.vitMn 

' ■ f^x) -^u) ^ 0. , ^ I 

(1) ' X - u . ^ - . . 

-"and q > u. We^en have x^ < P < u <.q < 

. : However, unde. the assumption f Mx) > 0 in-(a,b), ve have from 
7:i'^eoreni A7-^ ^'^^ ' ' - 



(3) 



' ' -i*.,, fP^ and hi we see that < ^^^^ 

Combining the result's of {2] ana Kih T. ^ . 

f(x^)<f(x2^, i.e., that f(x) is increasing. 



A fUttction g Us, ^vich tha't. g" is continuous and posiliive in the 
interval (p,q). What is the maximum number of roots of each, of the^ 
equations g(5c) = 0 and g»(x) = 0 . in (p,q)? Prove your resu^lt and 
give some illustrative examples. • ' . ' \ 



4 

We have g" is continuous and positive on (p,q) . Then g» is con- 
tinuous and increasing on^ (p,q) and thus cat) have at most one real ^ 
root (else g»(x^) = g'Cx^) = 0 and g' is not increasing). 

If g'(oc) ='0 for any value of x, say /x^, then g»(x) >0 for 
X >^x^ and g»(x)<a for x^< x^. (g» is increasing) . Then g is 
increasing for x > x^ and decreasing for x < xj and can have at most 
two real roots. If g'(x) = 0 for no value of x, then either 
5»(x)<0 for all xr or g»(x) > 0 for all x, and g(x) is either 
increasing or decreasing for all x and can have at most one real root. 



Case 1. 



g(x)=| 

g"(x) > 0- 
g'(x) ^as no roots 
g(x) has no roots 



Case 2. 




g(x) = X + 1 
'g"(x) >0 . 
g»(^) has no roots 
g(x) , has no root 



tase 3- 




X + X 



g(x1 

g"(x) >0 

g'(x) has one root 

g(x) has^ one' root 



'.Case U* 




g(x) = - 1 ' 

g*(x) has one root 
g(x) has two roots 



Case; .5 • 




g(x) 



- 1 



X + 1 

g"(x) > 0 . 

g^.(x) has no roots 

. g(x) has one root 



Suppose that f»(a)/= f"Ca) = . . . = ^^(a) = 0 -but that f^^^(a) / 0* 
DetermlTie whether 'f(p) « ToopI evtr^enrum^^TK! if it is,^ which" kind. 
(Hiht: -consider separately the cases n even and n odd\) 



Let f»(a) 
(i> 

(ii) 



= f"(a) = ... = f^"-^\aj = O^and f^"^,(aX ^- 0, then 
Whenever n» is even and f^^^(a) > 0/ f(a) Is a - 



local minimum value o'f f , 



whenever n is evei} and f^'^^(a) < 0^ «^a) -Hs § \ 
local maximum. 



whenever 



n ^s^^^^, f (a; 'is not^ia 1^^' e^tremum. 



(iii) 

The proof o^(i) is typl,cal: From, the proof o^ Theorem A7-^a en^ from 
Theorem A7^c we know tha-fr f^""^\.a) is an :^ola4ed minl^num .tif ' 
In a deleted neighborhood of^ a we have f^"^^^(x) > f ^""^^ (aj 0'; 
We conclude that the graph^of f^^'**^ is flexed upward in the *ne^glibor- 
^hood of a and'henc'e that f^"'**^(a) . is a minimum of f^^"^^. 
Iterating this argument we obtain the desired result. 
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conation "'-»'"^ , .„«ve ..en V sxope 

prove « - ; \. . ae„e.»i^»«-"- 

i'lrst ve shali. P ^^^^ a in l 

of Coras tV^ous. any m ,,.aUons ot Co.as tV^ous^ . 

.et a .3 any fixed point in I- ^ -^^ of 

•SS22t- ^^^-V for other points ,q f , 

' y = ^l'^ M for all P ' 

only if f(P^^^^^^ ..<a. in -either 

, ^ f is concave only ^ ^ < q or ,q < 'P ^• 

The graph of f such that a < P < <5 

1 e.. for. all P 

case ve have 



» ' I \ > f(a) + (x - 
f (p) > B^P^ - ' 

/ o>P, and t^is • 

/ ^ a then q > P» , \ / 

fl£lj^^>-^Y^T^ , 
p - a 

, > q," and ve have 

,hovrf--W slope fu«°*^°" ' • 
in hoth cases ^ ,U)^^ ' 

,0 he decreasing. . ' " ' , ,o ^^ov that if the slope 

« ve the converse. We need to ^^^,3,3ing, -t^- 

Thords through any arbitrary "chord ^"vhose 

: t - (lineaM equation Of an a c . in L 

r .endpoints are C^^r^ ; ^^^^^ ^ e. ^ 

/ .\ for any P 
,(p) > gC.) . ^-^ ^,,,esi., 

Let h < P < °- (T 



proof • 

' f(h)) and (o,f(c)) 

, the chord through Cb,fW) 
The equation of the, , - 



^ «3eflnitlon of ^. 



1 ^ 



so that 



for all X In T P - b / - 

• ^" Particular, takTng v. " ' ' 

we obtain 

8. (a) Let f ' ' ' ' 

fimctloa Sraph be concave on an interval ' 

. already shown In Number 7 +», . ^ 

• -^.^^ point, a deleted. We no . ^ '^^'^reaslng on r 

entire mtlrval. ' ^^^^ j^f ,3 aecreasL 

^^easing on the 

' ^^Contradiction 

.Suppose that If ^ ^ 

' —1^, ^""^ ^^ists a 6 i n 

- IjZffx) .jz((a)| <, , ° ^uchthat 

' whenever |x « / £ " " 

_ ^^'^oose a value . ^^tween a ' * 

- then have . < '^^^ a-ne^-^hbor^, ' 

w""'!" MS-eBt for. t , , I 

'« «.„u or r., *■» P"0f . ■ ' 

condition that +^ ^ P^ove that « 
, decreasing.!^* «-aph Of ^ t%^KvTo7 r/'^^^clent 
- . • on I Is that f» 

■ ; ' ye first prove that if th» ' " " 

'V ^* ^^^-easmgon X .oncave on xi th^ 



be 
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Proof * Let a, b be points of I^such that a < b. The function 
0 defined insert (a) and th^ function ijr .defined by - 



f(x) . f(b) ^ 
X - b — ^ 



f«(b) ^ , X = b 

are both decreasing on I. Since 0(b) = >^(a)^ 0(a) > 0(b), and 
•♦(a) >>i/(b), it follows that 

f «(a) > 0(b) > *(a) > f»(b) . * . 

In other words,' f* is decreasing on I. 

. , Conversely, we show if f » is decreasing on I, then the graph of 
f is flexed downward on I. 

'< / 

Proof * For any points p, q, r' of I with 'p < q < r weJiave by. 
the Mean V^ue Theorem 

- ^(P) ^ f«(t)/ where p <'t < q 
^q-p ^ ^ -V 

and f(r) - f(q) ^ f f(u) where q < u < r. 

Since t < u, and since f ' is decreasing (by hyothesis) we have 
f«(t) >f«(u). It follo^ *hat .A , 

* ' ' . f(q) - f(p) f(r) - f(q) 

q - p " r - q 

This inequality can be interpreted geometrically as a statement that 

the slope of the chord joining the fixe^t^oint (q,f(q)) to iany 

point (x,f(x)) X I, is a decreasing furtetion of x on 1. It 

follows by Number 7 that the graph of f is concave. 

9. (a) Let X and y be two points on an interval I in the domain of a 
\function "^f . Show that a point is on the chord Joining the points 
'(x,f (x)) and (y,f(y).) on the'^ph of f if and only if its. ^ 
coordinates are' ' \ 

(0x + (1 - 0)y,0f(x) + (1 - e)t(y)) . „ 
for some .6 such that 0 < 0 < 1* 

If A(a*,a) and B(b»,b) are points in a plane, then (x,y) is on 
^ the line S5 if and only if ' ^ 

y - b b» - b b> - b / \ v 

' If we further require that (x,y) be on the segment AB, then x 

X "* a 

must be between a and a*, * inclusive. "Then -z takes on 

a " a 

■ .all values between ^ and • 1, inclusive. If we let 0 = 
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then ' • X, = \v^» - aje + a 

and . *y'=.(V - b)0 + b 

or , ^ X ^^a^ + (1 - 0)a, 

• :and ^ y = 0b» + (l - 0)b, 

which was to be shown. 

Since ^ " ^ - = G takes on, all values ;between 0 and^ 1 for 
a* - a ^ ^ 

\x ; a < X < a' and y : b < y < b*, the converse is also true and 
all points (0a + (l - 0)a',0b + (l - 0)bO are on AB. 

(b) Show that a differentiable function f is convex on I if and 
only if for all x and y in I and all 0 ; 0 ^ 0 < 1, 

f(0? + (1 - 0)y) <0f(x) t (1 - 0)f(y). 

Given a function f defined on an interval I, any-point (x,y; 
on a chord of the graph of f will be of the form 

X = 0a + (1 -.0)a», 

where 0 : 0 < 0 < 1 and a', a are any two points on I. "if we 
require that f is convex on -I, then, by definition, all chords 
lie above their corresponding arcs) or ' * Ifc^ 

f(0a + (1 - 0)a») < 0fCa) + (l - 0)f(aO. 

This equation, then, is just the analytic characterizations^ f 
taken to be convex with graph flexed upward. Simil^arly, if the 
graph of f is flexed downward, 

f(0a + (1 - 0)a') > + (1 ' . • 

(c) Use (b) to show that tl\e. graphs of the following functions are convex. 

J ' ' ' ' ' 

. , r (i) r : X ax +,b. 

(li) f : X x^ . > ' , 



(iii) fix-* -1^. 



(i) f(x) = ax + b' ' ^ . 

f(0x + (1-- e)y) = a(0x.+ *(l - 0)y) + b . 

= 0(ax + b) + (i - 0)(ay + b) ^ \, ' ^ 

. ' = 0f(x) + (1 - 0)f(y); • ' ' 
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We want to show 

' (ex '+' (1 . e)y)^ < ex^ + (i . 0)y^._ 
V -'0)y)^ ^ ex- - 



=. (e^x- e>x^ - 2(0^. e)xy + ((i .',ef- 



1^. 



since (jc - y)^ > 0 and 0^ 



- (1- e))y^ 
0 < 0 {o < e < i). 



Uiii) f(x) = 



if 



li? - 



f (0x + (1 - e)y) h ^ex + (-1 - e)Y^ 
\ 

We want to show 
» • 

✓ex + (1 - 0)y > eVx + (1 - 0)v^^ 
If this is true, then / < 
.2 



v2 



ex + (1 . e)y > e^x + 2e(i - e)^ +"(1 - efy^ • 

Since both sides are-nonegative, then 

(0 - 0^)x - 2(0 - e^)v^ + (e^^ e^)y > 0 

or (0 - $^){i/x >^0, which is 'a true steftement. 

Starting from this fact and reversing the steps taken above, 
^1 we obtain the desired result* * 

lOi* (a) Derive the following property of ^different i able funcrtjions* If the 
graph of f is concave on an interval I, then fpr ^all points^ a. 



P?^ *' ,'>^ ^^Jt^4n> -I;- ^nd4iny*p6si^jive -numbers p, q 

0^ " ^ ^' f (Pa + qbv pf(a) + af(b) 

%^^V- r-t q p.+ q • . ' . 



In words, the function value of a weighted average is less than the 
weighted average of the function values. 



if ■ 



We have for f 



that 



1 



*f(0a + (1 - a)b) > 0f(a) + (1>^- e)f(b) 
for all a ! 0 < 0 < 1. 



BT;t 
and 



0 < 



< 1 



1 - 



P + q P + q 




Setting e 5. ». "^ ^^^^^ ' ■ ' 

t 

(b) Prove that' this property is suffi-cie^t for concavity. 

\ .Since f (2^) > ^-^11 P' ^q. positive, ^ 

■• takes on all values between 0 and 1 exclusive. Then setting ^ 

■ 9 1 , f(0a + (i - e)b) > 0f(a) + (l - 0)f(b) ' for - . ' ' 

> P + q '■ .. • ' 

0 . 0 < 9 -<,1. ' For 9=0, f(a) > f(a) and for 9 = 1, 
f(b) ^^(b). Then by Number 9^ -the graph of f ^s coj^cave. 
Together (a) and (b) demonstrate necessity and sufficiency. The ^ 
criterion then is an alternative ' way of characterizing differen- 
tiable" functions . , • , , 

11. PPove that if • f is differentiable, then a necessary and sufficient 
condition for its "graph to be concave is that " . 

To-prove necessity, use results established > Exercises AJ-h, Number 10, 

.1 . , ~ ' - • I r 

and set p = q =,1« " ,, ' 

To prove sufficiency ve must show that if f is continuohs and 

-(1) ^2 , ' 

• * "for all X, then the graph of f is concave. We observe «rom,(l) that 



f 



ERIC 



> |{f(x^) +-f(^2^ + f (x-) + f (x^)') . • 
Doubling- the jiumber of points repeatedly we obtain ^ - - . . ' 

,(: -i--^:--"'j >i<w»,)..:..>rt»„)) 

vhere n is a power of 2. if' /" 

Now, if p and^ q are nonnegativ^ integers vith + q = n in (2) we 

obtain ' 

■ . . . . ^, pa + qbv > pf(a-) +- qf(fc) 
\^) ^ p + q - ^ , p + q 



p + q 



I". 



I 



^*To pyove (3) for all real values of '^p and not just nonnegative 
values vhich^add up to a power of 2, we must use the continuity of f • 
Convexity will then follow from thpiresult of Exercise 10. 
^Setting , 9 = q > rewrite (3) iii the form' * 



where Q 



fC^a + (1 . ^)b) >j0fCa)- + (1 ^ 0)f(b) 



' rrr — is any rational ntimber with denominator a power of 2 
satisfying o <Q <X. For any value in *[a,bl we put • .'^ 



i 0 
^a + (1 - r)b 



where r is now a real number satisfying 0 < r < 1. Since f is 
• continuous at x-., for e^njr positive € we may choose a 6 > 0 so that 
|x - XqI < 5 insures |ffx) - fCx^) |' < €. 1 We put x = ea + (l - 0)b 
whe2?cr 0" is ratit)nal and has a ^powef of*^2 for its denominator. We 
■ ilhave^ 



1(0 . r)(a b)| = (b^a)|9 r | < 5 



^ 



^oyidfei 



ff^- r| 



,b - a • 



It foll'ovs that -€ < f(x) - f(xQ) < €. 



At tlie same time 



|ef(a)^ (1 - e)fCb) -/f(a) - ei^i r)f(b)|- 
J ■ " . * Is- r| . |f(b) - f(a)l 

Slf(b) - f(;)k 1. 

I b - a , , 

* . ) . * *> 



- 



f(xQ) > f(x) - € > ef(^) +.(1 - 0)f(b) - € " ;' ' . 

. ■ >vf(a).(l-.r)f(b) -c-'^i^i^^ ^ ' - 

. ^ 

jGiven any € > 0/ then, we take. € = 'an^ 6 < 6 Duti*-^urficiently 

'^^'Si* ' 6*1 ffb)- - ^fdyi ^ /ir , ^-5^ . i 14 ' ^' 4. u ^ ^7"^ 

gmall ^ b - a ' ® choose art. approximation 9 tp .r such > 

* . )• 

^th^t /|0 ' - 



r < 



We'-theji^have f(ra + (l - r)\>) > rf(a). + 



t^,.. • (1 - r)f(b) € for each positive ^»^€ . This* can only be true if 



^ " • f(ra'^^(l - 'r)b^) > rf(a) + (l r.)i(bV 
We have extended- Equation {S) "to real valtie^s and the convexity of f " 



V / 



follows • 



3- " ATrft^'" 



'4'' 



^ 12/ The graph of a differentiable functicin f ^ Is concave and f(x) 
' positive or all'-x-. .ShQv^ihat is a constant function • 



is 



I Solution > Suppoefe f is rlonconstant/ TheVi there exist x x^ rnd 



x<^* such that x^<X2 and f (x!^) ?^ f ^x^) , say f(x^)>f(x2), 
teov the line through U/f(xJ), (x ,:e(xi)) intersects the x-axis 



We claim that fCi^) < 0, * which would dont'ra- 



, > Xg. 

] , di^^'f(x) positive. For if fCx^)! > 0, 'th?n the point (x2,f(x2); 
j vould lie below the line segment co^nectlnjg (?^^^(\)) (xj^fCxj))^ 
contradicting f concave. So the pssum^tion of. f, nonconstant has led 
to a contradiction. * . 





13/ Under what circuinstances will the graph of a function f ^and its inverse 
both be concave? • One concave and the other convex? \ * ^ 

. . * • . - \ ^ r ^ ' ' ' ^ ' 

I Without, calculus : J.et [a,b^l be an internal in thfe dbmajp^r^^*^*^ If 
• the g/aph Of ' f^ on [a,b^ is".cjpn<iveVlt^i8 interior to the angle 'of - 
(a;f(a)-j formed' |)y the ray to '^(b;f(b)) '^yith the ray going vertically 
upward. Reflection in, the line y = >c takes' ihe upward ray. into a ray - 
going horizontally to the right and the othfer ray in th^ -upper half -plane. 
> If €he angle was acute. (f inct^^a^ing) the reflected graph lies in the^^ 
first quadrant belQw the chordf 'If the a^gle was ' obtuse ^('f. d^ecreasing) 
the reflected grapl^ lies in the second quadrant above the chord. The 
^ same^arguiffent can be* made algebra^.'cally• " | ^ r ^ '^ZpT 

With calculus ; Assume' f» and f" exist. Thew-g* -and ' g" ^exist, 
where g , is the inverse *of ,f . We,,have ^ ' ^ 

1 ^ [gffx)ir* =vf-(^r -.f^x) * 




[f.*(x) 1 



( 



- * '■ ^ > ^ 



"sr. 



&';.^'J '"if f'(x) <0, then g' 



f A.' r 



f 1 . 



/ 



f-dnverse flexed upward 
/ 

/ 

/ 

f increasing , 
flexed •downward- 





f-inverse. 
' flexed downward 
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If;ei|||r Of ' D^xFCx) or DV(i) of one^lgnTorx X ' >; 
the.otli-4 one- has the same sign? inter^r^t / ^ ' °" 
by several examples. ^""^ Seometrically and illustrate ' 

Mf- f ani g f:x.xP(x) ana g.x'.Vfi). have, 
. • ■ - f'U) =xF"(x) +2F«(x) , 



^"(x)=-^.iixl^^3,..f'l)^ 

X 

e":;\ef41" -'--^ -.atel.. .o .out^ne 



(1) 



F(x) = x^ + X > 0 
F*(x) = 3x^ + 1 >o 
F"(x) = 6x >.0 

=4+ 1>0 



X 

F"(i) = i 
x' X 



, • xF"(x) ^2p(x) >0 forall x>0 

■ -F'(i)5>0 forall\>o. . 

jii) .F(x).=-|! .2^+_^2; „ , ^ . , , 

3 ' 

F'(x) = \ - x^ + 2x; F«(^) = J:- . A . 2 
^''M =x2.2x.2; f"(i) 
xF"(x) 2F«(x) = x3 \ 2^ 2x . 2x5 2^? . 1.x 

» = A\ - i»x + 6) > 0. (Discriminant \ o) - 



X . X 
i 



.3 



^ + 2 - ■ 2 2 1> 
^ ^ • X V 3/ ^5 ^ 



= ^(f - '»x + 6x2) > 0. 

If the graph of x -»xF(x) li" convex (or concave), then 
.negrapnof . ^3 

convex (or concave).* 
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15. If thegraph of f is concave and F(a) = FCb)' = F(c) . where 
■ a<b<c, show that F(x) .is constant in (a,c). 

" 7~ - ^ ^ YF f" ' vere' not con^tTnt y then since tM^cnrre "lies nowhere belov' i'ts . 
- chord we have f(u)<f(a). But,(b,f(b)) then lies below both th^ 
- ' chords from (a,f(a)) to (u,f(u))- and-from (u,f(u)) to (b,f(b)), 
^ contradicting concavity. 

16. Ca) Let a, b, c be three point, in I such that a < b < c,<- an^-.-, 
■ suppose that the graph of f is convex in I. Show that . . 



f(b) < 



c - b 



f{a) + 



c - a ' ' c - a 
(Hint: use the result of Number 9). 
Hence, show that 

f(a)>.^^W-H-b 



f(c) 



f(c), 



f(c) ■> 



- ^ f(b) - 2-^f(a) 



- b 



Similarly to h(a) (this is less complicated as we are on the number 
line here rather than the plane), b = Sa + (l - e)c, for ^ome , 
e : 0 < 9 < 1. Then 



9 • (a - c) 



_1t ! 



or 



and 



a = ^ , (1 - ^) = 



b - c . ^ 
b - a 



c - a 



*c - b ' b - a - 
, b = ' a + c.. 



c - a c - a 
Now froia.9(b), we have that 



f (b). < 



— c - a 



f{a) 



c - a 



f(a). 



for' the graph of . .flexe^Kupward.^Multiply-ing both sides by ^ ^ 

°' "-^ Similarly 



S-S-^ , we get f(a) > 

C - b ^ I 



f(c) > f(b) 



c -^; a 



. b 



f{a) 



c - a 
' c - b 

c - b 



,f(c) 



c - b ' 



(b) If the graph ot F is convex in a. closed interval, Show that F 
i-si bounded iitr the ititer-y^f ■ ~ 



' It. is an immediate consequence of the flexure of f ^hat it is 
' funded abbve. Given a closed mtergl' [a,pl in I, let the 
chbrd connecting (a,f(a)), if,tm- be described by the linear 
function g. ,Then g(x) < mi5c{f<aV,f (p)3* on • [a,p], and by the 
upward he'xure of f, f (x) < g(x) < max{f (a) ,f (p) }. . • 
' . ■) 
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To'fifad lower bounds -for f, we use part (a). Take any point' r 
in [a,p]: vh%ch is not, an endpoint, °so that a < r < P. For 

a <'x < rl, we hav^' x < r < 3 apd " , , . 

^1^7 - ^ m i by (a), 

Similarly, for r < x < p, we have a < r < x and using (a) again, 

./ ' - >-(f^^ |f(r)|](: 

'Show a counter example that the result in '(a) is not valid for ^in 
open Interval. 

x } 

The graph, of f : x -f^ is convex on (6,xJ, >^0, but is 
unbounded. ^ However,, f is always bounded below on a finite open * 
interval as well as finite closed interval, as' can be seen from the 
proof of (b) . - * 
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; Teacher •s^Commentary 
Appendix 8 ' 
MORE, ABOUT INTEIGRALS 

Sol't^jLons Exercises A8-1 

Let f Toe a function which takes on a maximum and minimum on every 
closed interval (e«g«, f could be a^continuous function, or monotone) ♦ 

Let U ( (t) and L ( a) be the upper* and lower Riemann sums obtained by 
.using the maximum and minimum values of f (x) as the .appropriate bounds 
in each interval -of the subdivision* ^ > 

Let and Og be any partitions of [a,b] . Prove for the Joint 

subdivision = ^ 

U*(o^) >U*(o) >L*(o) >L*(02). ■ 

In other terms, by adding new pointQ.^^0 a subdivision we may reduce the 
-difference between the upper and lower . Riemann sums, and we cannot^ 
increase it* . 



Let 0^ = {x-^,x- ,***',x ) and consider the partition t of the sub- 

, interval, t = {^o'\^***'^p' "fo " ^p " \ ' 

u^, Ug, Up^^ are those.^oints (if any) of which lie in 

the interior of (xj^^^,Xj^] • If M^^ is the maximum of f (x) in 

{xj^ ^,Xj^], then for the maxiii^ r^ of f(x) in any subinterval 

[uj^^,Uj] we have r^ <Mj^. It follows that 

Thus we h^ve 'compared the k-th term4n (o, ) with the ^um of those 

terms in^ tJ,(o)^ which corresponds to the subintervals of • 

It follows on addition that , , , 



U (o^) >U (o). 
In the same way, show that 



Since U (a) and L (o) are upper and lower sums lor the same pISrtition 
we have ^ ' ' - ^ 

L*(a) < U (a) 

from which the result now follows ♦ ^ 
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"•A8^1 - I' ♦ i " ; . . i 

2. '/^'Conrfider the function f defined on [o,l] by , ' 

* ( 0 > X irrational ' ▲ 

( ^ , X rational'. ^ T 

Prove that, the int^ral of . f does not exist* 

'I 

Every Jnteirval contjains both rational and' irrational points. Consequently 
the maxinrum of f(x} in every interval is 1 and the *iiiiniinum is 0., 
For any partition 'a of [0,l] we have for any upper sum U and any 
lower sum ' L ; 

n 

Where \ > 1 and \ < 0 . It follows that 
and 

n 

" - ^ > I K - 

A=l . , - " 

> 1 . * 

for all upper ajid lower sums. 

Th|(br iter ion of Theorem 6-3a cannot be satisfied and f is not 
integralDle over ' [o,l] . - ' 

3* Consider the function f defined on [0,l] .by 



f(x) 



3 

0 , X irrational 

1 • s * * 
^ , X rational, x - ; iii Towest ''terms; ' ' 

Prove that the integral of f* over [o,l] exists and find its value 1 ^ 

AiS an upper bound on the number of rational points with a given 
' denominator t > 1 and numerator s relatively prime to t and less 
than X we have t - 1. For a fl:sfed ^ posit fve integer q .introduce 
th'e partition . " ^ ' ' * ^ * " 

• ♦ ■ 'a = {-^ , 1 - > f-! V-P 2 /q))'. 

. 2g2 ^ * (t - l)2q'' 

Thus each point of tl^e form ^ , t > 1, is contained in a subinterval 

of the ^partition of length at most -r • ' * , 

(t - l)q^ . • 



Since^^-.f (r) » r < li> see that the maximum contribution to the upper. 

sum of the rational points, with denominator t, (t > l) is • 

^ * ■ • q 

Taking the sttm of the contributions of all rational points^ wj^th denomi- 
nators t » 1; 2, . q, we obtain a contribution no greater than 
« i\ In the remaining intervals of the subdivision we have 

f(x) <^ and since the total length of = the remaining subintervals is 
^at most-' 1, "we -have a contribution .to the upper sums of no more than . 
i . In this way we have found an upper sum U over for which 

q - 

2 

U < ^ . Since we can always take the lower sum L = 0 and q may be 

q 'WK^ ' 

any positive integer whatever, Jit follows that the integral exists and 
• * » 

has the value 0. 

► Give an example of a nonintegrable function f g where t and ^ are ' 
each integrable*. , ^ , 



I^t g be' the function defined in Number 5 and take f = sgn- The 
function fg is then* the given functipn of Number k. 



\ 

i 
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TC A8-2. The; Integral ofL^ Continuous Function 

j The method of establishing the existence of the integral of a, continuous 
function given here is quite different than that given in SMSG Calculus, 
pp. 6U5ff . Our proof does not make use of the fact that a continuous function 
pn a closed interval is uniformly continucJus* By using properties of least 
upper and greatest lower bounds, and Theorem 8-2b we show directly that the 
Area Thec^rem holds for upp6r integrals, and lower integrals, then use Theorem 
7-3b to establish that these are equal. Other, discussions of this same tech-* 
nique can be found in the calculus books of Begle, Lang and Richmond. 

• * . Solutions Exercises A8-;2 

1. Show that if x 6 [a,b] and 8 > 0 then [a,b] [x - 8,x + 8l is a 
closed interval. (Hint: Let be the larger of a and x - 8, b^, 

the smaller of b and x + 8 and show that 
' [a^,b^] '= [a,bl [x ''8,x + 8]). 

If t > a^ then since a^- > a and a^ > x - 8 we certainly have 

t > a and t > x - 8 . 
' ^ Likewise, if t < b^, then 

^ . ' , t <'b and t , < x 

* a' 

-Thus aij^ < t < b^ implies t I [a,b] n [x - 8,x + 8L 



Conversely, if t e [a,b] n [x - 5,x -f 8] then^ ^ £ £ ^ 
x-8<t<x+'B so that 

max(a,x - 5) < t < min{b,x + 8} 

and hence . t t fa^^^L (Seje Figure. 1.1 ^ 



X -6s X b X +6 



Figure 1 



erJc 



/ ■ 
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This is quite sipple, for If x < t <\x' the'n, sin'ce a < x < b ' and 
«5 x« < b, we certainly have a < t < b.' (See Figure 2~) . ~s 



■+ , , . _^ 



a x» 

Figure 2 



X' t . X _j b 



Show that ° ^ 



Suppose a= {vx,,...,x^} is a partition Of [a,b] and that ' 
. , \ <f(^) for X s [Wl^- 

" • . ' -r 

n 

• . ^ = Z_ \K - \ - 1) - • 

k=l 

a ■3^;jer sum for f, ' while, since -f{x) 5 -n^" on [x^,Xj^^3^], 



4 ' . . <^rb ^ ^ 

^is^- an uppe» sum for -f . Since f-f^ <e +v,^ • 4. x . 

. vrr; is the greatest lower bound of 
ti J a^ * 
a-LX upper sums we a&si have ' ^ ^ * 

• . -Ta . ~ 

Thartr^ts, — ^ — ^ 

^ rb 

Since ^-U = L, t^his gives ' ' ^ ^* . 

-b . 



J a 
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4" 
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I I 



• ' ^ . * • b . ' . 

! , iton thP least f f Of the lover sums, that is, 

j he t;^ce, cannot be less than the least | ^ 



■■i 



j: 



A similar argument establishes the reverse ine^ality. 

aQ o 4.v,o+ T?t - f if. f is continuous- 

U.. Deduce from Number 3 and Theorem a8.2 that F - f i^ ^ ^ , 

on [a,b]. - * 



Let G(x) = (-f) and / f(x) f- Number 3 gives 



" F(x) = -G(x) • ' «. 

while Theorem A8-2 gives G* = -f- Hence , 

EF = D(-^-D(G) = -(-^)/ f- 

/ r« '+vtpn there is a' number c %n 

5. Shovthatif f iUoi^inuous on [a,b], then there 

' [a,b] such that ' A ^ . ■* 

I f. = (b ' a)f(c). , 

n and d' in [a,bl such that ant f(d-^) are 

(hint: Choose c. ana ^a, * , n ^v, + 

tV respective maximum and minimum Of f on [a,b]. Shov that - 

I. fV , , ' ■ 

and apply the Intermediate Value Theorem. ^ 



« " Lemma A8-2b gives 

^ • f(d 



(dj(b - a) < f\ <f(c;L^(-^ - 



Since- f is continuous 



f , SO that 



••i ■*. 

lERdC 



that is 



1 ^ 



- ^ 




I Theoi>ffi-4ihen* | 

'f(c) 



- a ^ 



continuous function f . The Intermediate 
Valul Theoi>ffi-4ihen* giv^s a j number d» betyeen c^ and d£ ^uch that 



JJsp the Meait* Value "Fti^frf^^m. to^show that* Number 5 is true. Can you th©^ 
choose c so- tha^^a < /b < b? 



Let, F(x) 



f ^ so that ^* 



t ' ^ F4a) = 0 fend = f (x) . ^ ^ 

The Mean Value. Theorem gives the existence of c, a < c < b ^ so that 



J 

that Xs 



f =f(q) 




Thus c ^can be chosen in the open interval ^a,b). 
Show that if f is continuous and nonnegative on [a,bl with a < b 



and if "f(x) > 0 for some x in ia,b] 



-f >'0. 



(Hint: Show-tljat' /^here is a 6'> 0 and ^m > 0 svich that-f(x) >m 
on Ja,bl n [x- - 6.,5C + 6].) 



5^ 



Since f is continuous at x, for € = ^— ^ we can finrf .b^ > 0 such 
that ' . - » ^ ' ^ 

if t 5 [a.bl. n (x - ^T,x + 6J, t.^x, (i.e., t is in the domain of f 
and .p <^t -\\ < 6^). Thue ' ; . . ; ^ ^ ^ ^ 



so, in particular 



-e <. 'f{t) % f(x) < € 



f(t) >'f(x) - € ■= ^ 



Tstke ni-= ^ ' , 5 any positive number . 6^^. Then 
f 

t t, [a*,b] n [x^ - 5,x + 5]- implies ^ 



f ; - 



^■!:-< NoW'let [a, ,bJ = [a,b]rt, [x - 8,x.+ 8] and write 



Note that 



f > 0, f > 0 (since f > O), 

J a J 1 



and 

80 that 



f > m(b^ - a^) > 0 (since < b^), 

^1 ^ 

fb ' 

h f >m{t^ - a^) >0. 
J a ^ * 



^ . 8^ Deduce from Number 7 that if f»(x) > 0 for a*< x < ^ and f » . is 
)c ^* ' ' 3:ontinuous on I*a,b] then f is strictly increasing on [a,b'L 

if ' ^ 

I'. \ ' < • ^x " ' ' ' 

^ f • » f(x2) - ^ * / ' 

tK^- which must be positive from Numbei: T, l^hat is i^Xg) >-f(x^)* ' ^' ' /. ^ 



9. Suppbse 



.4 



|a) Sfiow directly from the definition and properties of upper integrals 



that: 

^Ml" • • • fx'- Cx,0<x<l 



fx'- fx , 0 < X < 

(x) =J f = I 

Jo . (ax - 1, 1,< X < 



For 0 < X < 1, we can chbose the subdivis-ion C'^ {5\x) of 4b,x] 
^fe'-^^^' and the upper and lower sums • ^ " ' • 

i 

. ■ ' u = i(x - 0) ■ " 

' ' " ' L =. l(x - 0) ■ ^ 

452. '.■ 



fci- - 



to obtain 



so that 




f = X for 0 < X < 1. 

^ Jo . 



P(x) = I' 

For 1 <>jc < 2, we can choose the subdiyision of [0,xl. 



J = {0,1 - i , 1 + ^ , x) where n is 
any positive integer such that 1 + - < x. 



Let 

U ' 



1[(1 -^).0l + 2[(1 +i) - (1 - i)] + 2[x - (1 + i)l V 
= ltd ' ^) - 01 + iCOl + ^) - (1 - + 2[x - (1 + 
These Qjre then' upper hnd lower suxifc for J^, so that 

. . ^- Jo " V 



Since 



we have 



U = 2x - 1 + ^ 

■ n n 

L = 2x - 1 - ^ 
n n 



"-Jo ~ 



This holds for all n sufficiently large so we conclude >hat 



f = 2x - X foi- 1 < X < 2. 
0 



Does ' P have a derivative at x = 1? 
Why doesn't this corttradi-ct Theorem AS -2? 
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<F doesnH have a ^derivatives at x « 1, "fob if h.> 0 then i 
1 + h > 1 and ^ ' , y * » : 

F(l 4.^h) - ?{)^^ (I^ hV^.l I ' , i 
' ' . h . ■ ' h* " ' 

so the right hand and left hand limits are not the .same. 

This doesn't contradict Theorem A8-2 as f - is not continuous at 
X = 1. . , 



10. Suppose ^ is bounded 6n [a,b] and F(x) 



J 



Show that F is 



continuous on [a,b]. (Hint: Make use of Lemmas A8-2a, b, whiph hold 
for bounded functions.) 

9 ' 



If |f(x) I < M, a < X <'b, then 

-M < f(x) < M, a«< X < b. 

Therefore, if x^ < x^, apply Len^oas A8-2a and^ b to obtain 

^ ' — — _ 

• -^x, ^x^ 



F(> 



so that 



, .M(x2 - x^) ^FCx^) - F(x^) < M(x2 - x^O. 



Therefore, as x '->x_, > x. , we have 

■FCxg) •- F(x^) -»0. 
A similar result holds for Xg < x^ and establishes that 



lim F(x ) = F(x, ) . 



ERIC 
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>'feachers Commentary 



V 



Appendix 9 



•LOOARliHM AID EXPONENTIAL FUNCTIONS AS SOLUTIONS TO DIFFEKEilTIAt EQp^TlONS 
' , ^ Solutions Exercises A^^'l 

1- ^^2V=/'^ 



dx 



^^c$ > 0 and strictly decreasing fey; x > 0, the maximum valaie of 

a 



- on any 'interval 0 < a'^< x < b will be - , and the minimum value 



will be ^ 



•Choose the partition = ^> f ' ^2 



= ' x^ = 2. 



L(2) is the measure of ^ 
the shaded area 




Then the upper sum" will- be 

. r2 ^ .1 2^ 2 3 

2 



'And the lower sum will be 



Thus' 



2 

i*l.<L(2)<|*i. 



■ ( 



* .: / 
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2« (s) Osfng the arguments of Number 1 for each positive integer k 



And do 

•k+1 



^kTT>(^ + 1 - ^) < f ^ dx < (i)(k + 1 . k) 
J,k 



and \ 



- nj. n-l . n^ , 

k=l k«=l . k=l ^ \ 

Or, adding 1 to botH sides, the left-hand .inequality becomes 



H 



i 



^ ^ < 1 + L(nj 



!■ ■ ■ ' 

and adding — to both sides of the right-hand inequality 

^ n 



k=l 



Combining, we^get the required result. 



(b) Y_ n between L(10^^ - 1 * and L(10^^) \^ , i.e 



n=l 



10 



bejiween lOOL(lO) - 1 and approximately lOOL(lO). 
' Since' L(10) - 2*30258 (from tables) ^ | ^^^^^ ^30. 



n=l 

3* (a) On the interval 1 < x < a 

and \li^^j'J^^<\[^^ 

1 -•>•< L(a) < a - 1. 
« a 



J c 



(b). L(2a) = L(a) + - dx 
... J a . 

^ J a 



a > 1 



dx 



= L(a) + ^ (2a - a) 
= L(a) + I 




L(a) is the^ measure of the light shaded area 

~ is the measure* of the dark shaded area 
t 1 . - 



(c) L(a) = 2L(>^' 



-frfrom 3(a) 



For all X > 1, L(x) > 0, so > 0 for any large x.' 

Also, from 3(c), for x > 1, L(x) <r2v^, so that 0 < — < 

♦ Now lira ^^^^ - 0, lim 0^0 so by the Sandwich Theorem' 



(Appendi:>t A6-lf), 



V X - 12 X - 1 (x + 1)2 . 



1 X + 1 '2 



2^ -^'oTTT)^- 



or 



x^-l 



fCx) = ^[L(x - 1) - L(x + 1)] 
1 1 . 



f(x) = |[ ^ 



2 X - 1 X + 1 



2 ~5 7 ~ "5 7 
X - 1 • X - 1 



L(xA 


-x) ^ 


1 




xA - 






»x) - X 


2x(l 


- x) 


,2 - 


3x 



2^ 



i) 



.or 



f(x) = L(x) +1 L(l- x) 



£l(x) = i 



(c) 



X " -2(1 - x) 

c - g - 3x- 
- 2x(l - x; 

f(x) = L(L(x)L 



m ■ 
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6. f(x) = xLCx) . . i 

f«(x) = L(x) + 1 
' f"(x) = ^ 

All of these functions are defined and continuous for x > 0. 

f"(x) >0 everywhere* so f'(x) is strictly increasing, and f(x) 
is convex. . 

'Thus, f(x) will have one minimum point where f'(x) = 0. ^That is, 
^ where 

L(x) = -1 

^ X = e • 

At this point; fCe^"^) = -e""^. r 

As X becomes large, ^L(x) , becomes large, and xL(x) becomes large. 

On the interval 0 < x <-l, x > 0 and L(x) < 0, so that xL(x) < 0 
' Also, f(l) = 0, f(e) = e. 



y 




-1 



(a) f(:^ = (If r-^x)'' = E(xL(i - x)) , 

. f(<ic) = Etid - x))(L(l - x) - 

vt ,)x (l-xM^ x) -V 

= '(i,- x)''"^.[(l - x)L(l - x) - x] 



•(b) f(x) = (L(x)f = ^(xL(L(x))) ^ 

f(x) = E(xL(.L(x)))(L(i(x» * ^) ■ / 



l/x _ r.t.\\ ^ / 



(cj f(x) = xV^ = E(i L(x)) ^ 



f.(x) =E(iL(x))(-^iifi + ^) , 

1 XX. / 

- - 2 



^ , (1 - I-(x)) 



/ 

/ 

/ 

'/ 



2. f(x).=.x^ is defined for x > 0. 
f«(x) = x^'ClCx) +1) / 
f"(;c) = x^(L(x) + if + i I 

f»(x) is everyvhere increasing, f(x) is convex, and 

has one minimum point where _ f*(x/ = 0. That is where L(x) 

* ^ 

3. Let y be any solution of 

y»-= cy.' 

Let z =E(-cx)y. Then z» = -cE(-c^)y>+ E(-cx)y» ^ 

E(-cx)(y» - cy) = 0 for all 
Thus -z- is sbme constant K and K = E(-cx)y. Thus y = K 
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f(x) 

■\ ■ ■ ■ 

= 2(2 - .7) - • 

= 2.6 ' L(2.6) ~ .96 ^ 

= 2.6(2 r .96) 

«'2.7 

(a) L«(l-) = 1 = lim ^ 1 - ^^^^ = lim L((l f h)^ 
■ h ->0 .h ->b 

• Now, since L(x) is continuous . ' ' • 

lim. L((l + h)^^^) = L( lim (l + h)^h 
h -> 0 . h -> 0 " 

' that is L( lim (1 + .hy/*') =1 . ' 

E[L( lim (1 + h)^/*')1 = E(l) 
h -> 0 , 

lim (1 + Yi)^(\ = e 



h -> 0 

(b) From 5(a), take h = ^ 



e = lim (1 

- n 

. = lim (1 + ^)'^ . since- n 
n -> « , " * . 



(c) Repeatingj the procedure of 5(a), ve obtain 

L'(i) := ^lim ^ ^ ^ 

a = lim L(>+ ah)^/^ 



h ->0 

lim (1 + ah)^/^ = e^ 

h 0 ; 

and, as in 5(b), ye obtain 

/, a\n a 
lim (1 + ^) = e . 



n 00 



A(x) = ^ at, |x| < 1 



- > ■ . 

> 

Since A*(x) is everywhere positj^, A(x) is strictly increasing. • 
Also A'(x) exists everywhere vhere |x| .<l, so A(x) ts 'continuous. 

(a) A(0) = r° dt = 0 

(b) S(A(x)) = X * ' / ^ ^ 
Hence S(A(0)) = 0, that 'is, S(0) = 0. ' 



A'(x) ^ 



If y = A(x), X = S(y) .- 

s-(y) = = = yrng Wr--^s^(y). 

;. s' = A - 

"(c) S'CO) « A - (S(0))^" = 1 
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c 



^ ■ — — — w 



1 « 

> * 



8. (a) S" + S = 0 1 from T.U) ' \ 

i.e., 0»^4. a = 0 * ' , ^ y 

(b) Since C :^' S«, = S" = -S from 7(d) 

• 4 ' " 

fc) C(-0) = S»(0) ' from 7(c) ^ 

C»(0) = -S{0) * 0 from 7(a) , , + T i V , ' 



(a) = {S^f =: 1 + V from 7(1?) 



9. y = S(x) is a solution of + y = 0, y(0) = o, y»(o) = 1. 

Let z =V - 6(x), z(0) = 0, z»(0) = 0, z" + z = 0 since 
^•f- z =J y" + y) - (S" + S) = 0 - 0 

D{(zO'^ + z^) = 2z»z" + 2zz» 
--^=*2z»(z" + z)' 

Since D((zO^ + z^) = 0 • (z»)^ + = c 

In particular, for x = 0 

V {z»(0))^ + (z(0))^ = 0 + 0 = c 

so, for all real x 

which is true only if z» = z = 0. 
' . ( 

Let z = S(x + a)'^ S(x)c(a) - C(x)s(a) 

z' = tf(x + a) - c(x)C(a) + S(x)s(a-)' ' * • , 

(since' = and C = -S). 

Using, S(0) = 0 and C(0) = S'(0) = 1, ' i 

z(0) = S(a), -'0 • C(a) - 1 • S(a) = 0, . / ' 
z''(0) = C(a) - ^- C(a) + 0 • S(a) = a 

z = p, • * ^ ' ^ " 

(1) S(x + a) = S(x)/C(a) + C(x)s(a). ^ ' 
Similarly, - * , ^ ^ 

(2) ' C(x + a)'= C(x)c(a) - S(x)S(a). 

(l*) and (2) are the familiar addition formulas for the sine and cosine 
functions. * - 



